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Preface

This book originates from lecture notes for an introductory course on stochastic
calculus taught as part of the master’s program in probability and statistics at
Université Pierre et Marie Curie and then at Université Paris-Sud. The aim of this
course was to provide a concise but rigorous introduction to the theory of stochastic
calculus for continuous semimartingales, putting a special emphasis on Brownian
motion. This book is intended for students who already have a good knowledge
of advanced probability theory, including tools of measure theory and the basic
properties of conditional expectation. We also assume some familiarity with the
notion of uniform integrability (see, for instance, Chapter VII in Grimmett and
Stirzaker [30]). For the reader’s convenience, we record in Appendix A2 those
results concerning discrete time martingales that we use in our study of continuous
time martingales.

The first chapter is a brief presentation of Gaussian vectors and processes. The
main goal is to arrive at the notion of a Gaussian white noise, which allows us to give
a simple construction of Brownian motion in Chap. 2. In this chapter, we discuss
the basic properties of sample paths of Brownian motion and the strong Markov
property with its classical application to the reflection principle. Chapter 2 also gives
us the opportunity to introduce, in the relatively simple setting of Brownian motion,
the important notions of filtrations and stopping times, which are studied in a more
systematic and abstract way in Chap. 3. The latter chapter discusses continuous time
martingales and supermartingales and investigates the regularity properties of their
sample paths. Special attention is given to the optional stopping theorem, which
in connection with stochastic calculus yields a powerful tool for lots of explicit
calculations. Chapter 4 introduces continuous semimartingales, starting with a
detailed discussion of finite variation functions and processes. We then discuss local
martingales, but as in most of the remaining part of the course, we restrict our
attention to the case of continuous sample paths. We provide a detailed proof of
the key theorem on the existence of the quadratic variation of a local martingale.
Chapter 5 is at the core of this book, with the construction of the stochastic
integral with respect to a continuous semimartingale, the proof in this setting of the
celebrated Itd formula, and several important applications (Lévy’s characterization
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theorem for Brownian motion, the Dambis—Dubins—Schwarz representation of
a continuous martingale as a time-changed Brownian motion, the Burkholder—
Davis—Gundy inequalities, the representation of Brownian martingales as stochastic
integrals, Girsanov’s theorem and the Cameron—Martin formula, etc.). Chapter 6,
which presents the fundamental ideas of the theory of Markov processes with
emphasis on the case of Feller semigroups, may appear as a digression to our main
topic. The results of this chapter, however, play an important role in Chap. 7, where
we combine tools of the theory of Markov processes with techniques of stochastic
calculus to investigate connections of Brownian motion with partial differential
equations, including the probabilistic solution of the classical Dirichlet problem.
Chapter 7 also derives the conformal invariance of planar Brownian motion and
applies this property to the skew-product decomposition, which in turn leads to
asymptotic laws such as the celebrated Spitzer theorem on Brownian windings.
Stochastic differential equations, which are another very important application of
stochastic calculus and in fact motivated Itd’s invention of this theory, are studied
in detail in Chap. 8, in the case of Lipschitz continuous coefficients. Here again
the general theory developed in Chap. 6 is used in our study of the Markovian
properties of solutions of stochastic differential equations, which play a crucial
role in many applications. Finally, Chap.9 is devoted to local times of continuous
semimartingales. The construction of local times in this setting, the study of their
regularity properties, and the proof of the density of occupation formula are very
convincing illustrations of the power of stochastic calculus techniques. We conclude
Chap. 9 with a brief discussion of Brownian local times, including Trotter’s theorem
and the famous Lévy theorem identifying the law of the local time process at level 0.

A number of exercises are listed at the end of every chapter, and we strongly
advise the reader to try them. These exercises are especially numerous at the end
of Chap.5, because stochastic calculus is primarily a technique, which can only
be mastered by treating a sufficient number of explicit calculations. Most of the
exercises come from exam problems for courses taught at Université Pierre et Marie
Curie and at Université Paris-Sud or from exercise sessions accompanying these
courses.

Although we say almost nothing about applications of stochastic calculus in
other fields, such as mathematical finance, we hope that this book will provide a
strong theoretical background to the reader interested in such applications. While
presenting all tools of stochastic calculus in the general setting of continuous
semimartingales, together with some of the most important developments of the
theory, we have tried to keep this text to a reasonable size, without making any
concession to mathematical rigor. The reader who wishes to go further in the theory
and applications of stochastic calculus may consult the classical books of Karatzas
and Shreve [49], Revuz and Yor [70], or Rogers and Williams [72]. For a historical
perspective on the development of the theory, we recommend It&’s original papers
[41] and McKean’s book [57], which greatly helped to popularize Itd’s work. More
information about stochastic differential equations can be found in the books by
Stroock and Varadhan [77], Ikeda and Watanabe [35], and @ksendal [66]. Stochastic
calculus for semimartingales with jumps, which we do not present in this book, is
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treated in Jacod and Shiryaev [44] or Protter [63] and in the classical treatise of
Dellacherie and Meyer [13, 14]. Many other references for further reading appear in
the notes and comments at the end of every chapter.

I wish to thank all those who attended my stochastic calculus lectures in the last
20 years and who contributed to this book through their questions and comments.
I am especially indebted to Marc Yor, who left us too soon. Marc taught me most
of what I know about stochastic calculus, and his numerous remarks helped me to
improve this text.

Orsay, France Jean-Francois Le Gall
January 2016
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Chapter 1
Gaussian Variables and Gaussian Processes

Gaussian random processes play an important role both in theoretical probability
and in various applied models. We start by recalling basic facts about Gaussian ran-
dom variables and Gaussian vectors. We then discuss Gaussian spaces and Gaussian
processes, and we establish the fundamental properties concerning independence
and conditioning in the Gaussian setting. We finally introduce the notion of a
Gaussian white noise, which will be used to give a simple construction of Brownian
motion in the next chapter.

1.1 Gaussian Random Variables

Throughout this chapter, we deal with random variables defined on a probability
space (£2, %, P). For some of the existence statements that follow, this probability
space should be chosen in an appropriate way. For every real p > 1, LP($2, %, P),
or simply L? if there is no ambiguity, denotes the space of all real random variables
X such that |X|? is integrable, with the usual convention that two random variables
that are a.s. equal are identified. The space L” is equipped with the usual norm.

A real random variable X is said to be a standard Gaussian (or normal) variable
if its law has density

) = — exp(- 1)
Px —m p )

with respect to Lebesgue measure on R. The complex Laplace transform of X is
then given by

E[e*]=¢"2,  VzeC.

© Springer International Publishing Switzerland 2016 1
J.-F. Le Gall, Brownian Motion, Martingales, and Stochastic Calculus,
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2 1 Gaussian Variables and Gaussian Processes

To get this formula (and also to verify that the complex Laplace transform is well
defined), consider first the case whenz = A € R:

E[eAX] _ M e /2 e)@/z 1 / e—(x—A)Z/zdx — e)@/z'
T JRr

e

This calculation ensures that E[e*] is well-defined for every z € C, and defines a
holomorphic function on C. By analytic continuation, the identity E[e*X] = e/ 2,
which is true for every z € R, must also be true for every z € C.

By taking z = i§, £ € R, we get the characteristic function of X :

E[eY] = e 812,

From the expansion

@ S)"

E[e*] = 1 +i§E[X] + - + —-E[X"] + O(|&|"™),

as & — 0 (this expansion holds for every n > 1 when X belongs to all spaces L?,
1 < p < oo, which is the case here), we get

E[X]=0, E[X)=1

and more generally, for every integer n > 0,

If o > 0 and m € R, we say that a real random variable Y is Gaussian with
N (m, 0®)-distribution if ¥ satisfies any of the three equivalent properties:

(i) Y = oX + m, where X is a standard Gaussian variable (i.e. X follows the
A7(0, 1)-distribution);
(ii) the law of Y has density

pr(y) =

(iii) the characteristic function of Y is
. 02
E[e®"] = exp(imé — 5 £2).
We have then

E[Y] =m, var(Y) =o>.
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By extension, we say that Y is Gaussian with .4 (m, 0)-distribution if ¥ = m a.s.
(property (iii) still holds in that case).

Sums of independent Gaussian variables Suppose that ¥ follows the .4 (m, 0%)-
distribution, ¥’ follows the .4 (m’, 0'%)-distribution, and ¥ and Y’ are independent.
Then Y + Y’ follows the .4 (m + m’, 0% + o’?)-distribution. This is an immediate
consequence of (iii).

Proposition 1.1 Let (X,),>1 be a sequence of real random variables such that, for
every n > 1, X, follows the N (m,, 02)-distribution. Suppose that X, converges in
L? to X. Then:

(i) The random variable X follows the A (m, 0®)-distribution, where m = limm,,
and o = lim g,,.
(ii) The convergence also holds in all I? spaces, 1 < p < oo.

Remark The assumption that X, converges in L? to X can be weakened to
convergence in probability (and in fact the convergence in distribution of the
sequence (X,).>1 suffices to get part (i)). We leave this as an exercise for the reader.

Proof

(i) The convergence in L? implies that m, = E[X,] converges to E[X] and 6> =
var(X,) converges to var(X) as n — oo. Then, setting m = E[X] and 02 =
var(X), we have for every £ € R,

2 2
E[e®] = lim E[¢®"] = lim exp(im,§ — 2= £) = exp(im — = &),
n—>00 n—>00 2 2

showing that X follows the .4 (m, 6%)-distribution.

(i1) Since X, has the same distribution as o,,N + m,,, where N is a standard Gaussian
variable, and since the sequences (m,) and (o,) are bounded, we immediately
see that

sup E[|X,|?] < oo, Vg > 1.

It follows that

sup E[|X,, — X|?] < oo, Vg > 1.

Let p > 1. The sequence Y, = |X, — X|P converges in probability to O and
is uniformly integrable because it is bounded in L? (by the preceding bound
with ¢ = 2p). It follows that this sequence converges to 0 in L', which was the
desired result.

0



4 1 Gaussian Variables and Gaussian Processes
1.2 Gaussian Vectors

Let E be a d-dimensional Euclidean space (E is isomorphic to R? and we may take
E = R4, with the usual inner product, but it will be more convenient to work with
an abstract space). We write (u, v) for the inner product in E. A random variable X
with values in E is called a Gaussian vector if, for every u € E, (u,X) is a (real)
Gaussian variable. (For instance, if £ = R4, and if Xi, ..., X, are are independent
Gaussian variables, the property of sums of independent Gaussian variables shows
that the random vector X = (X1, ..., X,) is a Gaussian vector.)

Let X be a Gaussian vector with values in E. Then there exist mxy € E and a
nonnegative quadratic form gx on E such that, for every u € E,

E[(u,X)] = (u,mx),
Var((u,X)) = gx(u).

Indeed, let (e, ..., e;s) be an orthonormal basis on E, and write X = Z?: 1 X €
in this basis. Notice that the random variables X; = (ej,X) are Gaussian. It is then
(not.)

immediate that the preceding formulas hold with my = Zﬁ:l E[Xjle; =" E[X],

. d
and, if u =3 ., uje,

d

gx(u) = Z ujuy cov(X;, X).
k=1

Since (u, X) follows the A ((u, mx) gx(u))-distribution, we get the characteristic
function of the random vector X,

Elexp(i{u, X))] = exp(i{u, mx) — %qx(u)). (1.1)

Proposition 1.2 Under the preceding assumptions, the random variables
X1, ..., Xy are independent if and only if the covariance matrix (cov(X;, Xk))1<jk<d
is diagonal or equivalently if and only if qx is of diagonal form in the basis
(el, ey ed).

Proof If the random variables X1, ..., X, are independent, the covariance matrix
(cov(Xj, Xk))ji=1..a is diagonal. Conversely, if this matrix is diagonal, we have for
every u = Z;l:l uje; € E,

d
gx(u) = Z)\j Mf )
j=1
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where A; = var(X;). Consequently, using (1.1),

d d d
E[exp (i Z quj)] = | | exp(iy;E[X]] — %Ajuf) = 1_[ Elexp(iu;X;)].
1 j=1

Jj=1 Jj=
which implies that X;, ..., X; are independent. O

With the quadratic form gy, we associate the unique symmetric endomorphism
yx of E such that

gx(u) = (u, yx(u))

(the matrix of yy in the basis (e1,...,eq) is (cov(Xj, X;))i<jr<a but of course
the definition of yx does not depend on the choice of a basis). Note that yx is
nonnegative in the sense that its eigenvalues are all nonnegative.

From now on, to simplify the statements, we restrict our attention to centered
Gaussian vectors, i.e. such that my = 0, but the following results are easily adapted
to the non-centered case.

Theorem 1.3

(i) Let y be a nonnegative symmetric endomorphism of E. Then there exists a
Gaussian vector X such that yx = .

(ii) Let X be a centered Gaussian vector. Let (g1, ..., &4) be a basis of E in which
vx is diagonal, yxe; = Ajg; for every 1 < j < d, where

AMZzhrz o 2A>0=Ay = =44

so that r is the rank of yx. Then,

r

X=7) Ye.
j=1

where Y;, 1 < j =< r, are independent (centered) Gaussian variables and
the variance of Y; is A;. Consequently, if Px denotes the distribution of X,
the topological support of Px is the vector space spanned by ¢, ..., &,
Furthermore, Px is absolutely continuous with respect to Lebesgue measure
on E if and only if r = d, and in that case the density of X is

1 1 _
px(x) = WGXP_E( s)’xl(x»-
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Proof
(i) Let (e1,...,&4) be an orthonormal basis of E in which y is diagonal, y(g;) =
Ajej for 1 < j < d, and let Yy,...,Y,; be independent centered Gaussian

variables with var(Y;) = Aj, 1 < j < d. We set

d
X = ZYij.

Jj=1

Then, if u = Y

j=1Uj€j>

ax(u) = E[(imY;)z] — "k = v
j=1 j=1

(ii) Let Yi,...,Y,; be the coordinates of X in the basis (e1,...,&s). Then the
matrix of yx in this basis is the covariance matrix of Yi,..., Y, The latter
covariance matrix is diagonal and, by Proposition 1.2, the variables Y;,..., Yy
are independent. Furthermore, forj € {r +1,...,d}, we have E [sz] = 0 hence
Y, =0as.

Then, since X = )., Ve as., it is clear that supp Px is contained in the
subspace spanned by ¢y, ..., &.. Conversely, if O is a rectangle of the form

-
={M=Z(¥j8jiaj<(¥j<bj, A2 f./fr},
=1

we have P[X € O] = ]_[;=1 Pla; < Y; < bj] > 0. This is enough to get that supp Py
is the subspace spanned by ¢y, ..., &,.

If r < d, since the vector space spanned by €1, . . ., &, has zero Lebesgue measure,
the distribution of X is singular with respect to Lebesgue measure on E. Suppose
that » = d, and write Y for the random vector in R? defined by ¥ = (¥1,..., ¥y).
Note that the bijection ¢(y1,...,ys) = »_y;¢; maps ¥ to X. Then, writing y =
01, ---,Y4), we have

E[g(X)] = E[g(p(M))]

1 1 d y2 dyl
:W/Rdg((p(y)) exp<—§Zf> i Ad

j=1 "

1 1
= G Ju €60 &0 (=500 @) v

(Zn)d/zJW/g(x) exp (x )/Xl(x)))
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since Lebesgue measure on E is by definition the image of Lebesgue measure on R¢
under ¢ (or under any other vector isometry from R onto E). In the second equality,
we used the fact that Yy, ..., ¥, are independent Gaussian variables, and in the third
equality we observed that

d

d d
(). v o) = (D viei %8/) =y y—]
j=1

=1 =17

1.3 Gaussian Processes and Gaussian Spaces

From now on until the end of this chapter, we consider only centered Gaussian
variables, and we frequently omit the word “centered”.

Definition 1.4 A (centered) Gaussian space is a closed linear subspace of
L*(£2, .7, P) which contains only centered Gaussian variables.

For instance, if X = (X1, ..., Xy) is a centered Gaussian vector in R, the vector
space spanned by {Xi, ..., X} is a Gaussian space.

Definition 1.5 Let (E, &) be a measurable space, and let 7' be an arbitrary index
set. A random process (indexed by T) with values in E is a collection (X;);er of
random variables with values in E. If the measurable space (E, &) is not specified,
we will implicitly assume that £ = R and & = #(R) is the Borel o-field on R.

Here and throughout this book, we use the notation Z(F) for the Borel o-field
on a topological space F. Most of the time, the index set 7 will be Ry or another
interval of the real line.

Definition 1.6 A (real-valued) random process (X;)er is called a (centered) Gaus-
sian process if any finite linear combination of the variables X;, ¢ € T is centered
Gaussian.

Proposition 1.7 If (X,);er is a Gaussian process, the closed linear subspace of
L? spanned by the variables X;, t € T, is a Gaussian space, which is called the
Gaussian space generated by the process X.

Proof It suffices to observe that an L?-limit of centered Gaussian variables is still
centered Gaussian, by Proposition 1.1. O

We now turn to independence properties in a Gaussian space. We need the
following definition.

Definition 1.8 Let H be a collection of random variables defined on (£2, %, P).
The o-field generated by H, denoted by o (H), is the smallest o-field on £2 such that
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all variables ¢ € H are measurable for this o-field. If € is a collection of subsets of
£2, we also write 0(%) for the smallest o-field on §2 that contains all elements of

€.

The next theorem shows that, in some sense, independence is equivalent to
orthogonality in a Gaussian space. This is a very particular property of the Gaussian
distribution.

Theorem 1.9 Let H be a centered Gaussian space and let (H;);e; be a collection of
linear subspaces of H. Then the subspaces H;, i € I, are (pairwise) orthogonal in
L? if and only the o-fields o (H;), i € I, are independent.

Remark It is crucial that the vector spaces H; are subspaces of a common Gaussian
space H. Consider for instance a random variable X distributed according to
(0, 1) and another random variable ¢ independent of X and such that Ple = 1] =
Ple = —1] = 1/2. Then X; = X and X, = &X are both distributed according
to .#(0, 1). Moreover, E[X;X,] = E[¢]E[X?] = 0. Nonetheless X; and X, are
obviously not independent (because |X;| = |X3]|). In this example, (X, X») is not a
Gaussian vector in R? despite the fact that both coordinates are Gaussian variables.

Proof Suppose that the o-fields o(H;) are independent. Then, if i # j, if X € H;
and Y € Hj,

E[XY] = E[X]E[Y] = 0,

so that the linear spaces H; are pairwise orthogonal.

Conversely, suppose that the linear spaces H; are pairwise orthogonal. From the
definition of the independence of an infinite collection of o-fields, it is enough to
prove that, if iy, ..., i, € I are distinct, the o-fields o (H;,), .. ., O'(H,'p) are indepen-
dent. To this end, it is enough to verify that, if §/,... &) € H;,, ... .§]...., & e

H;, are fixed, the vectors (£],..., E,il), L ,€7 ) are independent (indeed,

foreveryj € {1,...,p}, the events of the form {E{ €EA,..., Ej,j € Ay} give a class
stable under finite intersections that generates the o-field o (H;;), and the desired
result follows by a standard monotone class argument, see Appendix Al). However,

foreveryj € {1,...,p} we can find an orthonormal basis (n{ s n{;lj) of the linear
subspace of L? spanned by {Sj e Sj,j}. The covariance matrix of the vector

1 1 .2 2 P p
(771,...,nml,nl,...,nmz,...,nl,...,nmp)

is then the identity matrix (for i # j, E[nin/] = 0 because H; and H; are orthogonal).
Moreover, this vector is Gaussian because its components belong to H. By Proposi-
tion 1.2, the components of the latter vector are independent random variables. This

implies in turn that the vectors (ni, ce, n,lm), N (/P n,ﬁp) are independent.
Equivalently, the vectors (§],....&) )..... (§]...., &/ ) are independent, which was

the desired result. ]
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As an application of the previous theorem, we now discuss conditional expecta-
tions in the Gaussian framework. Again, the fact that these conditional expectations
can be computed as orthogonal projections (as shown in the next corollary) is very
particular to the Gaussian setting.

Corollary 1.10 Let H be a (centered) Gaussian space and let K be a closed linear
subspace of H. Let pk denote the orthogonal projection onto K in the Hilbert space
[% andlet X € H.

(i) We have
E[X | 0(K)] = px(X).

(ii) Let 0> = E[(X — px(X))?]. Then, for every Borel subset A of R, the random
variable P[X € A | 0(K)] is given by

PX eA|o(K)(w) = Q(w.A),
where Q(w, -) denotes the N (px(X)(w), 02)-distribution:

1 (= pr(X)(@))*
o = o e ()

(and by convention Q(w,A) = 1a(px(X)) ifo = 0).

Remarks

(a) Part (ii) of the statement can be interpreted by saying that the conditional
distribution of X knowing o (K) is A (pg(X),0>).
(b) For a general random variable X in [?, one has

EX | o(K)] = pr2(2.0k).p)(X).

Assertion (i) shows that, in our Gaussian framework, this orthogonal projection
coincides with the orthogonal projection onto the space K, which is “much
smaller” than L?(£2, o' (K), P).

(c) Assertion (i) also gives the principle of linear regression. For instance, if
(X1,X5,X3) is a (centered) Gaussian vector in R3, the best approximation in
L? of X5 as a (not necessarily linear) function of X; and X, can be written
A1X1 + A,X; where A1 and A, are computed by saying that X3 — (A1 X] + A,X>)
is orthogonal to the vector space spanned by X; and X5.
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Proof

(1) Let Y = X — pg(X). Then Y is orthogonal to K and, by Theorem 1.9, Y is
independent of o (K). Then,

E[X | o(K)] = E[px(X) | 0(K)] + E[Y | 0(K)] = px(X) + E[Y] = px(X).

(ii) For every nonnegative measurable function f on R,
E[f(X) | o(K)] = E[f(px(X) +Y) | 0(K)] = /Py(dy)f(pK(X) + ),

where Py is the law of Y, which is .47 (0, 02) since Y is centered Gaussian with
variance 0. In the second equality, we also use the following general fact: if
Z is a ¢-measurable random variable and if Y is independent of ¢ then, for
every nonnegative measurable function g, E[g(Y.Z) | 4] = [ g(v.Z) Py(dy).
Property (i) immediately follows.

O

Let (X);er be a (centered) Gaussian process. The covariance function of X is
the function I : T x T —> R defined by I'(s,?) = cov(X;,, X;) = E[X;X;]. This
function characterizes the collection of finite-dimensional marginal distributions of
the process X, that is, the collection consisting for every choice of the distinct indices
t,...,t, in T of the law of the vector (X;,, ... ,X,p). Indeed this vector is a centered
Gaussian vector in R” with covariance matrix (I"(#;, ))) 1<i j<p-

Remark One can define in an obvious way the notion of a non-centered Gaussian
process. The collection of finite-dimensional marginal distributions is then charac-
terized by the covariance function and the mean function ¢ — m(z) = E[X/].

Given a function I" on T x T, one may ask whether there exists a Gaussian
process X whose I" is the covariance function. The function I" must be symmetric
(I'(s,t) = I'(t,s)) and of positive type in the following sense: if ¢ is a real function
on T with finite support, then

> els)e(t) I(s.1) = 0.

T<T

Indeed, if I" is the covariance function of the process X, we have immediately

3 e()e(t) I s.1) = var( 3 C(s)XS) > 0.
T

T<T

Note that when T is finite, the problem of the existence of X is solved under the
preceding assumptions on I" by Theorem 1.3.

The next theorem solves the existence problem in the general case. This theorem
is a direct consequence of the Kolmogorov extension theorem, which in the



1.4 Gaussian White Noise 11

particular case T = R4 is stated as Theorem 6.3 in Chap.6 below (see e.g.
Neveu [64, Chapter III], or Kallenberg [47, Chapter VI] for the general case). We
omit the proof as this result will not be used in the sequel.

Theorem 1.11 Let I' be a symmetric function of positive type on T x T. There
exists, on an appropriate probability space (§2,.%, P), a centered Gaussian process
whose covariance function is I'.

Example Consider the case T = R and let i be a finite measure on R, which is
also symmetric (i.e. t(—A) = p(A)). Then set, for every s,t € R,

F(s.) = / S 1 (d8).

It is easy to verify that I" has the required properties. In particular, if ¢ is a real
function on R with finite support,

> et 160y = 13 e i) = 0,
R

RxR

The process I enjoys the additional property that I"(s, z) only depends on ¢ — s. It
immediately follows that any (centered) Gaussian process (X;);eg with covariance
function I” is stationary (in a strong sense), meaning that

@
(Xl‘]"rl‘s Xt2+t7 LR th,,+t) = (th 7XI‘25 LR ’an)

for any choice of 7;,...,1,,t € R. Conversely, any stationary Gaussian process
X indexed by R has a covariance of the preceding type (this is Bochner’s theorem,
which we will not use in this book), and the measure y is called the spectral measure
of X.

1.4 Gaussian White Noise

Definition 1.12 Let (E, &) be a measurable space, and let i be a o-finite measure
on (E,&). A Gaussian white noise with intensity p is an isometry G from
L*(E, &, ) into a (centered) Gaussian space.

Hence, if f € L*(E, &, 1), G(f) is centered Gaussian with variance

BIGUP) = 160 sy = W0 = [ 12
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Iff,g € L*(E, &, ), the covariance of G(f) and G(g) is

EIG(NG()] = (f. 8) iz ) = / fodu.

In particular, if f = 14 with u(A) < oo, G(14) is A4 (0, u(A))-distributed. To
simplify notation, we will write G(A) = G(14).

Let Ay,...,A, € & be disjoint and such that jt(A;) < oo for every j. Then the
vector

(GAY),...,GAy)
is a Gaussian vector in R” and its covariance matrix is diagonal since, if i # j,

E[G(A)G(A)] = (14,.14)) 0.

PESW ~
From Proposition 1.2, we get that the variables G(4,), ..., G(A,) are independent.

Suppose that A € & is such that (A) < oo and that A is the disjoint union of
o0

a countable collection A, A,, ... of measurable subsets of E. Then, 14, = Zj:l 1,

where the series converges in L?(E, &, i), and by the isometry property this implies
that

G(A) =) G(A)
=1

where the series converges in L*(£2,.7,P) (since the random variables G(A;)
are independent, an easy application of the convergence theorem for discrete
martingales also shows that the series converges a.s.).

Properties of the mapping A — G(A) are therefore very similar to those of a
measure depending on the parameter w € 2. However, one can show that, if o is
fixed, the mapping A — G(A)(w) does not (in general) define a measure. We will
come back to this point later.

Proposition 1.13 Let (E, &) be a measurable space, and let j1 be a o-finite measure
on (E, &). There exists, on an appropriate probability space (2, .7, P), a Gaussian
white noise with intensity (L.

Proof We rely on elementary Hilbert space theory. Let (f;,i € I) be a total
orthonormal system in the Hilbert space L>(E, &, j1). For every f € L*(E, &, 11),

f=> af

i€l
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where the coefficients o; = ( fs ﬁ) are such that

2 2
Y o =|f? < o.

i€l

On an appropriate probability space (§2, .%, P) we can construct a collection (X;);er,
indexed by the same index set /, of independent .4 (0, 1) random variables (see [64,
Chapter III] for the existence of such a collection — in the sequel we will only need
the case when [ is countable, and then an elementary construction using only the
existence of Lebesgue measure on [0, 1] is possible), and we set

G(f) = Z%’Xi-

i€l

The series converges in L? since the X;, i € I, form an orthonormal system in
L?. Then clearly G takes values in the Gaussian space generated by X;, i € 1.
Furthermore, G is an isometry since it maps the orthonormal basis (f;,i € I) to
an orthonormal system. O

We could also have deduced the previous result from Theorem 1.11 applied with
T = [*(E.& p) and I'(f.g) = (f. g)Lz(Eé”p_)' In this way we get a Gaussian

process (X7, f € L*(E, &, i) and we just have to take G(f) = X;.

Remark In what follows, we will only consider the case when L*(E, &, 1) is
separable. For instance, if (E, &) = (R4, Z(R4)) and u is Lebesgue measure, the
construction of G only requires a sequence (£,),>0 of independent .4#(0, 1) random
variables, and the choice of an orthonormal basis (¢,),>0 of L*(R4, Z(R4),d?):
We get G by setting

G(f) =Y _(f - on)tn

n>0

See Exercise 1.18 for an explicit choice of (¢,),>0 when E = [0, 1].

Our last proposition gives a way of recovering the intensity ((A) of a measurable
set A from the values of G on the atoms of finer and finer partitions of A.

Proposition 1.14 Let G be a Gaussian white noise on (E, &) with intensity . Let
A € & be such that u(A) < oo. Assume that there exists a sequence of partitions
of A,

A=AlU...UA!
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whose “mesh” tends to 0, in the sense that

1< j<kn

nll)ngo( sup ,u(Aj)) =0.

Then,
kn
: m2 __
Tim ;G(A,-) = 1(A)
po

in L2,
Proof For every fixed n, the variables G(AY), . .., G(A} ) are independent. Further-
more, E[G(A]’.‘)Z] = ,u(A]'.‘). We then compute

2

kn kn k”
E|[D_GAN = p@) | | = vaG@)?) =23 n@A)),
j=1

J=1 J=1

because, if X is A4(0, 02), var(X?) = E(X*) — 0* = 30* — 0* = 20*. Then,

kn
> A < ( sup u(A?)) ey
j=1

1<j<kn

tends to 0 as n — oo by assumption. O

Exercises

Exercise 1.15 Let (X,);c[0,1] be a centered Gaussian process. We assume that the
mapping (t,w) +— X,(w) from [0, 1] x £2 into R is measurable. We denote the
covariance function of X by K.

1. Show that the mapping ¢ > X; from [0, 1] into L*(£2) is continuous if and only if
K is continuous on [0, 1]>. In what follows, we assume that this condition holds.

2. Let i : [0, 1] — R be a measurable function such that fol |h()| \/m dr < o0.
Show that, for a.e. w, the integral fol h(t)X;(w)dt is absolutely convergent. We set
Z = [ h()X,dr.

3. We now make the stronger assumption fol |h(#)|dt < oo. Show that Z is the L?-
limit of the variables Z, = ) | X i S ,il h(t)dt when n — oo and infer that Z is

a Gaussian random variable.
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4. We assume that K is twice continuously differentiable. Show that, for every ¢ €
[0, 1], the limit

< . Xv _Xt
X; ;= lim
s—>t §—1

exists in L?(£2). Verify that (X,),e[oyl] is a centered Gaussian process and compute
its covariance function.

Exercise 1.16 (Kalman filtering) Let (€,)n>0 and (9,)s>0 be two independent
sequences of independent Gaussian random variables such that, for every n, ¢, is
distributed according to .4 (0,0?) and 7, is distributed according to .4(0, §%),
where 0 > 0 and § > 0. We consider two other sequences (X,),>0 and (¥y)n>0
defined by the properties Xy = 0, and, for every n > 0, X,,+1 = a,X,, + €,+1 and
Y, = cX,, + n,, where ¢ and qa,, are positive constants. We set

Xn/n = E[Xn I YOa Yla""YnL

A

Xovim = EXpy1 | Yo, Y1, ..., Yol

The goal of the exercise is to find a recursive formula allowing one to compute these
conditional expectations.

1. Verify that }A(nH /n= a,f(n/n, for every n > 0.
2. Show that, for every n > 1,

N N E|X,Z
Xn/n = Xn/n—l + E[,[—;rzl]n] ns

where Z, .= Y, — c)A(,,/,,_l.
3. Evaluate E[X,Z,] and E [Zﬁ] in terms of P, := E[(X,, — }A(n/n_l)z] and infer that,
for everyn > 1,

- _ - cP,
Xn-l—l/n = da Xn/n—l + mzn .

4. Verify that P; = 02 and that, for every n > 1, the following induction formula
holds:

8P
P =0>+ad> —"—.
n+1 +an C2Pn +82

Exercise 1.17 Let H be a (centered) Gaussian space and let H; and H, be linear
subspaces of H. Let K be a closed linear subspace of H. We write px for the
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orthogonal projection onto K. Show that the condition
VX| € H|,VX; € Hy, E[XiXo] = E[pk(X1)px (X2)]

implies that the o-fields o(H;) and o(H) are conditionally independent given
o (K). (This means that, for every nonnegative o (H,)-measurable random variable
X, and for every nonnegative o(H;)-measurable random variable X, one has
E[X:Xz2|0(K)] = E[Xi|o(K)] E[X2|0(K)].) Hint: Via monotone class arguments
explained in Appendix Al, it is enough to consider the case where X, resp. X»,
is the indicator function of an event depending only on finitely many variables in
H\, resp. in H.

Exercise 1.18 (Lévy’s construction of Brownian motion) For every t € [0, 1], we
set ho(f) = 1, and then, for every integer n > 0 and every k € {0, 1,...,2" — 1},

() = 2" Vg i a1y (1) = 22 L1311 a2y (0.

1. Verify that the functions hy, (h})s>10<k<2r—1 form an orthonormal basis of
L2([0, 1], 2(][0, 1]), dt). (Hint: Observe that, for every fixed n > 0, any function
f :]0,1) — R that is constant on every interval of the form [(j — 1)27",;27"),
for 1 <j < 2", is a linear combination of the functions Ao, (/1")o<m<n0<k<27—1.)

2. Suppose that Ny, (N)n>10<k<2—1 are independent .4"(0, 1) random variables.
Justify the existence of the (unique) Gaussian white noise G on [0, 1], with
intensity dt, such that G(hg) = Ny and G(h}) = N} for every n > 0 and
0<k<2'—1.

3. Forevery t € [0, 1], set B, = G([0, #]). Verify that

oo 2"'—1
B, =1tNo+ ( > g’;(t)N;j),
n=0 k=0

where the series converges in L?, and the functions g7 : [0, 1] — [0, co) are given
by

ﬂ@=£%@m

Note that the functions g} are continuous and satisfy the following property: For
every fixed n > 0, the functions g{, 0 < k < 2" — 1, have disjoint supports and
are bounded above by 27/2,

4. For every integer m > 0 and every ¢ € [0, 1] set

m—1  2"—1

B =N+ Y (gl ny).
k=0

n=0
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Fig. 1.1 Illustration of the construction of B}m) in Exercise 1.18, form = 0, 1, 2, 3. For the clarity
of the figure, lines become thinner when m increases. The lengths of the dashed segments are
determined by the values of Ny and N} form = 0, 1,2

See Fig. 1.1 for an illustration. Verify that the continuous functions ¢ — Bfm) (w)
converge uniformly on [0, 1] as m — oo, for a.a. w. (Hint: If N is 4(0, 1)-
distributed, prove the bound P(|N| > a) < e/ fora > 1, and use this estimate
to bound the probability of the event {sup{|N7| : 0 < k < 2" — 1} > 2"/*}, for
every fixedn > 0.)

5. Conclude that we can, for every ¢t > 0, select a random variable B] which is a.s.
equal to By, in such a way that the mapping ¢ — Bj(w) is continuous for every
w € 2.

Notes and Comments

The material in this chapter is standard. We refer to Adler [1] and Lifshits [55] for
more information about Gaussian processes. The more recent book [56] by Marcus
and Rosen develops striking applications of the known results about Gaussian
processes to Markov processes and their local times. Exercise 1.16 involves a simple
particular case of the famous Kalman filter, which has numerous applications in
technology. See [49] or [62] for the details of the construction in Exercise 1.18.



Chapter 2
Brownian Motion

In this chapter, we construct Brownian motion and investigate some of its properties.
We start by introducing the “pre-Brownian motion” (this is not a canonical
terminology), which is easily defined from a Gaussian white noise on R} whose
intensity is Lebesgue measure. Going from pre-Brownian motion to Brownian
motion requires the additional property of continuity of sample paths, which is
derived here via the classical Kolmogorov lemma. The end of the chapter discusses
several properties of Brownian sample paths, and establishes the strong Markov
property, with its classical application to the reflection principle.

2.1 Pre-Brownian Motion

Throughout this chapter, we argue on a probability space (£2,.%#, P). Most of the
time, but not always, random processes will be indexed by 7 = R and take values
in R.

Definition 2.1 Let G be a Gaussian white noise on R whose intensity is Lebesgue
measure. The random process (B;)er, defined by

Bt = G(I[O,r])
is called pre-Brownian motion.

Proposition 2.2 Pre-Brownian motion is a centered Gaussian process with covari-
ance

K(s,t) = min{s, t} M At

© Springer International Publishing Switzerland 2016 19
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Proof By the definition of a Gaussian white noise, the variables B, belong to a
common Gaussian space, and therefore (B;);>0 is a Gaussian process. Moreover, for
every s,t > 0,

E[B,B) = EG([0.s)G(0. )] = /0 dr 10y (Mo (F) = 5 A T

|

The next proposition gives different ways of characterizing pre-Brownian
motion.

Proposition 2.3 Let (X;)>0 be a (real-valued) random process. The following
properties are equivalent:

(1) (Xi)r>0 is a pre-Brownian motion;
(i1) (Xi)r>0 is a centered Gaussian process with covariance K(s,t) = s A t;
(iii)) X9 = 0 a.s., and, for every 0 < s < t, the random variable X; — X, is
independent of o (X, r < s) and distributed according to A (0,t —s);
(iv) Xo = 0 a.s., and, for every choice of 0 = ty < t| < .-+ < t,, the variables
X, — X;,_,, 1 <i < p are independent, and, for every 1 < i < p, the variable
Xi, — X;,_, is distributed according to N (0, t; — ti—1).

Proof The fact that (i)=>(ii) is Proposition 2.2. Let us show that (ii)=>(iii). We
assume that (X;).>o is a centered Gaussian process with covariance K(s,7) = s A 1,
and we let H be the Gaussian space generated by (X;);>0. Then X is distributed
according to .47(0, 0) and therefore X, = 0 a.s. Then, fix s > 0 and write H; for the
vector space spanned by (X,,0 < r < s), and H; for the vector space spanned by
(Xy+u — X5, u > 0). Then Hy and ﬁs are orthogonal since, for r € [0, s] and u > 0,

EX,Xspu—X)] =rAn(s+u)—rAns=r—r=0.

Noting that H; and I:I s are subspaces of H, we deduce from Theorem 1.9 that o (H,)
and a(I:IX) are independent. In particular, if we fix ¢ > s, the variable X; — X; is
independent of o(H;) = o(X,,r < s). Finally, using the form of the covariance
function, we immediately get that X, — X is distributed according to .47 (0,  — s).

The implication (iii)=>(iv) is straightforward. Taking s = f,—1 and t = 1, we
obtain that X, — X, _, is independent of X, .- ,X,pfl). Similarly, X, , — X,,_, is
independent of (X;,, ..., X, pfz), and so on. This implies that the variables X;, — X;_,,
1 <i < p, are independent.

Let us show that (iv)=>(i). It easily follows from (iv) that X is a centered Gaussian
process. Then, if f is a step function on R of the form f = Z?=1 Aid,_, 41, where
O=1n<t) <t <---<t, weset

G(f) =Y A (X, — X))
i=1
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(note that this definition of G(f) depends only on f and not on the particular way
we have written f = > ', 4;1(,_, ). Suppose then that f and g are two step
functions. We can write f = > i A; 14,4 and g = >0 i 1, ) With the
same subdivision 0 = 1) < t; <1, < --- < t, for f and for g (just take the union of
the subdivisions arising in the expressions of f and g). It then follows from a simple
calculation that

EIG()G(g)] = /R FOg() dr,
+

so that G is an isometry from the vector space of step functions on R into the
Gaussian space H generated by X. Using the fact that step functions are dense
in L2(Ry, Z(R4), dt), we get that the mapping f + G(f) can be extended to
an isometry from L*(R, (R ), df) into the Gaussian space H. Finally, we have
G([0,1]) = X; — Xo = X, by construction. O

Remark The variant of (iii) where the law of X; — X; is not specified but required
to only depend on ¢ — s is called the property of stationarity (or homogeneity) and
independence of increments. Pre-Brownian motion is thus a special case of the class
of processes with stationary independent increments (under an additional regularity
assumption, these processes are also called Lévy processes, see Sect. 6.5.2).

Corollary 2.4 Let (B;);>0 be a pre-Brownian motion. Then, for every choice of 0 =

to <ty <--- <ty thelaw of the vector (B, By,, ..., B,,) has density
1 ('xl — Xi— l)
plxt, ..., x,) = ( )
" (27‘[)”/2\/1‘1(1‘2—ll)...(tn—tn_l) Z Z(Iz_tt 1)
where by convention xo = 0.
Proof The random variables B,,,B;,, — By,....,B,, — B;,_, are independent with

respective distributions .A47(0,#), 4 (0, — t1),..., 4 (0,t, — t,—1). Hence the
vector (B;,B;, — By,, ..., B;, — B;,_,) has density

1 " y?
qOi.. . yn) = eXp(— )
Q@ry 2\t (ty — 1) ... (ta — ta—1) ;2(”_“—1))
and the change of variables x; = y; + --- + y; for i € {1,...,n} completes the
argument. Alternatively we could have used Theorem 1.3 (ii). O

Remark Corollary 2.4, together with the property By = 0, determines the collec-
tion of finite-dimensional marginal distributions of pre-Brownian motion. Property
(iv) of Proposition 2.3 shows that a process having the same finite-dimensional
marginal distributions as pre-Brownian motion must also be a pre-Brownian motion.
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Proposition 2.5 Let B be a pre-Brownian motion. Then,

(i) —B is also a pre-Brownian motion (symmetry property);
(ii) for every A > 0, the process B? = %Bkz, is also a pre-Brownian motion
(invariance under scaling);
(iii) for every s > 0, the process Bﬁ‘?) = By+; — By is a pre-Brownian motion and is
independent of o (B, r < s) (simple Markov property).

Proof (i) and (ii) are very easy. Let us prove (iii). With the notation of the proof
of Proposition 2.3, the o-field generated by B" is o (H,), which is independent of
o(Hy) = o(B,,r < s). To see that BY ig a pre-Brownian motion, it is enough to
verify property (iv) of Proposition 2.3, which is immediate since Bﬁf) - Bﬁfll =
Bty = Bytiiy- u

Let B be a pre-Brownian motion and let G be the associated Gaussian white noise.
Note that G is determined by B: If f is a step function there is an explicit formula
for G(f) in terms of B, and one then uses a density argument. One often writes for
feL*(Ry, BRy),do),

G(f) = /0 F(s)dB,

and similarly

G(flpoy) = /0 F&)dB, . G(fley) = / F(r)dB, .

This notation is justified by the fact that, if u < v,

/ 4B, = G((u.v]) = G((0.v]) — G((0.u)) = B, — B,.

u

The mapping f +— fooo f(s) dBy (that is, the Gaussian white noise G) is then called
the Wiener integral with respect to B. Recall that fooo f(s)dB; is distributed according
to A0, [;°f(s)?ds).

Since a Gaussian white noise is not a “real” measure depending on w, fooo f(s)dB;
is not a “real” integral depending on @. Much of what follows in this book is devoted
to extending the definition of fooo f(s)dB; to functions f that may depend on w.

2.2 The Continuity of Sample Paths

We start with a general definition. Let E be a metric space equipped with its Borel
o-field.
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Definition 2.6 Let (X,);er be a random process with values in E. The sample paths
of X are the mappings T > ¢ — X;(w) obtained when fixing @ € £2. The sample
paths of X thus form a collection of mappings from 7 into E indexed by w € £2.

Let B = (B;)>0 be a pre-Brownian motion. At the present stage, we have no
information about the sample paths of B. We cannot even assert that these sample
paths are measurable functions. In this section, we will show that, at the cost of
“slightly” modifying B, we can ensure that sample paths are continuous.

Definition 2.7 Let (X,),e7 and (X,),GT be two random processes indexed b~y the
same index set 7" and with values in the same metric space E. We say that X is a
modification of X if

VieT, PX, =X,) = 1.

This implies in particular that X has the same finite-dimensional marginals as X.
Thus, if X is a pre-Brownian motion, X is also a pre-Brownian motion. On the other
hand, sample paths of X may have very different properties from those of X. For
instance, considering the case where 7 = Ry and E = R, it is easy to construct
examples where all sample paths of X are continuous whereas all sample paths of X
are discontinuous.

Definition 2.8 The process X is said to be indistinguishable from X if there exists
a negligible subset N of £2 such that

Yo € 2\N, Vie T, X/(0)=X/(v).
Put in a different way, X is indistinguishable from X if
P(VteT, X, =X,) = 1.

(This formulation is slightly incorrect since the set {Vt € T, X, = f(,} need not be
measurable.)

If X is indistinguishable from X then X is a modification of X. The notion
of indistinguishability is however much stronger: Two indistinguishable processes
have a.s. the same sample paths. In what follows, we will always identify two
indistinguishable processes. An assertion such as “there exists a unique process such
that ...” should always be understood “up to indistinguishability”, even if this is not
stated explicitly.

The following observation will play an important role. Suppose that 7 = [ is an
interval of R. If the sample paths of both X and X are continuous (except possibly
on a negligible subset of £2), then X is a modification of X if and only if X is
indistinguishable from X. Indeed, if X is a modification of X we have a.s. X, = X,
for every t € I N Q (we throw out a countable union of negligible sets) hence a.s.
X, = X, for every t € I, by a continuity argument. We get the same result if we only
assume that the sample paths are right-continuous, or left-continuous.
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Theorem 2.9 (Kolmogorov’s lemma) Let X = (X;);e; be a random process
indexed by a bounded interval I of R, and taking values in a complete metric space
(E, d). Assume that there exist three reals q, €, C > 0 such that, for every s, t € I,

E[d(X,,X))7] < C |t —s|'*=.

Then, there is a modification X of X whose sample paths are Holder continuous
with exponent a for every o € (0, 2) This means that, for every w € §2 and every
a € (0, 2) there exists a finite constant Cy(w) such that, for every s, t € I,

d(Xs(®), X:(0)) < Cy(w) |t — s|*.

In particular, X isa modification of X with continuous sample paths (by the
preceding observations such a modification is unique up to indistinguishability).

Remarks

(i) If I is unbounded, for instance if / = Ry, we may still apply Theorem 2.9
successively with I = [0,1],[1,2],[2,3], etc. and we get that X has a
modification whose sample paths are locally Holder with exponent o for every
a € (0,¢/q).

(ii) It is enough to prove that, for every fixed o € (0,¢/g), X has a modification
whose sample paths are Holder with exponent «. Indeed, we can then apply
this result to every choice of ¢« in a sequence o 1 &/g, noting that the resulting
modifications are indistinguishable, by the observations preceding the theorem.

Proof To simplify the presentation, we take I = [0, 1], but the proof would be the
same for any bounded interval (closed or not). We fix o € (0, £).
The assumption of the theorem implies that, fora > 0 and s, ¢ € I,

P(d(X,,X,) > a) < a 9E[d(X;,X)?] < Ca™? |t — s|'T.

We apply this inequality to s = (i — 1)27",t = 27" (fori € {1,...,2"}) and
a=2""%

P(d(X(i_l)zfn,Xizfn) > 2—na) < szjdz—(l-i-s)n.

By summing over i we get

211
P(U{d(Xu_mn,Xizn) > 2‘"“}) < 2. coraem(tam — cpmnemae),

i=1
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By assumption, ¢ — go > 0. Summing now over n, we obtain
oo 2"
ZP(U{d(X(i_l)z—u,Xiz—u) > 2—na}) < 00,
n=1

i=1

and the Borel-Cantelli lemma implies that, with probability one, we can find a finite
integer no(w) such that

Vn > I’l()(a)), Vi e {1, Cee 2"}, d(X(,'_l)zfn,Xizfn) <27,

Consequently the constant K, (w) defined by

Xm_ _”7Xi —n
Ka(w)zsup< sup Xi-n2 2 ))

n>1 \ 1<i<2n 27

is finite a.s. (If n > no(w), the supremum inside the parentheses is bounded above
by 1, and, on the other hand, there are only finitely many terms before ny(w).)

At this point, we use an elementary analytic lemma, whose proof is postponed
until after the end of the proof of Theorem 2.9. We write D for the set of all reals of
[0, 1) of the form i27" for some integer n > 1 and some i € {0, 1,...,2" —1}.

Lemma 2.10 Let f be a mapping defined on D and with values in the metric space
(E, d). Assume that there exists a real @ > 0 and a constant K < oo such that, for
every integern > 1 and everyi € {1,2,...,2" — 1},

d(f((i—=1)27").fG27") = K27,

Then we have, for every s,t € D,

d(f(s).f () =

[t —s|*.
1 -2«

We immediately get from the lemma and the definition of K, (w) that, on the
event {K, (w) < oo} (which has probability 1), we have, for every s, € D,

dX, X)) < Cy(w) |t —s|*,

where C,(w) = 2(1 — 27%) 'K, (w). Consequently, on the event {K,(w) < oo},
the mapping ¢ — X;(w) is Holder continuous on D, hence uniformly continuous
on D. Since (E, d) is complete, this mapping has a unique continuous extension to
I = [0, 1], which is also Holder with exponent «. We can thus set, for every ¢ € [0, 1]

5(,((1)) = s—g,l?el)xx(w) if Ky(w) < o0,
Yo if Ko(w) = 00,
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where xo is a point of E which can be fixed arbitrarily. Clearly X, is a random
variable.

By the previous remarks, the sample paths of the process X are Holder with
exponent  on [0, 1]. We still need to verify that X is a modification of X. To this
end, fix 7 € [0, 1]. The assumption of the theorem implies that

llm X_y == X[

S—>t

in probability. Since by definition X, is the almost sure limit of X, when s — f,
s € D, we conclude that X; = X; a.s. O
Proof of Lemma 2.10 Fix s, € D with s < t. Let p > 1 be the smallest integer
such that 277 < r—s, and let k > 0 be the smallest integer such that k277 > 5. Then,
we may write

s=k2 P —g 2P — g

t=k27P +e2 P+ 2P el 2P

where [, m are nonnegative integers and ¢;, sj’. =0orlforeveryl <i < /[and
0 <j < m. Set

si=k2P—g 2Pl g2 P forevery 0 <i <1,
=k 4277 + 62777 4. 42777 forevery 0 < j < m.

Then, noting that s = s;, t = 1, and that we can apply the assumption of the lemma
to each of the pairs (5o, %), (si—1,5;) (for 1 <i < [)and (t;,_1,t) (for 1 < j < m),
we get

d(f(s).f(0) = d(f(s1).f (tm))

! m
< d(F(50). £ (1) + 3 d(Flsi) f(5)) + 3 d(Fa-). £ (1)

i=1 Jj=1

l m
< K277 4 Y K270 N g
i=1 j=1

<2K(1—27%)"lpe
<2K(1—2"%"1(@r—s)"

since 277 < t —s. This completes the proof of Lemma 2.10. O

We now apply Theorem 2.9 to pre-Brownian motion.
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Corollary 2.11 Let B = (By)>0 be a pre-Brownian motion. The process B
has a modification whose sample paths are continuous, and even locally Holder
continuous with exponent % — 8 for every § € (0, %)

Proof If s < ¢, the random variable B, — B; is distributed according to .47 (0, t — s),
and thus B, — B, has the same law as /t — s U, where U is .4#'(0, 1). Consequently,
for every g > 0,

E[|B, = By|"] = (t = ) E[|U|"] = C, (t = )"

where C, = E[|U|Y] < oo. Taking g > 2, we can apply Theorem 2.9 with ¢ =
2 — 1. It follows that B has a modification whose sample paths are locally Holder
continuous with exponent « for every o < (g — 2)/(2q). If q is large we can take o
arbitrarily close to . O

Definition 2.12 A process (B;);>0 is a Brownian motion if:

(1) (Bi)r>0 is a pre-Brownian motion.
(i) All sample paths of B are continuous.

This is in fact the definition of a real (or linear) Brownian motion started from
0. Extensions to arbitrary starting points and to higher dimensions will be discussed
later.

The existence of Brownian motion in the sense of the preceding definition
follows from Corollary 2.11. Indeed, starting from a pre-Brownian motion, this
corollary provides a modification with continuous sample paths, which is still a
pre-Brownian motion. In what follows we no longer consider pre-Brownian motion,
as we will be interested only in Brownian motion.

It is important to note that the statement of Proposition 2.5 holds without change
if pre-Brownian motion is replaced everywhere by Brownian motion. Indeed, with
the notation of this proposition, it is immediate to verify that —B, B*, B® have
continuous sample paths if B does.

The Wiener measure. Let C(R, R) be the space of all continuous functions from
R+ into R. We equip C(R+, R) with the o-field € defined as the smallest o-field on
C(R4+, R) for which the coordinate mappings w — w(f) are measurable for every
t > 0 (alternatively, one checks that € coincides with the Borel o-field on C(R4, R)
associated with the topology of uniform convergence on every compact set). Given
a Brownian motion B, we can consider the mapping

2 — CR4,R)
w > (t —~ Bi(w))
and one verifies that this mapping is measurable (if we take its composition with a

coordinate map w +— w(f) we get the random variable B;, and a simple argument
shows that this suffices for the desired measurability).
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The Wiener measure (or law of Brownian motion) is by definition the image
of the probability measure P(dw) under this mapping. The Wiener measure, which
we denote by W(dw), is thus a probability measure on C(R4+,R), and, for every
measurable subset A of C(R4, R), we have

W(A) = P(B. € A),
where in the right-hand side B. stands for the random continuous function ¢ +—

B/(w).
We can specialize the last equality to a “cylinder set” of the form

A={we CRL,R):w(ty) € Ag,W(t1) € Ay,...,w(ty) €A},

where 0 =ty < t; < --- < t,,and Ay, Ay, ..., A, € B(R) (recall that Z(R) stands
for the Borel o-field on R). Corollary 2.4 then gives

W({W; W(l()) € Ay, W(l‘l) €Ay,..., W(ln) € An})
== P(BT() EA(),B[I EA],...,B[n EAn)

. dx;...dx, (-xl_-xl 1)
=140 Arxexa, RO\t — 1) .. (tn — ln—l) ( Z 20t — ti-) )

where xo = 0 by convention.

This formula for the W-measure of cylinder sets characterizes the probability
measure W. Indeed, the class of cylinder sets is stable under finite intersections
and generates the o-field 4, which by a standard monotone class argument (see
Appendix A1) implies that a probability measure on %’ is characterized by its values
on this class. A consequence of the preceding formula for the W-measure of cylinder
sets is the (fortunate) fact that the definition of the Wiener measure does not depend
on the choice of the Brownian motion B: The law of Brownian motion is uniquely
defined!

Suppose that B’ is another Brownian motion. Then, for every A € %,

P(B € A) = W(A) = P(B. € A).

This means that the probability that a given property (corresponding to a measurable
subset A of C(R+,R)) holds is the same for the sample paths of B and for the
sample paths of B’. We will use this observation many times in what follows (see in
particular the second part of the proof of Proposition 2.14 below).

Consider now the special choice of a probability space,

Q2=CR4,R), F=% Pdw)=Wdw).
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Then on this probability space, the so-called canonical process
Xi(w) = w(n)

is a Brownian motion (the continuity of sample paths is obvious, and the fact that
X has the right finite-dimensional marginals follows from the preceding formula for
the W-measure of cylinder sets). This is the canonical construction of Brownian
motion.

2.3 Properties of Brownian Sample Paths

In this section, we investigate properties of sample paths of Brownian motion
(Fig.2.1). We fix a Brownian motion (B;),>o. For every r > 0, we set

Fi = 0(Bs, s < 1).

0.3

0.1 |

-0.2 +

-0.3 -

-0.4 I I I I I I I I I ]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 2.1 Simulation of a Brownian sample path on the time interval [0, 1]
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Note that .%#; C .%; if s < . We also set

Foy =) 2

5s>0

We start by stating a useful 0 — 1 law.

Theorem 2.13 (Blumenthal’s zero-one law) The o-field %o+ is trivial, in the
sense that P(A) = 0 or 1 for every A € %y

Proof Let0) <t <t <--- <t andletg: R*¥ — R be a bounded continuous

function. Also fix A € %y+. Then, by a continuity argument,

E[lA g(Btl, e ’Btk)] = lslfglE[lA g(Bl‘l _B€7 e ’Btk _BS)].

If 0 < & < 1y, the variables B;, — B,, ..., B, — B, are independent of .%, (by the
simple Markov property of Proposition 2.5) and thus also of % . It follows that

E[148(By,,....By)] = liﬁ} P(A)E[g(B,, — B, .... By — B)]
= P(A)E[g(B,,.....B,)].

We have thus obtained that .%. is independent of o(B;,, ..., By ). Since this holds
for any finite collection {¢1, . . ., #x} of (strictly) positive reals, %y is independent of
o(B;,t > 0). However, o(B;,t > 0) = o(B,,t > 0) since By is the pointwise limit
of B; when t — 0. Since .Fyo4+ C o (B;,t > 0), we conclude that % is independent
of itself, which yields the desired result. O

Proposition 2.14

(i) We have, a.s. for every ¢ > 0,

sup By > 0, inf B; <O.

0<s<e O0<s=<e

(ii) Foreverya € R, let T, = inf{t > 0 : B, = a} (with the conventioninf @ = o).
Then,

as., YaeR, T,<oo.
Consequently, we have a.s.

limsupB; = +o00, liminfB, = —o0.
—00 —>00

Remark It is not a priori obvious that supy,, By is measurable, since this is an
uncountable supremum of random variables. However, we can take advantage of the
continuity of sample paths to restrict the supremum to rational values of s € [0, €],
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so that we have a supremum of a countable collection of random variables. We will
implicitly use such remarks in what follows.

Proof

(i) Let (¢p) be a sequence of positive reals strictly decreasing to 0, and let

(i1)

A:ﬂ{ sup Bs>o}.

0=<s=<g,

Since this is a monotone decreasing intersection, it easily follows that A is .F-
measurable (we can restrict the intersection to p > po, for any choice of py > 1).
On the other hand,

P(A) = plggo J P( sup Bs > 0),

0=<s=<g,

and

1
P( sup Bs>o)zP(B >0)= 3.

0=<s=<g,

&p

which shows that P(A) > 1/2. By Theorem 2.13 we have P(A) = 1, hence

as.Ve>0, sup B;>0.

0<s<e

The assertion about infy<;<. By is obtained by replacing B by —B.
We write

1:P< sup B5>O>:81£TP< sup B5>8),

0<s<l 0<s<l

and we use the scale invariance property (see Proposition 2.5 (ii) and the
notation of this proposition) with A = § to see that, for every 6§ > 0,

P( sup B > 8) = P( sup Bf > 1) = P( sup By > 1).

0<s<l1 0<s<1/82 0<s<1/82

In the second equality, we use the remarks following the definition of the
Wiener measure to observe that the probability of the event {supy< /s Bs >
1} is the same for any Brownian motion B. If we let § go to 0, we get

P(susz > 1) = lim 1 P( sup By > 1) — 1.

5s>0 0<s<1/82
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Then another scaling argument shows that, for every M > 0,

P(susz > M) -1

s>0

and replacing B by —B we have also
P(infB, <-M) = 1.
s>0

The assertions in (ii) now follow easily. For the last one we observe that a
continuous functionf : Ry — R can visit all reals only if lim sup,_, , . f(¥) =
400 and lim inf,, 4 o f(f) = —00.

O

Corollary 2.15 Almost surely, the function t — B, is not monotone on any non-
trivial interval.

Proof Using assertion (i) of Proposition 2.14 and the simple Markov property, we
immediately get that a.s. for every rational ¢ € Q, for every ¢ > 0,

sup B; > By, inf  B; <B,.
qg<t=q+s q=i=qte

The desired result follows. Notice that we restricted ourselves to rational values of g
in order to throw out a countable union of negligible sets (and by the way the result
would fail if we had considered all real values of g). O

Proposition 2.16 Ler 0 = 15 < #] <--- <1, =t be a sequence of subdivisions of
[0, 7] whose mesh tends to 0 (i.e. sup, <;<,, (i —1{_) — 0 as n — 00). Then,

pl’l
. _ 2 _
nllgolo X;(Brln Brztl) =t
P
in L2,

Proof This is an immediate consequence of Proposition 1.14, writing By — By | =
G((1,,1]), where G is the Gaussian white noise associated with B. O

If a < b and f is a real function defined on [a, b], the function f is said to have
infinite variation if the supremum of the quantities > _, |f(;) — f(ti—1)|, over all
subdivisionsa = 1y < t; < --- < t, = b, is infinite.

Corollary 2.17 Almost surely, the function t — B, has infinite variation on any
non-trivial interval.

Proof From the simple Markov property, it suffices to consider the interval [0, 7]
for some fixed ¢+ > 0. We use Proposition 2.16, and note that by extracting a
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subsequence we may assume that the convergence in this proposition holds a.s. We
then observe that

Pn Pn

> By =By )< ( sup |By — By, |) x ) |By =By |.

i=1 Isi=pn i=1

The supremum inside parentheses tends to O by the continuity of sample paths,
whereas the left-hand side tends to  a.s. It follows that )7, [By — By | tends to
infinity a.s., giving the desired result. O

The previous corollary shows that it is not possible to define the integral
fot f(s)dB; as a special case of the usual (Stieltjes) integral with respect to functions
of finite variation (see Sect.4.1.1 for a brief presentation of the integral with respect
to functions of finite variation, and also the comments at the end of Sect.2.1).

2.4 The Strong Markov Property of Brownian Motion

Our goal is to extend the simple Markov property (Proposition 2.5 (iii)) to the case
where the deterministic time s is replaced by a random time 7. We first need to
specify the class of admissible random times.

As in the previous section, we fix a Brownian motion (B;)>o. We keep the
notation .%, introduced before Theorem 2.13 and we also set Fo, = 0(By, s > 0).

Definition 2.18 A random variable T with values in [0, o0] is a stopping time if, for
everyt > 0,{T <1t} € %,

It is important to note that the value co is allowed. If T is a stopping time, we
also have, for every t > 0,

{T<tt= |J (r=qg ez
q€[0,HNQ

Examples The random variables T = t (constant stopping time) and T = T, are
stopping times (notice that {7, < t} = {info<s<; |Bs — a| = 0}). On the other hand,
T = sup{s < 1 : B; = 0} is not a stopping time (arguing by contradiction, this will
follow from the strong Markov property stated below and Proposition 2.14). If T is
a stopping time, then, for every ¢ > 0, T+ ¢ is also a stopping time.

Definition 2.19 Let T be a stopping time. The o-field of the past before T is
Fr={A€ Foo: V1 >0, AN{T <1} € F#}.

It is easy to verify that %7 is indeed a o-field, and that the random variable T
is #r-measurable. Moreover, if we define the real random variable 1¢r.c}Br by
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setting

B w) if T(w) < o0,
Lir<ooBrie) = { oT(w)( : i Tgwi =

then 1y oo} Br is also Zr-measurable. To see this, we first observe that

o0 o0
Lircoo}Br= nlggo Z Li—n<r<(it1p—mBin—n= nlggo Z Lircrio—nlip—r<nBio—n.
i=0 i=0

We then note that, for any s > 0, Bi1y,<7y is Fr-measurable, because if A is a Borel
subset of R not containing 0 (the case where 0 € A is treated by considering the
complementary event) we have

(%} ift<s
Bl e AYN{T <t} = .
{Belysy €A} AT < 1} {{BSGA}ﬂ{szft}lftzs

which is .#;-measurable in both cases (write {s < T <t} = {T <t} N {T < s}°).

Theorem 2.20 (strong Markov property) Let T be a stopping time. We assume
that P(T < oo) > 0 and we set, for every t > 0,

B = 1i7<o0}(Br4+: — Br).

Then under the probability measure P(- | T < 00), the process (BfT)),ZO is a
Brownian motion independent of Fr.

Proof We first consider the case where T < oo a.s. We fixA € Frand 0 < 1, <
.-+ < 1, and we let I be a bounded continuous function from R” into R. We will
verify that

T T
ELLFBY.....B{")] = P(A) E[F(B,.....B,)]. 2.1
The different assertions of the theorem then follow. First the case A = 2 shows
that the process (BfT))tzo has the same finite-dimensional marginal distributions
as B and is thus a Brownian motion (notice that the sample paths of B are

continuous). Then (2.1) implies that, for every choice of 0 < #; < --- < 1, the
vector (B;lT ) e ,Bg) ) is independent of .%; and it follows that B is independent

of eg.T.

Let us prove (2.1). For every integer n > 1, and for every real r > 0, we write [f],,
for the smallest real of the form k27", with k € Z 4, belonging to the interval [z, 00).
We also set [00], = oo by convention. In order to prove (2.1), we observe that we
have a.s.

T T : Tln Tln
FB.....B)") = lim FB™,.. BI™),
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hence by dominated convergence

T T
E[, FBD,.... B
= lim E[L, FB".....Bl"")]
n—o0
o0
= nlglolo Z E[Ma1{g—1y2-n<r<io—n3}F (Bka=n41, — Bia—n, - . ., Bio=n44, — Bra—n)],
k=0

where to get the last equality we have decomposed the expectation according to the
possible values of [T],. The point now is the fact that, since A € .%r, the event

AN{k—1)2"<T<k2™ = AN{T <k27") N{T < (k—1)27")¢

is Fp—n-measurable. By the simple Markov property (Proposition 2.5 (iii)), we have
thus

E[un{g—1)2—n<r<k2—}F (Bxa=n44, — Bra—n, . . ., Bio=n4y, — Bio—)]
= PAN{(k—1)2"" < T < 2"} E[F(B,.....B,)].

and we just have to sum over k to get (2.1).
Finally, when P(T = oo) > 0, the same arguments give, instead of (2.1),

E[lanir<coy FB, ... .B")] = P(AN{T < 00}) E[F(B.....B,)]

tp

and the desired result again follows in a straightforward way. O

An important application of the strong Markov property is the “reflection
principle” that leads to the following theorem.

Theorem 2.21 Foreveryt > 0, set S; = sup,, Bs. Then, ifa > 0 and b € (—00, a],
we have

P(S; > a, B, <b) = P(B; > 2a—b).
In particular, S, has the same distribution as |B|.
Proof We apply the strong Markov property at the stopping time

T,=inf{t >0:B; = a}.
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We already saw (Proposition 2.14) that 7, < oo a.s. Then, using the notation of
Theorem 2.20, we have

P(S;>a, B,<b)=P(T, <1, B, <b)=P(T, <1, B <b—a),

since Bff"T)a = B, — By, = B; —a on the event {T, < t}. Write B’ = BT 5o that,
by Theorem 2.20, the process B’ is a Brownian motion independent of .77, hence
in particular of T,. Since B’ has the same distribution as —B’, the pair (7,, B') also
has the same distribution as (T}, —B’) (this common distribution is just the product

of the law of T, with the Wiener measure). Let
H={Gw) eRy xCR4L,R):s<t,w(t—s) <b—a}.
The preceding probability is equal to

P((T,.B) € H) = P(T,,—B') € H)
=P(T, <1, -B!) <b—a)
= P(T, <t B,>2a—D)
= P(B, > 2a—b)

because the event {B, > 2a — b} is a.s. contained in {T, < t}. This gives the first
assertion (Fig.2.2).

r
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t
Fig. 2.2 Tllustration of the reflection principle: the conditional probability, knowing that {T, < t},

that the graph is below b at time # is the same as the conditional probability that the graph reflected
at level a after time T, (in dashed lines) is above 2a — b at time ¢
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For the last assertion of the theorem, we observe that
P(S;>a)=P(S;>a,B;>a)+ P(S; > a,B; <a) =2P(B; > a) = P(|B,| > a),

and the desired result follows. O

It follows from the previous theorem that the law of the pair (S, B;) has density
2Qa—b 2a — b)?
gla,b) = 2@a—b) exp (_w

Liopear- 2.2
,—27”3 2 ) {a>0,b<a} (2.2)

2
Corollary 2.22 Foreverya > 0, T, has the same distribution as % and has density
1

a 612

— — ) 1403
g3 eXP( 2t) {r>0}

f@) =

Proof Using Theorem 2.21 in the second equality, we have, for every ¢ > 0,

2
a
P(Te=0) = P(S =z @) = P(B| = @) = P(B] = a”) = P(B] = a”) = P(55 < 1).
1
Furthermore, since B; is distributed according to .47°(0,1), a straightforward
calculation gives the density of a*/B;. O

Remark From the form of the density of T,, we immediately get that E[T,] = co.

We finally extend the definition of Brownian motion to the case of an arbitrary
(possibly random) initial value and to any dimension.

Definition 2.23 If Z is a real random variable, a process (X;);>¢ is a real Brownian
motion started from Z if we can write X; = Z + B; where B is a real Brownian
motion started from 0 and is independent of Z.

Definition 2.24 A random process B, = (B!,...,B?) with values in RY is a d-
dimensional Brownian motion started from 0 if its components B',...,B? are
independent real Brownian motions started from 0. If Z a random variable with
values in R? and X, = (X, ..., X?) is a process with values in R?, we say that X is
a d-dimensional Brownian motion started from Z if we can write X; = Z + B; where

B is a d-dimensional Brownian motion started from O and is independent of Z.

Note that, if X is a d-dimensional Brownian motion and the initial value of X is
random, the components of X may not be independent because the initial value may
introduce some dependence (this does not occur if the initial value is deterministic).

In a way similar to the end of Sect.2.2, the Wiener measure in dimension
d is defined as the probability measure on C(R4,R?) which is the law of a
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d-dimensional Brownian motion started from 0. The canonical construction of
Sect. 2.2 also applies to d-dimensional Brownian motion.

Many of the preceding results can be extended to d-dimensional Brownian
motion with an arbitrary starting point. In particular, the invariance properties of
Proposition 2.5 still hold with the obvious adaptations. Furthermore, property (i)
of this proposition can be extended as follows. If X is a d-dimensional Brownian
motion and @ is an isometry of R?, the process (@ (X,)),>o is still a d-dimensional
Brownian motion. The construction of the Wiener measure and Blumenthal’s zero-
one law are easily extended, and the strong Markov property also holds: One can
adapt the proof of Theorem 2.20 to show that, if T is a stopping time — in the sense of
the obvious extension of Definition 2.18 — which is finite with positive probability,
then under the probability measure P(- | T < 00), the process X,(T) = X7y — X7,
t > 0, is a d-dimensional Brownian motion started from 0 and is independent of
Fr.

Exercises

In all exercises below, (B;);>o is a real Brownian motion started from 0, and S; =
SUPo<s<; Bs-

Exercise 2.25 (Time inversion)

1. Show that the process (W;);>o defined by Wy = 0 and W, = By, fort > 0 is
(indistinguishable of) a real Brownian motion started from 0. (Hint: First verify
that W is a pre-Brownian motion.)

. B
2. Infer that lim — = 0 a.s.

t—o00 f

Exercise 2.26 For every real a > 0, we set T, = inf{r > 0 : B, = a}. Show that the
process (T,)q>0 has stationary independent increments, in the sense that, for every
0 < a < b, the variable T, — T, is independent of the o-field 6(7,,0 < ¢ < a) and
has the same distribution as 7).

Exercise 2.27 (Brownian bridge)
We set W, = B, — tB) forevery t € [0, 1].

1. Show that (W), is a centered Gaussian process and give its covariance
function.

2. Let0 <ty <t <--- <t, < 1. Show that the law of (W,I,W,Z,...,W,p) has
density

g(xh oo 7xp) =27 Puy (xl)ptz—tl (x2 - xl) o 'ptp—tpfl (xp - xp—l)pl—tp (_xp)v

where p;(x) = ﬁ exp(—x?/21). Explain why the law of (W, W;,,.... W, ) can

be interpreted as the conditional law of (By,, By, . . ., B;,) knowing that B; = 0.
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3. Verify that the two processes (W;):ejo,1] and (Wi—,);e[0,1] have the same distribu-
tion (similarly as in the definition of Wiener measure, this law is a probability
measure on the space of all continuous functions from [0, 1] into R).

Exercise 2.28 (Local maxima of Brownian paths) Show that, a.s., the local
maxima of Brownian motion are distinct: a.s., for any choice of the rational numbers
p.q,r,s > Osuchthatp < g < r < s we have

sup B; # sup B;.

P=t=q r<t<s

Exercise 2.29 (Non-differentiability) Using the zero-one law, show that, a.s.,

. B, n limi fBr
msup — = +o00 minf — = —o0 .
130 P Vi NO /1

Infer that, for every s > 0, the function ¢ — B, has a.s. no right derivative at s.

Exercise 2.30 (Zero set of Brownian motion) Let H := {t € [0, 1] : B, = 0}. Using
Proposition 2.14 and the strong Markov property, show that H is a.s. a compact
subset of [0, 1] with no isolated point and zero Lebesgue measure.

Exercise 2.31 (Time reversal) We set B, = B —B_, foreveryt € [0, 1]. Show that
the two processes (B;)sejo,1] and (B;)eo,1] have the same law (as in the definition of
Wiener measure, this law is a probability measure on the space of all continuous
functions from [0, 1] into R).

Exercise 2.32 (Arcsine law)
SetT :=inf{t > 0: B, = S1}.

1. Show that T < 1 a.s. (one may use the result of the previous exercise) and then
that T is not a stopping time.
. Verify that the three variables S;, S; — B, and |B,| have the same law.
3. Show that T is distributed according to the so-called arcsine law, whose density
is

[

g(t) = 1o.1)(D).

1
wy/t(1 —1)
4. Show that the results of questions 1. and 3. remain valid if 7 is replaced by

L:=sup{t<1:B,=0}.

Exercise 2.33 (Law of the iterated logarithm)
The goal of the exercise is to prove that

. B,
lim sup

e S
t—~oo +/2tloglogt

a.s.
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We set h(t) = /2tloglogt.

2
1. Show that, for every t > 0, P(S, > u\/;) ~ 5 e_“z/z, when u — +o0.
u/2m

2. Let r and ¢ be two real numbers such that 1 < r < ¢2. From the behavior of the
probabilities P(S,» > ¢ h(r"~")) when n — oo, infer that, a.s.,

. B,
lim sup

- <1
—oo /2tloglogt —

3. Show that a.s. there are infinitely many values of » such that

—1
B — Bt > | ——h(").
r

Conclude that the statement given at the beginning of the exercise holds.

4. What is the value of lim inf !

N
1—oo /2tloglogt

Notes and Comments

The first rigorous mathematical construction of Brownian motion is due to
Wiener [81] in 1923. We use the nonstandard terminology of “pre-Brownian
motion” to emphasize the necessity of choosing an appropriate modification in
order to get a random process with continuous sample paths. There are several
constructions of Brownian motion from a sequence of independent Gaussian
random variables that directly yield the continuity property, and a very elegant
one is Lévy’s construction (see Exercise 1.18), which can be found in the books
[49] or [62]. Lévy’s construction avoids the use of Kolmogorov’s lemma, but the
latter will have other applications in this book. We refer to Talagrand’s book [78]
for far-reaching refinements of the “chaining method” used above in the proof of
Kolmogorov’s lemma. Much of what we know about linear Brownian motion comes
from Lévy, see in particular [54, Chapitre VI]. Perhaps surprisingly, the strong
Markov property of Brownian motion was proved only in the 1950s by Hunt [32]
(see also Dynkin [19] for a more general version obtained independently of Hunt’s
work), but it had been used before by other authors, in particular by Lévy [54],
without a precise justification. The reflection principle and its consequences already
appeared, long before Brownian motion was rigorously constructed, in Bachelier’s
thesis [2], which was a pioneering work in financial mathematics. The book [62]
by Morters and Peres is an excellent source for various sample path properties of
Brownian motion.



Chapter 3
Filtrations and Martingales

In this chapter, we provide a short introduction to the theory of continuous time
random processes on a filtered probability space. On the way, we generalize several
notions introduced in the previous chapter in the framework of Brownian motion,
and we provide a thorough discussion of stopping times. In a second step, we
develop the theory of continuous time martingales, and, in particular, we derive
regularity results for sample paths of martingales. We finally discuss the optional
stopping theorem for martingales and supermartingales, and we give applications to
explicit calculations of distributions related to Brownian motion.

3.1 Filtrations and Processes

Throughout this chapter, we consider a probability space (§2, %, P). In this section,
we introduce some general notions that will be of constant use later.

Definition 3.1 A filtration on (£2,.%#,P) is a collection (%#)p<;<co indexed by
[0, oo] of sub-o-fields of %, such that #; C %, for every s <t < o0.

We have thus, forevery 0 < s < ¢,
F9C Fy C F C Foo CF.

We also say that (2, .%, (%;), P) is a filtered probability space

Example If B is a Brownian motion, we considered in Chap. 2 the filtration

% = O—(BA"O S N 5 t)a <Q\OO = O—(BX’S 2 0)‘
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More generally, if X = (X;,# > 0) is any random process indexed by R, the
canonical filtration of X is defined by ZX = 0(X,,0 < 5 < 1) and FX =
o(X;,s > 0).

Let (%#:)o<i<oo be a filtration on (£2,.%, P). We set, for every t > 0

T =) 7

s>t

and F4+ = F. Note that F C %4 for every t € [0,00]. The collection
(Z1+)o<i<co 1s also a filtration. We say that the filtration (.%,) is right-continuous if

Fy = F, Vit > 0.

By construction, the filtration (%, ) is right-continuous.

Let (%) be a filtration and let .4 be the class of all (%, P)-negligible sets (i.e.
A € ¥ if there exists an A’ € F, such A C A’ and P(A’) = 0). The filtration is
said to be complete it N C % (and thus A~ C Z, for every 1).

If (%) is not complete, it can be completed by setting .%, = %, Vv o(A), for
every t € [0, 0o], using the notation .%, v o (/") for the smallest o-field that contains
both .%; and o (/) (recall that o(.4") is the o-field generated by /). We will
often apply this completion procedure to the canonical filtration of a random process
(X1):>0, and call the resulting filtration the completed canonical filtration of X. The
reader will easily check that all results stated in Chap. 2, where we were considering
the canonical filtration of a Brownian motion B, remain valid if instead we deal
with the completed canonical filtration. The point is that augmenting a o-field with
negligible sets does not alter independence properties.

Let us turn to random processes, which in this chapter will be indexed by R.

Definition 3.2 A process X = (X;)>0 with values in a measurable space (E, &) is
said to be measurable if the mapping

(w,1) = X (w)

defined on £2 x R equipped with the product o-field % ® (R ) is measurable.
(We recall that (R ) stands for the Borel o-field of R.)

This is stronger than saying that, for every ¢t > 0, X, is .%-measurable. On the
other hand, considering for instance the case where E = R, it is easy to see that
if the sample paths of X are continuous, or only right-continuous, the fact that X;
is .7 -measurable for every ¢ implies that the process is measurable in the previous
sense — see the argument in the proof of Proposition 3.4 below.

In the remaining part of this chapter, we fix a filtration (.%,) on (2, %, P),
and the notions that will be introduced depend on the choice of this filtration.

Definition 3.3 A random process (X;);>0 With values in a measurable space (E, &)
is called adapted if, for every t > 0, X; is .%,-measurable. This process is said to be
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progressive if, for every ¢ > 0, the mapping
(@.5) = Xs(w)

defined on £2 x [0, ] is measurable for the o-field .7, ® H([0, 1]).

Note that a progressive process is both adapted and measurable (saying that a
process is measurable is equivalent to saying that, for every ¢+ > 0, the mapping
(w,5) = X;(w) defined on £2 x [0, 7] is measurable for % ® £([0,1])).

Proposition 3.4 Let (X;);>0 be a random process with values in a metric space
(E.d) (equipped with its Borel o-field). Suppose that X is adapted and that the
sample paths of X are right-continuous (i.e. for every o € §2, t — X,(w) is right-
continuous). Then X is progressive. The same conclusion holds if one replaces right-
continuous by left-continuous.

Proof We treat only the case of right-continuous sample paths, as the other case is
similar. Fix # > 0. For every n > 1 and s € [0, 7], define a random variable X} by
setting

X! =Xy ifsel(k—Dt/nkt/n), ke{l, ... n},

and X]' = X;. The right-continuity of sample paths ensures that, for every s € [0, 7]
andw € 2,

Xs(w) = lim X} ().
n—>o00
On the other hand, for every Borel subset A of E,

{(w.5) € 2 x[0.1] : X{(w) € A} = ({X; € A} x {1})

U(U (8500 ap (22 21

k=1

which belongs to the o-field %, ® ([0, 1]). Hence, for every n > 1, the mapping
(w,s5) = X'(w), defined on £2 x [0, 7], is measurable for .#, ® A([0,]). Since a
pointwise limit of measurable functions is also measurable, the same measurability
property holds for the mapping (w, s) + X;(w) defined on §2 x [0, 7]. It follows that
the process X is progressive. O

The progressive o -field The collection & of all sets A € .% ® (R ) such that
the process X;(w) = 14(w, 1) is progressive forms a o-field on £2 x R4, which is
called the progressive o-field. A subset A of £2 x R belongs to & if and only if,
forevery t > 0, A N (£2 x [0, 1]) belongs to %, ® £(|[0, 1]).

One then verifies that a process X is progressive if and only if the mapping
(v, 1) — X;(w) is measurable on £2 x R equipped with the o-field &2.
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3.2 Stopping Times and Associated o -Fields

In this section, we extend certain notions that were already introduced in the
previous chapter in the framework of Brownian motion. The following definition
is just a repetition of the corresponding one in the previous chapter.

Definition 3.5 A random variable T : 2 —> [0,00] is a stopping time of the
filtration (%) if {T < t} € F,, for every t > 0. The o-field of the past before T is
then defined by

FIr={A€ Fo :Vt >0, AN{T <t} € F}.

The reader will verify that %7 is indeed a o-field.

In what follows, “stopping time” will mean stopping time of the filtration (.%;)
unless otherwise specified. If T is a stopping time, we also have {T < t} € .%, for
every t > 0, by the same argument as in the Brownian case, and moreover

(T = oo} = (O{Tg n})C € Foo.
n=1

Recall the definition of the filtration (.%,+). A stopping time (of the filtration
(F,)) is obviously also a stopping time of the filtration (%), but the converse
need not be true in general.

Proposition 3.6 Write 9, = %, for every t € [0, 00].
(1) A random variable T : 2 —> [0, 00| is a stopping time of the filtration (<) if
and only if {T < t} € %, for every t > 0. This is also equivalent to saying that
T At is F,-measurable for every t > 0.
(ii) Let T be a stopping time of the filtration (¢,). Then
Yr ={A € Foo : V1 >0, AN{T <t} € F}.
We will write

9}4_ = gT-

Proof

(i) Suppose that T is a stopping time of the filtration (%;). Then, for every ¢ > 0,

r<nn= |J r=gje s

q€Q . q<t
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because {T < ¢} € ¢, C %, if ¢ < t. Conversely, assume that {T’ < 1} € %
for every ¢t > 0. Then, foreveryr > O and s > ¢,

{T<tt= () (I<ges

q€Q4 . 1<q<s

and it follows that {T <t} € %+ = ¥,.

Then, saying that T A ¢ is .%#,-measurable for every ¢t > 0 is equivalent to
saying that, for every s < ¢, {T < s} € .%,. Taking a sequence of values of s that
increases to f, we see that the latter property implies that {T < ¢} € .%;, and so
T is a stopping time of the filtration (¥;). Conversely, if T is a stopping time of
the filtration (%), we have {T < s} € ¥, C %, whenever s < t, and thus T A ¢
is #;-measurable.

(ii) First, if A € 97, we have A N {T <t} € ¥, for every t > 0. Hence, for t > 0,

An{r<g= | (An{qu})ey“,

q€Q . q<t

since AN{T < q} € 9, C .F, foreveryq <.
Conversely, assume that A N {T < t} € %, for every ¢t > 0. Then, for every
t>0,and s > t,

Anir<g= ) (Aﬂ{T<q})e<%.

q€Q 4, t<g<s

In this way, we getthat AN {T < 1} € %+ = ¥, and thus A € ¥.

Properties of stopping times and of the associated o -fields

(a) For every stopping time T, we have .y C .Zr4. If the filtration (%) is right-
continuous, we have %, = .

(b) If T = tis a constant stopping time, Fr = % and Fr4 = F4.

(c) Let T be a stopping time. Then T is .%r-measurable.

(d) Let T be a stopping time and A € F . Set

A T(w)ifweA,

T@) =1 oo ifwga.
Then A € F7 if and only if T* is a stopping time.

(e) Let S, T be two stopping times such that § < T. Then #s C Fr and Fsy C
Fr.

(f) Let S, T be two stopping times. Then, S VvV T and S A T are also stopping times
and Fgar = Fs N Fr. Furthermore, {S < T} € Fgar and {S = T} € Fsar.
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(g) If (S,) is a monotone increasing sequence of stopping times, then S = lim 1 S,

is also a stopping time.

(h) If (S,) is a monotone decreasing sequence of stopping times, then § = lim | S,

@

()

is a stopping time of the filtration (.%,4.), and

Fsy = ﬂ Tyt

If (S,) is a monotone decreasing sequence of stopping times, which is also
stationary (in the sense that, for every w, there exists an integer N(w) such
that S,(w) = S(w) for every n > N(w)) then S = lim | S, is also a stopping
time, and

Fs =) Fs.-
n

Let T be a stopping time. A function w — Y(w) defined on the set {T < oo}
and taking values in the measurable set (E, &) is .#r-measurable if and only if,
for every ¢t > 0, the restriction of Y to the set {T < t} is .%;-measurable.

Remark In property (j) we use the (obvious) notion of ¢-measurability for a
random variable w + Y(w) that is defined only on a ¢-measurable subset of £2
(here ¥ is a o-field on £2). This notion will be used again in Theorem 3.7 below.

Proof (a), (b) and (c) are almost immediate from our definitions. Let us prove the
other statements.

(d) Foreveryt >0,

(T"<t=AN{T <t

and the result follows from the definition of .%7.

(e) Itis enough to prove that g C 1. If A € Fg, we have

ANT<ti=AN{S<)N{T <1 e,

hence A € 7.

(f) We have

(SAT =<t} ={S<tyU{T <t} € #,
(SVT <ty ={S<t;N{T <1} € #,

sothat S A T and S Vv T are stopping times.
It follows from (e) that Fsar C (Fs N Fr). Moreover, if A € F5 N Fr,

ANSAT <t} =AN{S<tHU@ANA{T <t}) € %,

hence A € Fgar.
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(h)

®
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Then, for every r > 0,

S<TIN{T <t} ={S<t3N{T<tJN{SAt<T At} € F,
S<TIN{S<t; ={SAt<TAt}N{S <t} € F,
because S Atand T At are both .#;-measurable by Proposition 3.6 (i). It follows

that {S < T} € s N Fr = Fsar- Then {S =T} = {S < T} N{T < S}.
For every t > 0,

S<tt=(S. <t e

Similarly

S<t= s <t ez,

and we use Proposition 3.6 (i). Then, by (e), we have .Zg1 C F5, + forevery n,
and conversely, if A € [, Zs,+.

An{S<n=JAan(s, <) e Z,

hence A € Fy+.
In that case, we also have

s<n=Js.<nez,

andifA € "), Zs,,

Ants<n=Jan{s, <t ez,

so that A € .
First assume that, for every ¢t > 0, the restriction of Y to {T < ¢} is %
measurable. Then, for every measurable subset A of E,

{YeA}N{T <1t} € %.

Letting t — oo, we first obtain that {Y € A} € F, and then we deduce from
the previous display that {Y € A} € Zr.

Conversely, if Y is .#7-measurable, {Y € A} € Fr and thus {Y € A} N{T <
t} € F;, giving the desired result. O
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Theorem 3.7 Let (X;)>0 be a progressive process with values in a measurable
space (E, &), and let T be a stopping time. Then the function v — Xr(w) :=
X7(w) (@), which is defined on the event {T < oo}, is Fr-measurable.

Proof We use property (j) above. Let t > 0. The restriction to {7 < ¢} of the
function ® — X7 (w) is the composition of the two mappings
{T<t}owr (0, T(w)AT)
F F @ A(0.1])

and

2 x[0,1] 3 (w,5) = X,(w)
FZA(0,1) &

which are both measurable (the first one since T A t is .%,-measurable, by
Proposition 3.6 (i), and the second one by the definition of a progressive process). It
follows that the restriction to {T' < ¢} of the function w > X7(w) is .%;-measurable,
which gives the desired result by property (j). O

Proposition 3.8 Let T be a stopping time and let S be an .Fr-measurable random
variable with values in [0, 00|, such that S > T. Then S is also a stopping time.
In particular, if T is a stopping time,

(o]

k+1
Tn = Z on 1{k27”<T§(k+1)27”} + 00 - 1{T=oo} B n = O, 1, 2, e
k=0

defines a sequence of stopping times that decreases to T.

Proof For the first assertion, we write, for every ¢t > 0,
S<a=8=gn{T<tpeZ
since {S < 1} is .‘%r-measurable. The second assertion follows since T, > T, and T},

is a function of T, hence .%#r-measurable, and 7, | T asn 1 oo by construction. O

The following proposition will be our main tool to construct stopping times
associated with random processes.

Proposition 3.9 Let (X,);>0 be an adapted process with values in a metric space
(E,d).

(i) Assume that the sample paths of X are right-continuous, and let O be an open
subset of E. Then

Tp = inf{t > 0: X, € O}

is a stopping time of the filtration ().
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(i) Assume that the sample paths of X are continuous, and let F be a closed subset
of E. Then

Tr=inf{t > 0:X, € F}

is a stopping time (of the filtration (%;)).
Proof

(i) Foreveryt > 0,

{To<ty= |J X c0eZ,
s€[0.)NQ

and we use Proposition 3.6 (i).
(i) Foreveryt > 0,

T<t={'dey,F=O}={ inf dXY,on} 7z,
{Tr <1} Olsr‘gst(‘ ) Se[g}]m@t ) €7

3.3 Continuous Time Martingales and Supermartingales

Recall that we have fixed a filtered probability space (£2,.%, (%), P). In the
remaining part of this chapter, all processes take values in R. The following is an
obvious analog of the corresponding definition in discrete time (see Appendix A2
below).

Definition 3.10 An adapted real-valued process (X;)>o such that X, € L! for every
t > 01is called

» amartingale if, for every 0 < s < 1, E[X; | %] = X;
o asupermartingale if, forevery 0 < s < t, E[X; | ;] < X,;
* asubmartingale if, forevery 0 < s < 1, E[X; | %] = X,.

If (X;)r>0 is a submartingale, (—X;)>0 is a supermartingale. For this reason, some
of the results below are stated for supermartingales only, but the analogous results
for submartingales immediately follow.

If (X,);>0 is a martingale (resp. a supermartingale, resp. a submartingale), we
have E[X;] = E[X/] (resp. E[X,] > E[X;], resp. E[X,] < E[X;]) whenever 0 < s < 1.

A simple way to construct a martingale is to take a random variable Z € L' and
to set X; = E[Z | %] for every t > 0. Not all martingales are of this type, however.
Let us turn to an important class of examples.
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Important example We say that a process (Z;);>o with values in R or in R has
independent increments with respect to the filtration (.%,) if Z is adapted and if, for
every 0 < s < t, Z, — Zj is independent of .%; (for instance, a Brownian motion has
independent increments with respect to its canonical filtration). If Z is a real-valued
process having independent increments with respect to (%), then

(i) if Z, € L' forevery ¢t > 0, then Z =27 — E[é] is a martingale;
(i) if Z, € L? forevery t > 0, then Y, = th — E[th] is a martingale;
(iii) if, for some A € R, we have E[e?%] < oo for every ¢ > 0, then

eGZ,

r= E[e%]
is a martingale.

Proofs of these facts are very easy. In the second case, we have for every 0 < s < t,

EZ)* | 7 = EZ + Z~ 2 | 7))
=72+ 2ZE[Z, - Z, | Z| + E[(Z, — Z,)* | ]
=72+ El(Z - Z,)]
=7} + E[Z}) - 2E[Z.Z) + EZ])
=Z; + EZ) - E[Z)),
because E [Zj,] =E [ZYE [Z | ]l =E [2?] The desired result follows. In the third

case,

e0Zs E[ee(z’_Zf) |3‘\v] _ e0Zs 3

E[Xt | y&‘] = E[GGZS]E[GG(Z’_Z‘V)] - E[eeZS] - XY?

using the fact that E[e?%~%) | %] = E[e?%~%)] by independence.
Consider the special case of Brownian motion.

Definition 3.11 A real-valued process B = (B;);>0 is an (.%;)-Brownian motion
if B is a Brownian motion and if B is adapted and has independent increments
with respect to (.%,). Similarly, a process B = (B;);>0 with values in R? is a d-
dimensional (.%;)-Brownian motion if B is a d-dimensional Brownian motion and if
B is adapted and has independent increments with respect to ().

Note that if B is a (d-dimensional) Brownian motion and (.%f) is the (possibly
completed) canonical filtration of B, then B is a (d-dimensional) (.%f)-Brownian
motion.

Let B be an (%;)-Brownian motion started from O (or from any ¢ € R). Then it

follows from the above observations that the processes

_e
B, B> —1t, 7!
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. . . _e
are martingales with continuous sample paths. The processes e~z are called
exponential martingales of Brownian motion

We can also take, for f € L>(R, B(Ry), dr),

Z, = /Otf(s) dB; .

Properties of Gaussian white noise imply that Z has independent increments with
respect to the canonical filtration of B, and thus

/0 ' £(5)dB,. ( /0 t f(s)dBJ)Z— /0 ' f(s)2ds . exp (o /0 ' f(s)dB, — 9; /0 t F(s7ds)

are martingales (with respect to this filtration). One can prove that these martingales
have a modification with continuous sample paths — it is enough to do it for the first
one, and this will follow from the more general results in Chap. 5 below.

Finally, if Z = N is a Poisson process with parameter A (and (.%;) is the canonical
filtration of N), it is well known that Z has independent increments, and we get that

N, — At , (N; — At)> — At, exp(ON; — At(e? — 1))
are martingales. In contrast with the previous examples, these martingales do not

have a modification with continuous sample paths.

Proposition 3.12 Let (X;)>0 be an adapted process and let f : R — Ry be a
convex function such that E[f (X;)] < oo for every t > 0.

(1) If (X))o is a martingale, then (f(X;))>0 is a submartingale.
(1) If (X1)=0 is a submartingale, and if in addition f is nondecreasing, then
(f(X1))r>0 is a submartingale.

Proof By Jensen’s inequality, we have, for s < 1,
E[f(X) | Z] = FEX | F]) = f(X)).
In the last inequality, we need the fact that f is nondecreasing when (X,) is only a

submartingale. O

Consequences If (X;);>o is a martingale, |X;| is a submartingale and more gener-
ally, for every p > 1, |X,|P is a submartingale, provided that we have E[|X;|’] < oo
forevery t > 0.1If (X,);>0 is a submartingale, (X,)* = X, V0 is also a submartingale.

Remark If (X;);>0 is any martingale, Jensen’s inequality shows that E[|X,|’] is a
nondecreasing function of ¢ with values in [0, oo], for every p > 1.
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Proposition 3.13 Let (X,);>0 be a submartingale or a supermartingale. Then, for
everyt > 0,

sup E[X;|] < oc.

0<s<t
Proof It is enough to treat the case where (X,);>0 is a submartingale. Since (X,)T is
also a submartingale, we have for every s € [0, 7],
E[(X)] < E[(X)].
On the other hand, since X is a submartingale, we also have for s € [0, 7],
E[X;] = E[Xo].
By combining these two bounds, and noting that |x| = 2xT — x, we get

sup E[|X,|] < 2E[(X)*] - E[X,] < oo,
s€[0,7]

giving the desired result. O

The next proposition will be very useful in the study of square integrable
martingales.

Proposition 3.14 Let (M,);>0 be a square integrable martingale (that is, M, € L*
foreveryt>0). LetO <s <tandlets =ty <t <--- <t,=tbea subdivision
of the interval [s, t]. Then,

p
Y 01, 2| 2] = -2 | 7] = B, M) | 7).
i=1
In particular,

p
E[ Y (M, — M, )?| = EIM? = M) = E[(M, - M,)?].
i=1

Proof Foreveryi=1,...,p,
E((M,, —M,_,)* | Z,] = E[E(M,, = M,_)* | Z ]| F]
- E[E[Mfi | Fi ] — 2M,_, EIM,, | Fi ] + M2 ‘3“]
S EUAEME KA
=EM; —M;_, | F|]

and the desired result follows by summing over i. O
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Our next goal is to study the regularity properties of sample paths of martingales
and supermartingales. We first establish continuous time analogs of classical
inequalities in the discrete time setting.

Proposition 3.15

(i) (Maximal inequality) Let (X;);>0 be a supermartingale with right-continuous
sample paths. Then, for every t > 0 and every A > 0,

A P( sup 1X,] > A) < E[Xol] + 2E[1X].

0<s<t

(i) (Doob’s inequality in L) Let (X;);>0 be a martingale with right-continuous
sample paths. Then, for every t > 0 and every p > 1,

£ swp b ] = (2) Bl

0<s<t 1

Note that part (ii) of the proposition is useful only if E[|X;|’] < oo.
Proof

(i) Fix t > 0 and consider a countable dense subset D of Ry such that 0 € D
and ¢t € D. Then D N [0, 7] is the increasing union of a sequence (D,,)u>1 of
finite subsets [0, 7] of the form D,, = {j,¢",... .1} where 0 = ¢ < ' <

- < tn = t. For every fixed m, we can apply the discrete time maximal
inequality (see Appendix A2) to the sequence Y, = X, ., which is a discrete
supermartingale with respect to the filtration %, = .%, . . We get

AP(sup X,] > ) < E[Xoll + 2E[X.).

S€ED,,

Then, we observe that

P( sup |X;| > A) 0 P( sup |X,| > A)

SEDyy, s€DN0,1]

when m 1 co. We have thus

AP( sup 1X| > ) < ElIXoll + 2E(1X])
seDN[0.1]

Finally, the right-continuity of sample paths (and the fact that + € D) ensures
that

sup | X[ = sup [X;]. (3.1
s€DN[0,1] s€[0,7]

Assertion (i) now follows.
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(i) Following the same strategy as in the proof of (i), and using now Doob’s
inequality in L? for discrete martingales (see Appendix A2), we get, for every
m>1,

£ sup %] = (25 ) EOXP)

s€D,, 1
Now we just have to let m tend to infinity, using the monotone convergence

theorem and then the identity (3.1).
]

Remark If we no longer assume that the sample paths of the supermartingale X are
right-continuous, the preceding proof shows that, for every countable dense subset
D of R4, and every ¢ > 0,

1

P(sup 1X| > 2) = (EIXol) + 2E[X]).
s€DN[0,1]

Letting A — 0o, we have in particular

sup |X;| <oco, as.
seDN[0,1]

Upcrossing numbers Letf : I —> R be a function defined on a subset / of R. If
a < b, the upcrossing number of f along [a, b], denoted by Mﬁb(l), is the maximal
integer k > 1 such that there exists a finite increasing sequence s < #f; < :-+ <
sk < t of elements of I such that f(s;) < a and f(;) > b foreveryi € {1,...,k}
(if, even for k = 1, there is no such subsequence, we take Mzh(l) =0, and if such a
subsequence exists for every k > 1, we take Mj;h (I) = 00). Upcrossing numbers are
a convenient tool to study the regularity of functions.
In the next lemma, the notation

lim f(s resp. lim f(s
means

lim f(s) (resp. %1m f(s)).

sdts>t

We say that g : Ry — R is cadlag (for the French “continue a droite avec des
limites & gauche”) if g is right-continuous and has left-limits at every ¢ > 0.

Lemma 3.16 Let D be a countable dense subset of Ry and let f be a real function
defined on D. We assume that, for every T € D,

(i) the function f is bounded on D N [0, T);
(ii) for all rationals a and b such that a < b,

M, (DN0,T]) < oo.
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Then, the right-limit
f@+) := lim f(s)
syVt.s€D
exists for every real t > 0, and similarly the left-limit

fa=) = lim7(s)

exists for every real t > 0. Furthermore, the function g : Ry — R defined by
g(t) = f(t+) is cadlag.

We omit the proof of this analytic lemma. It is important to note that the right and
left-limits f(t+) and f(z—) are defined for every r > 0 (¢ > 0 in the case of f(r—))
and not only for ¢ € D.

Theorem 3.17 Let (X;);>0 be a supermartingale, and let D be a countable dense
subset of R

(1) For almost every w € 2, the restriction of the function s — X(w) to the set D
has a right-limit

X (@) = lim X,(@) (32)
sydt.s€D

at every t € [0, 00), and a left-limit

X—(w) := lim X(w)
stMt,seD

at every t € (0, 00).
(ii) Foreveryte Ry, X,. € L' and

X = E[Xit | F.

with equality if the function t —> E[X,] is right-continuous (in particular if X
is a martingale). The process (Xi+)>0 is a supermartingale with respect to the
filtration (F:4). It is a martingale if X is a martingale.

Remark For the last assertions of (ii), we need X;+(w) to be defined for every
o € §2 and not only outside a negligible set. As we will see in the proof, we can
just take X;+ (@) = 0 when the limit in (3.2) does not exist.

Proof

(i) Fix T € D. By the remark following Proposition 3.15, we have

sup |X| <00, as.
s€DN|0,T]



56

(ii)

3 Filtrations and Martingales

As in the proof of Proposition 3.15, we can choose a sequence (Dy,),>1 of
finite subsets of D that increase to D N [0, T] and are such that 0,7 € D,,.
Doob’s upcrossing inequality for discrete supermartingales (see Appendix A2)
gives, for every a < b and every m > 1,

1 -
E[M},(Dy)] < +—E[(Xr —a)7].
b—a
We let m — oo and get by monotone convergence

EM(D 0 [0, 7] £ 5 E[0r — )] < oo.

‘We thus have
M5([0.TIND) < oo, as.
Set
_ _ ; )
N = TLJ) ({tegggﬂ 1X:| = OO} U (a,begm{M””(D n[o,7) = oo})),

(3.3)

Then P(N) = 0 by the preceding considerations. On the other hand, if ® ¢ N,
the function D > t > X;(w) satisfies all assumptions of Lemma 3.16. Assertion
(i) now follows from this lemma.

To define X;+ () for every @ € §2 and not only on £2\N, we set

lim X(w) if the limit exists
Xt+ (a)) = { slltseD .
0 otherwise.

With this definition, X, is .%,4-measurable.
Fix t > 0 and choose a sequence (#,),>0 in D such that #, decreases strictly
to t as n — o0o. Then, by construction, we have a.s.

Xr-l,- == llm Xr”.
n—>oo

Set Yy = X,_, for every integer k < 0. Then Y is a backward super-
martingale with respect to the (backward) discrete filtration 7% = .%,_, (see
Appendix A2). From Proposition 3.13, we have sup,, E[|Yx|] < oo. The
convergence theorem for backward supermartingales (see Appendix A2) then
implies that the sequence X,, converges to X, in L!. In particular, X, € L'.

Thanks to the L'-convergence, we can pass to the limit n — oo in the
inequality X; > E[X,, | .%], and we get

X = E[X,, | 7]
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(we use the fact that the conditional expectation is continuous for the L!-norm,
and it is important to realize that an a.s. convergence would not be sufficient
to warrant this passage to the limit). Furthermore, thanks again to the L!-
convergence, we have E[X,;] = lim E[X, ]. Thus, if the function s — E[X]
is right-continuous, we must have E[X;] = E[X,+] = E[E[X,, | #]], and the
inequality X; > E[X,, | .%/] then forces X, = E[X,, | .Z].

We already noticed that X, is %, -measurable. Let s < ¢ and let (s,)n>0
be a sequence in D that decreases strictly to s. We may assume that s, < ¢, for
every n. Then as previously X, converges to X, in L', and thus, if A € %,
which implies A € .%;, for every n, we have

E[XH_IA] = lim E[XX”IA] > lim E[thlA] ZE[XH_IA] = E[E[XH_ | 3‘}4_]1,4].
n—00 n—00

Since this inequality holds for every A € %, and since X,y and E[X,+ | %]
are both %, -measurable, it follows that X;1 > E[X;+ | %;+] . Finally, if
X is a martingale, inequalities can be replaced by equalities in the previous
considerations.

O

Theorem 3.18 Assume that the filtration (%) is right-continuous and complete.
Let X = (X;)>0 be a supermartingale, such that the function t — E[X;] is right-
continuous. Then X has a modification with cadlag sample paths, which is also an
(F:)-supermartingale.

Proof Let D be a countable dense subset of R as in Theorem 3.17. Let N be the
negligible set defined in (3.3). We set, for every ¢t > 0,

V(o) = [ K@ ifw g N
0 ifweN.
Lemma 3.16 then shows that the sample paths of Y are cadlag.

The random variable X,y is .%#;;-measurable, and thus .%#,-measurable since
the filtration is right-continuous. As the negligible set N belongs to %, the
completeness of the filtration ensures that Y; is .%#;-measurable. By Theorem 3.17
(i1), we have for every r > 0,

Xt = E[Xt+ I %] = Xl‘+ = Yl‘a a.s.

because X, is .%,-measurable. Consequently, Y is a modification of X. The process
Y is adapted to the filtration (.%,;). Since Y is a modification of X the inequality
E[X; | %] < Xy, for 0 < s < t, implies that the same inequality holds for Y. O

Remarks

(1) Let us comment on the assumptions of the theorem. A simple example shows
that our assumption that the filtration is right-continuous is necessary. Take
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2 = {—1, 1}, with the probability measure P defined by P({1}) = P({—1}) =
1/2. Let ¢ be the random variable e(w) = w, and let the process (X;);>0 be
defined by X, = 0if 0 < ¢ < 1, and X; = ¢ if r > 1. Then it is easy to verify
that X is a martingale with respect to its canonical filtration (ZX) (which is
complete since there are no nonempty negligible sets!). On the other hand, no
modification of X can be right-continuous at t = 1. This does not contradict the
theorem since the filtration is not right-continuous (ﬂfﬁ_ # FN).

(i) Similarly, to show that the right-continuity of the mapping t — E[X|] is
needed, we can just take X; = f(¢), where f is any nonincreasing deterministic
function. If f is not right-continuous, no modification of X can have right-

continuous sample paths.

3.4 Optional Stopping Theorems

We start with a convergence theorem for supermartingales.

Theorem 3.19 Let X be a supermartingale with right-continuous sample paths.
Assume that the collection (X;)>0 is bounded in L. Then there exists a random
variable Xoo € L' such that

lim X, = Xoo, a.s.
—>00

Proof Let D be a countable dense subset of R . From the proof of Theorem 3.17,
we have, forevery 7T € Dand a < b,

1 -
EM,(DN[0.7])] < 7—E[Xr —a)7].
By monotone convergence, we get, for every a < b,

EM},(D)] <

sup E[(X; —a)"] < o0,
b—a >0

since the collection (X;),>0 is bounded in L'. Hence, a.s. for all rationals a < b, we
have M% (D) < oo. This implies that the limit

Xoo i= lim X, (3.4)

D3t—>o00

exists a.s. in [—oo, co]. We can in fact exclude the values +co and —oo, since
Fatou’s lemma gives

E[|Xoo|] < liminf E[|X;]] < oo,
D3t—o00



3.4 Optional Stopping Theorems 59

and we get that X, € L'. The right-continuity of sample paths (which we have not
yet used) allows us to remove the restriction ¢ € D in the limit (3.4). O

Under the assumptions of Theorem 3.19, the convergence of X, towards X, may
not hold in L'. The next result gives, in the case of a martingale, necessary and
sufficient conditions for the convergence to also hold in L!.

Definition 3.20 A martingale (X;),>¢ is said to be closed if there exists a random
variable Z € L! such that, for every t > 0,

X, = E[Z| 7#].

Theorem 3.21 Let X be a martingale with right-continuous sample paths. Then the
following properties are equivalent:

(i) X is closed;
(ii) the collection (X;):>0 is uniformly integrable;
(iii) X, converges a.s. and in L' as t — oo.

Moreover, if these properties hold, we have X, = E[Xoo | F;] for everyt > 0, where
Xoo € L! is the a.s. limit of X; as t — oo.

Proof The fact that (i)=>(ii) is easy: If Z € L!, the collection of all random variables
E[Z | ¥], when ¢ varies over sub-o-fields of .%#, is uniformly integrable. If (ii)
holds, in particular the collection (X;);>o is bounded in L' and Proposition 3.19
implies that X; converges a.s. to X. By uniform integrability, the latter convergence
also holds in L'. Finally, if (iii) holds, for every s > 0, we can pass to the limit r —
oo in the equality X; = E[X; | .-%;] (using the fact that the conditional expectation is
continuous for the L'-norm), and we get X; = E[Xo | Z]. O

We will now use the optional stopping theorems for discrete martingales and
supermartingales in order to establish similar results in the continuous time setting.
Let (X;);>0 be a martingale or a supermartingale with right-continuous sample paths,
and such that X, converges a.s. as t — oo to arandom variable denoted by X. Then,
for every stopping time 7, we write X7 for the random variable

Xr(®) = L{1(0)<00}XT() (@) + L7 (w)=00}Xoo (@).

Compare with Theorem 3.7, where the random variable X7 was only defined on
the subset {T < oo} of §£2. With this definition, the random variable X7 is still
Fr-measurable: Use Theorem 3.7 and the easily verified fact that 17—} Xoo 8
Fr-measurable.

Theorem 3.22 (Optional stopping theorem for martingales) Ler (X;)>0 be a
uniformly integrable martingale with right-continuous sample paths. Let S and T be
two stopping times with S < T. Then Xs and Xy are in L' and

Xs = E[X7 | Z4].
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In particular, for every stopping time S, we have
Xs = E[Xoo | Fs],
and
E[Xs] = E[Xoo] = E[Xo]-

Proof Set, for every integer n > 0,
k+1
T, = Z Lgo—n<r<@+12-n} + 00 - Lir=c0}

and similarly

k+1
Sy = Z —n<§< -+ 00 - Lig—ooy.

By Proposition 3.8, (7,,) and (S,) are two sequences of stopping times that decrease
respectively to T and to S. Moreover, we have S, < T, for every n > 0.

Now observe that, for every fixed n, 2"S, and 2"T,, are stopping times of the
discrete filtration %’j((") = P, and Y,E") := Xy is a discrete martingale
with respect to this filtration. From the optional stopping theorem for uniformly
1ntegrable discrete martingales (see Appendix A2) we get that Yé,, s, and YénT are in

1 and

Xs, = Yo = E[Yoy | #5001 = E[Xy, | Fs,]

(here we need to verify that %‘;ff?n = Fs,, but this is straightforward).
Let A € Zs. Since .Zs C Fs,, we have A € F, and thus

E[14Xs,] = E[14X7,].
By the right-continuity of sample paths, we get a.s.
XS = lim XSn s XT = lim XT,I‘
n—>oo n—>oo
These limits also hold in L'. Indeed, thanks again to the optional stopping theorem
for uniformly integrable discrete martingales, we have X5, = E[Xo | Zs,] for every

n, and thus the sequence (Xs,) is uniformly integrable (and the same holds for the
sequence (X7,)).
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The L'-convergence implies that Xg and X7 belong to L!, and also allows us to
pass to the limit n — oo in the equality E[14Xs,] = E[14X7,] in order to get

E[14 Xs] = E[14 X7].

Since this holds for every A € g, and since the variable Xy is .%s-measurable (by
the remarks before the theorem), we conclude that

Xs = E[X7 | 3],

which completes the proof. O
We now give two corollaries of Theorem 3.22.
Corollary 3.23 Let (X,);>0 be a martingale with right-continuous sample paths,
and let S < T be two bounded stopping times. Then Xs and Xt are in L' and
Xs = E[Xr | F5] .
Proof Leta > 0 such that S < T < a. We apply Theorem 3.22 to the martingale
(Xtaa)r=0 which is closed by X,,. O

The second corollary shows that a martingale (resp. a uniformly integrable
martingale) stopped at an arbitrary stopping time remains a martingale (resp. a
uniformly integrable martingale). This result will play an important role in the next
chapters.

Corollary 3.24 Let (X,);>0 be a martingale with right-continuous sample paths,
and let T be a stopping time.

(1) The process (Xiar)e>o0 is still a martingale.

(ii) Suppose in addition that the martingale (X;)r>0 is uniformly integrable. Then
the process (Xiar)>0 is also a uniformly integrable martingale, and more
precisely we have for every t > 0,

Xinr = E[XT | yf]- (3.5)
Proof We start with the proof of (ii). Note that # A T is a stopping time by property
(f) of stopping times. By Theorem 3.22, X,Ar and X7 are in L', and we also know
that X; .7 is .#;n7-measurable, hence .%;-measurable since .%o C .%;. So in order
to get (3.5), it is enough to prove that, for every A € .%,,
E[lA XT] = E[lA Xt/\T]‘

Let us fix A € .%,. First, we have trivially

E[lsnir<s X7] = E[lan{r<n Xint]- (3.6)
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On the other hand, by Theorem 3.22, we have
Xt/\T = E[XT | yr/\T],

and we notice that we have both A N{T > t} € %, and AN{T > t} € Fr (the latter
as a straightforward consequence of the definition of .%r), so that A N {T > 1} €
N Fr = Fiar. Using the preceding display, we obtain

E[lanrsn X1l = E[lanir>n Xint]-

By adding this equality to (3.6), we get the desired result.
To prove (i), we just need to apply (ii) to the (uniformly integrable) martingale
(Xtra)az0, for any choice of a > 0. |

Applications Above all, the optional stopping theorem is a powerful tool for
explicit calculations of probability distributions. Let us give a few important and
typical examples of such applications (several other examples can be found in the
exercises of this and the following chapters). Let B be a real Brownian motion started
from 0. We know that B is a martingale with continuous sample paths with respect
to its canonical filtration. For every real a, set T, = inf{r > 0 : B; = a}. Recall that
T, < oo a.s.

(a) Law of the exit point from an interval. For every a < 0 < b, we have

—d

b
P(Ta<Tb):m s P(Tb<Ta):b—

To get this result, consider the stopping time T = T, A T, and the stopped
martingale M; = Bar (this is a martingale by Corollary 3.24). Then, [M| is
bounded above by b V |a|, and the martingale M is thus uniformly integrable.
We can apply Theorem 3.22 and we get

0 = E[My] = E[My] = bP(T, < To) + aP(T, < Tp).

Since we also have P(T, < T,) + P(T, < Tp) = 1, the desired result follows. In
fact the proof shows that the result remains valid if we replace Brownian motion
by a martingale with continuous sample paths and initial value 0, provided we
know that this process exits (a, b) a.s.

(b) First moment of exit times. For every a > 0, consider the stopping time U, =
inf{t > 0 : |B;| = a}. Then

E[U,] = a*.
To verify this, consider the martingale M, = B? — t. By Corollary 3.24,

My, is still a martingale, and therefore E[M;ny,] = E[Mo] = 0, giving
E[(Biau,)*] = E[t A U,]. Then, on one hand, E[t A U,] converges to E[U,] as
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t — oo by monotone convergence, on the other hand, E[(Bixy,)?] converges to
E[(By,)*] = a*ast — oo, by dominated convergence (note that (B;Ay,)? < a?).
The stated result follows. We may observe that we have E[U,] < oo in contrast
with the property E[T,] = oo, which was noticed in Chap. 2.

Laplace transform of hitting times. We now fix a > 0 and our goal is to compute
the Laplace transform of T,. For every A € R, we can consider the exponential
martingale

AZ
Ntl = exp(AB; — Tt).

Suppose first that A > 0. By Corollary 3.24, the stopped process NtAATa is still

a martingale, and we immediately see that this martingale is bounded above by
e*®, hence uniformly integrable. By applying the last assertion of Theorem 3.22
to this martingale and to the stopping time S = T, (or to S = oc0) we get

2
ME[e™TT] = E[NL] = E[N;] = 1.
Replacing A by +/2A, we conclude that, for every A > 0,
E[e ] = eV, (3.7)

(This formula could also be deduced from the knowledge of the density of 7,
see Corollary 2.22.) As an instructive example, one may try to reproduce the
preceding line of reasoning, using now the martingale N,A for A < 0: one gets
an absurd result, which can be explained by the fact that the stopped martingale
NtAATa is not uniformly integrable when A < 0. When applying Theorem 3.22,
it is crucial to always verify the uniform integrability of the martingale. In most
cases, this is done by verifying that the (stopped) martingale is bounded.
Laplace transform of exit times from an interval. With the notation of (b), we
have for every @ > 0 and every A > 0,

1
Elexp(—AU,)] = cosh(@v2h)

To see this, first note that U, and By, are independent since, using the symmetry
property of Brownian motion,

1
E[lg,, =a exp(—AU,)] = E[l(p,,=—a} exp(=AU,)] = EE[exp(—AUa)].

Then the claimed formula is proved by the same method as in (c), writing
E [N,l]a] = E[N}] = 1 and noting that the application of the optional stopping
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Aa

theorem is justified by the fact that Ntl/\U,, is bounded above by e*“. See also

Exercise 3.27 for a more general formula.

We end this chapter with the optional stopping theorem for nonnegative super-
martingales. This result will be useful in later applications to Markov processes.
We first note that, if (Z;);>0 is a nonnegative supermartingale with right-continuous
sample paths, (Z);>0 is automatically bounded in L' since E[Z;] < E[Z], and by
Theorem 3.19, Z, converges a.s. to a random variable Z,, € L'ast — o0o. As
explained before Theorem 3.22, we can thus make sense of Zy for any (finite or not)
stopping time 7.

Theorem 3.25 Let (Z,);>0 be a nonnegative supermartingale with right-continuous
sample paths. Let U and V be two stopping times such that U < V. Then, Zy and
Zy arein L', and

Zy > ElZy | Fu].

Remark This implies that E[Zy] > E[Zy], and since Zy = Zy = Zs on the event
{U = oo}, it also follows that

E[I{U<oo} ZU] = E[I{U<oo} ZV] > E[I{V<oo} ZV]-
Proof In the first step of the proof, we make the extra assumption that U and V are

bounded and we verify that we then have E[Zy] > E[Zy]. Let p > 1 be an integer
such that U < p and V < p. For every integer n > 0, set

p2'—1 p2"'—1
k+1 k+1
U, = Z o lo—rcv<g+no—y, Vo= Z o Lo cv<@rio—n
k=0 k=0

in such a way (by Proposition 3.8) that (U,,) and (V,) are two sequences of bounded
stopping times that decrease respectively to U and V, and additionally we have U, <
V, for every n > 0. The right-continuity of sample paths ensures that Zy, — Zy
and Zy, —> Zy a.s. as n — o0o. Then, by the optional stopping theorem for discrete
supermartingales in the case of bounded stopping times (see Appendix A2), with
respect to the filtration (%, /2n+1)k20, we have for every n > 0,

ZUerrl 2 E[ZUn | ‘gZUrz+l]'

Setting Y, = Zy_, and J%, = Fy_,, for every integer n < 0, we get that
the sequence (Y,).<o is a backward supermartingale with respect to the filtration
(A n<o- Since, for every n > 0, E[Zy,] < E[Zy] (by another application of the
discrete optional stopping theorem), the sequence (Y;),<o is bounded in L', and
by the convergence theorem for backward supermartingales (see Appendix A2), it
converges in L!. Hence the convergence of Zy, to Zy also holds in L' and similarly
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the convergence of Zy, to Zy holds in L' Since U, < V,, by yet another application
of the discrete optional stopping theorem, we have E[Z;,] > E[Zy,]. Using the
L'-convergence of Zy;, and Zy, we can pass to the limit n — 0o and obtain that
E[Zy] > E|Zy] as claimed.

Let us prove the statement of the theorem (no longer assuming that U and V are
bounded). By the first step of the proof applied to the stopping times 0 and U Ap, we
have E[Zyap] < E[Z] for every p > 1, and Fatou’s lemma gives E[Zy] < E[Zy] <
oo and similarly E[Zy] < oo. Fix A € %y C %y and recall our notation U for
the stopping time defined by U4(w) = U(w) if w € A and U*(w) = oo otherwise
(cf. property (d) of stopping times). By the first part of the proof, we have, for every
p=1,

E[ZUA Ap] = E[ZVA Ap] .

By writing each of these two expectations as a sum of expectations over the sets A€,
AN{U < p}and AN {U > p}, and noting that U > p implies V > p, we get

E[Zy 1anw<p] = E[Zv 1anu<p]-
Letting p — oo then gives

E[Zy 1an{u<oo}] = ElZy Lan{u<oco}]-

On the other hand, the equality E[Zy 1sn{y=cc}] = E[Zv 1an{u=oc}] is trivial and
by adding it to the preceding display, we obtain

E[Zy14] > E[Zy 14] = E[E[Zy | Fy] 14].

Since this holds for every A € %y and Zy is .%#y-measurable, the desired result
follows. ]

Exercises

In the following exercises, processes are defined on a probability space (2, F, P)
equipped with a complete filtration (F,):c[0,00]-

Exercise 3.26

1. Let M be a martingale with continuous sample paths such that My = x € Ry.
We assume that M, > O for every + > 0, and that M; — 0 when ¢t — o0, a.s.
Show that, for every y > x,

X
P(supM, > y) = -
y

>0
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2. Give the law of

sup B;

1<To

when B is a Brownian motion started from x > 0 and 7y, = inf{r > 0 : B, = 0}.
3. Assume now that B is a Brownian motion started from 0, and let 1 > 0. Using
an appropriate exponential martingale, show that

sup(B, — jut)

>0

is exponentially distributed with parameter 2.

Exercise 3.27 Let B be an (%#;)-Brownian motion started from 0. Recall the
notation 7, = inf{r > 0 : B, = x}, for every x € R. We fix two real numbers
a and b with a < 0 < b, and we set

T=T,ATy,.
1. Show that, for every A > 0,

cosh(b;”‘ V2X)
cosh(l% V21) .

Elexp(—AT)] =

(Hint: One may consider a martingale of the form
M, = exp («/ZA(B, —a) - /\t) +exp ( — V2A(B, - a) — )u)

with a suitable choice of «.)
2. Show similarly that, for every A > 0,

sinh(b /21)

Elexp(—AT) Lir=r,3] = sinh((b — a) V24)

3. Recover the formula for P(T, < T}j) from question (2).

Exercise 3.28 Let (B,);>0 be an (.%;)-Brownian motion started from 0. Let a > 0
and

o, =inf{t > 0: B, <t—a}.

1. Show that g, is a stopping time and that 0, < oo a.s.
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2. Using an appropriate exponential martingale, show that, for every A > 0,

Elexp(—Aa,)] = exp(—a(v/1 4+ 21 — 1)).

The fact that this formula remains valid for A € [—%, 0[ can be obtained via an
argument of analytic continuation.

. Let u € R and M, = exp(uB; — “721‘). Show that the stopped martingale M, A,

is closed if and only if © < 1. (Hint: This martingale is closed if and only if
E[MU,,] =1)

Exercise 3.29 Let (Y;);>0 be a uniformly integrable martingale with continuous
sample paths, such that Yy = 0. We set Yoo = lim;—o0 ¥;. Let p > 1 be a fixed
real number. We say that Property (P) holds for the martingale Y if there exists a
constant C such that, for every stopping time 7, we have

p—

E[|Yoo — YrP | 7] < C.

. Show that Property (P) holds for Y if Y is bounded.
. Let B be an (.%#;)-Brownian motion started from 0. Show that Property (P) holds

for the martingale Y; = B;;. (Hint: One may observe that the random variable
sup,<; |B;| isin LF.)

. Show that Property (P) holds for Y, with the constant C, if and only if, for any

stopping time 7,
E[|Y7 — Yool"] = CP[T < o0].

(Hint: It may be useful to consider the stopping times T* defined for A € %7 in
property (d) of stopping times.)

. We assume that Property (P) holds for Y with the constant C. Let S be a

stopping time and let Y be the stopped martingale defined by Y° = Y5 (see
Corollary 3.24). Show that Property (P) holds for Y5 with the same constant
C. One may start by observing that, if § and T are stopping times, one has
Y = Ysar = Y§ = E[Yr | Fs].

. We assume in this question and the next one that Property (P) holds for ¥ with

the constant C = 1. Let a > 0, and let (R,),>0 be the sequence of stopping times
defined by induction by

Ry=0, Ryy1 =inf{t > R, : |Y, — Yg,| > a} (inf & = 00).
Show that, for every integer n > 0,

@’ P(Ry+1 < o0) < P(R, < 00).
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6. Infer that, for every x > 0,

P(sup Y, > x) < rp M2,

>0

Notes and Comments

This chapter gives a brief presentation of the so-called general theory of processes.
We limited ourselves to the notions that are needed in the remaining part of
this book, but the interested reader can consult the treatise of Dellacherie and
Meyer [13, 14] for more about this subject. Most of the martingale theory presented
in Sections 3 and 4 goes back to Doob [15]. A comprehensive study of the theory of
continuous time martingales can be found in [14]. The applications of the optional
stopping theorem to Brownian motion are very classical. For other applications in
the same vein, see in particular the book [70] by Revuz and Yor. Exercise 3.29 is
taken from the theory of BMO martingales, see e.g. [18, Chapter 7].



Chapter 4
Continuous Semimartingales

Continuous semimartingales provide the general class of processes with continuous
sample paths for which we will develop the theory of stochastic integration in
the next chapter. By definition, a continuous semimartingale is the sum of a
continuous local martingale and a (continuous) finite variation process. In the
present chapter, we study separately these two classes of processes. We start
with some preliminaries about deterministic functions with finite variation, before
considering the corresponding random processes. We then define (continuous) local
martingales and we construct the quadratic variation of a local martingale, which
will play a fundamental role in the construction of stochastic integrals. We explain
how properties of a local martingale are related to those of its quadratic variation.
Finally, we introduce continuous semimartingales and their quadratic variation
processes.

4.1 Finite Variation Processes

In this chapter, all processes are indexed by R4 and take real values. The first section
provides a brief presentation of finite variation processes. We start by discussing
functions with finite variation in a deterministic setting.

4.1.1 Functions with Finite Variation

In our discussion of functions with finite variation, we restrict our attention to
continuous functions, as this is the case of interest in the subsequent developments.
Recall that a signed measure on a compact interval [0, 7] is the difference of two
finite positive measures on [0, 7.

© Springer International Publishing Switzerland 2016 69
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Definition 4.1 Let 7 > 0. A continuous functiona : [0, T] —> R such that a(0) =0
is said to have finite variation if there exists a signed measure y on [0, 7] such that
a(t) = u([0,1]) for every t € [0, T].

The measure p is then determined uniquely by a. Since a is continuous and
a(0) = 0, it follows that u has no atoms.

Remark The general definition of a function with finite variation does not require
continuity nor the condition a(0) = 0. We impose these two conditions for
convenience.

The decomposition of pu as a difference of two finite positive measures on [0, 7]
is not unique, but there exists a unique decomposition 4 = w4+ — pu— such that
MU+ and p— are supported on disjoint Borel sets. To get the existence of such a
decomposition, start from an arbitrary decomposition yt = 1 —pa, setv = w1+ Uz
and then use the Radon—Nikodym theorem to find two nonnegative Borel functions
hy and h, on [0, T] such that

pi(dr) = hi(v(do),  pa(dr) = ha(r)v(ds).
Then, if h(f) = h;(t) — hy(¢), we have
w(dr) = h(t)v(dr) = h(t)Tv(dr) — k() v(dr),

which gives the decomposition . = 4 —pu— with py (df) = k()T v(ds), p_(df) =
h(t)"v(dt), and the measures p4+ and p_ are supported respectively on the disjoint
Borel sets D = {t: h() > 0} and D_ = {t : h(¢) < 0}. The uniqueness of this
decomposition 4 = w4 — u— follows from the fact that we have necessarily, for
every A € #4([0,T)),

p+(A) = sup{p(C) : C € A([0,T]), C C A}.

We write || for the (finite) positive measure || = p+ + pn—. The measure |u|
is called the total variation of a. We have |((A)| < ||(A) for every A € A([0, T]).
Moreover, the Radon—Nikodym derivative of p with respect to || is

du
al) — o 1o

The fact that a(r) = p+([0,#]) — u—([0,7]) shows that a is the difference
of two monotone nondecreasing continuous functions that vanish at 0 (since u
has no atoms, the same holds for py of u_). Conversely, the difference of two
monotone nondecreasing continuous functions that vanish at 0 has finite variation
in the sense of the previous definition. Indeed, this follows from the well-known fact
that the formula g(r) = 0([0,1]), ¢t € [0, T] induces a bijection between monotone
nondecreasing right-continuous functions g : [0,7] —> Ry and finite positive
measures 6 on [0, 7.
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Letf : [0, 7] — R be a measurable function such that f[o,T] [f($)] | ](ds) < oo.
We set

T
/ F(s)da(s) = / F(9) ds),
0 [0.7]
T
/ £(s) lda(s)| = / F(5) |l (@s).
0 [0.7]
Then the bound

T T
‘ / F(s) da(s)| < / 1£(5)] [da(s)|
0 0

holds. By restricting a to [0,] (which amounts to restricting @, i+, U—), we
can define fot f(s)da(s) for every t € [0,T], and we observe that the function

t fot f(s)da(s) also has finite variation on [0, 7] (the associated measure is just
W (ds) = f(s)(ds)).
Proposition 4.2 For everyt € (0, 7],

t p
/0 |da(s)| = sup § > la(n) - a(ri_1)|§ ,
i=1

where the supremum is over all subdivisions 0 =ty < t; < --- < t, =t of [0,1].
More precisely, for any increasing sequence 0 = 15 < 1f < .-+ < 1, = tof
subdivisions of |0, t] whose mesh tends to 0, we have

Pn t
i, 3t o)l = | 1aaco

Remark In the usual presentation of functions with finite variation, one starts from
the property that the supremum in the first display of the proposition is finite.

Proof Clearly, it is enough to treat the case + = T. The inequality > in the first
assertion is very easy since, for any subdivision 0 = 1y < #; < --- <, = T of

[0. 7],

la(t;) — a(ti-1)| = |pw((ti—1, D] < || (=1, ]), Viel{l,...,p},

and

p T
Sl = (0.1 = [ ldaco)
i=1 0
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In order to get the reverse inequality, it suffices to prove the second assertion. So
we consider an increasing sequence 0 = 7j < #j < --- < 1, = T of subdivisions
of [0, T], whose mesh max{r; — ¢! | : 1 < i < p,} tends to 0. Although we are
proving a “deterministic” result, we will use a martingale argument. Leaving aside
the trivial case where || = 0, we introduce the probability space £2 = [0, T], which
is equipped with the Borel o-field 8 = ([0, T]) and the probability measure
P(ds) = (|u]([0, T]))"!||(ds). On this probability space, we consider the discrete
filtration (%,).>0 such that, for every integer n > 0, %, is the o-field generated by
the intervals (£, /], 1 <i < p,. We then set

X(s) = Lo, (5) — 1p_(s) = %(s),

and, for every n > 0,
X, = E[X | #,].

Properties of conditional expectation show that X, is constant on every interval
(#_,, #!] and takes the value

(@, 5] ald) —a(dy)
(@ 5D |l (@ 5D

on this interval. On the other hand, the sequence (X)) is a closed martingale, with
respect to the discrete filtration (4,). Since X is measurable with respect to & =
\/,, %, this martingale converges to X in L', by the convergence theorem for closed
discrete martingales (see Appendix A2). In particular,

lim E[|X,[] = E[|X|] = 1,
n—>o0

where the last equality is clear since |X(s)| = 1, |x|(ds) a.e. The desired result
follows by noting that

Pn

E[X,] = (lnl([0. 7)) D la() — a(@-))1,

i=1

and recalling that |u|([0, T]) = fOT |da(s)]. ]

We now give a useful approximation lemma for the integral of a continuous
function with respect to a function with finite variation.
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Lemma 4.3 Iff : [0,T] — R is a continuous function, and if 0 = 1 <t} <--- <
t,, = T is a sequence of subdivisions of [0, T whose mesh tends to 0, we have

Pn

T
[ 70 da0) = fim Y @ - ),
i=1

Proof Let f, be defined on [0, T] by f,.(s) = f(¢_,) if s € (¢!, ¢/], 1 <i < p,, and
Ja(0) = f(0). Then,

Pn
SR (@) — a(e ) = /[0 LS n),

i=1
and the desired result follows by dominated convergence since f,,(s) —> f(s) as
n — oo, for every s € [0, T. ]

We say that a function @ : Ry — R is a finite variation function on R if the
restriction of a to [0, T] has finite variation on [0, 7], for every T > 0. Then there is
a unique o -finite (positive) measure on Ry whose restriction to every interval [0, 7]
is the total variation measure of the restriction of a to [0, 7], and we write

/0 £(5) |da(s)

for the integral of a nonnegative Borel function f on R with respect to this o-finite
measure. Furthermore, we can define

/oof(s)da(s) = lim /Tf(s)da(s) € (—o0, )
0 T—o0 Jgo

for any real Borel function f on R4 such that fooo | f(s)||da(s)| < oo.

4.1.2 Finite Variation Processes

We now consider random variables and processes defined on a filtered probability
space (2, #, (%), P).

Definition 4.4 An adapted process A = (A;);>o is called a finite variation process
if all its sample paths are finite variation functions on R . If in addition the sample
paths are nondecreasing functions, the process A is called an increasing process.

Remark In particular, A = 0 and the sample paths of A are continuous — one
can define finite variation processes with cadlag sample paths, but in this book
we consider only the case of continuous sample paths. Our special convention
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that the initial value of a finite variation process is 0 will be convenient for certain
uniqueness statements.

If A is a finite variation process, the process

t
V,=/ |dA;|
0

is an increasing process. Indeed, it is clear that the sample paths of V are
nondecreasing functions (as well as continuous functions that vanish at = 0). The
fact that V, is an .%;-measurable random variable can be deduced from the second
part of Proposition 4.2. Writing A; = %(V, +A;) — %(Vr — A;) shows that any finite
variation process can be written as the difference of two increasing processes (the
converse is obvious).

Proposition 4.5 Let A be a finite variation process, and let H be a progressive
process such that

t
V>0, Yo € £2, / |Hs ()| |dAs(w)] < oo.
0
Then the process H - A = ((H - A);)s>0 defined by

t
(HA)t = / HvdAs
0

is also a finite variation process.

Proof By the observations preceding the statement of Proposition 4.2, we know
that the sample paths of H - A are finite variation functions. It remains to verify
that the process H - A is adapted. To this end, it is enough to check that, if r > 0
is fixed, if & : £2 x [0,7] —> R is measurable for the o-field .%, ® £([0,1]), and
if [; |h(w,$)||dAs(w)| < oo for every w, then the variable [; h(w, s)dA (o) is F-
measurable.

If h(w,s) = 1un()1lr(w) with (w,v] C [0,7] and I" € %, the result
is immediate since fot hw, s)dAj(w) = 1r(w) (Ay(w) — Ay(w)) in that case. A
monotone class argument (see Appendix Al) then gives the case h = 15, G €
Z: ® A([0,1]). Finally, in the general case, we observe that we can write & as a
pointwise limit of a sequence of simple functions (i.e. finite linear combinations of
indicator functions of measurable sets) /4, such that |,| < |h| for every n, and that
we then have [; h,(w,s)dA,(w) —> [ h(w,s)dA,(w) by dominated convergence,
forevery w € £2. O
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Remarks

(1) It happens frequently that instead of the assumption of the proposition we have
the weaker assumption

t
as. Vi=0, / |Hy (@) [dA, (@)] < oc.
0

If the filtration is complete, we can still define H - A as a finite variation process
under this weaker assumption. We replace H by the process H' defined by

Hy(w) if [§ [Hy(w)||dA(@)| < o0, Vn ,
0 otherwise.

H() = {

Thanks to the fact that the filtration is complete, the process H' is still
progressive, which allows us to define H-A = H’-A. We will use this extension
of Proposition 4.5 implicitly in what follows.

(ii) Under appropriate assumptions (if H and K are progressive and for |H,| |dAs| <
0, fot |H K| |dAs| < oo for every t > 0), we have the “associativity” property

K-(H-A) = (KH)-A. 4.1
This indeed follows from the analogous deterministic result saying informally

that k(s) (h(s) p(ds)) = (k(s)h(s)) p(ds) if h(s) and k(s)h(s) are integrable with
respect to the signed measure p on [0, 7].

An important special case of the proposition is the case where A, = . If H is a
progressive process such that

t
V>0, Vo € 2, / |Hy(w)] ds < o0,
0

t . . ..
the process fo H; ds is a finite variation process.

4.2 Continuous Local Martingales

We consider again a filtered probability space (£2, %, (%;), P). If T is a stopping
time, and if X = (X;)>0 is an adapted process with continuous sample paths, we
will write X7 for process X stopped at T, defined by X! = X7 for every t > 0. It is
useful to observe that, if S is another stopping time,

(XT)S — (XS)T — XS/\T.
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Definition 4.6 An adapted process M = (M,)>o with continuous sample paths
and such that My = 0 a.s. is called a continuous local martingale if there exists a
nondecreasing sequence (7},),>0 of stopping times such that 7;, 1 oo (i.e. T,,(w) 1 oo
for every w) and, for every n, the stopped process M is a uniformly integrable
martingale.

More generally, when we do not assume that My, = 0 a.s., we say that M is
a continuous local martingale if the process N; = M; — My is a continuous local
martingale.

In all cases, we say that the sequence of stopping times (7},) reduces M if T, 1 oo
and, for every n, the stopped process M7 is a uniformly integrable martingale.

Remarks

(i) We do not require in the definition of a continuous local martingale that
the variables M, are in L' (compare with the definition of martingales). In
particular, the variable M, may be any .%)-measurable random variable.

(il)) Any martingale with continuous sample paths is a continuous local martingale
(see property (a) below) but the converse is false, and for this reason we will
sometimes speak of “true martingales” to emphasize the difference with local
martingales. Let us give a few examples of continuous local martingales which
are not (true) martingales. If B is an (.%;)-Brownian motion started from 0,
and Z is an %j;-measurable random variable, the process M, = Z + B, is
always a continuous local martingale, but is not a martingale if E[|Z]] = oo.
If we require the property My = 0, we can also consider M, = ZB,, which is
always a continuous local martingale (see Exercise 4.22) but is not a martingale
if E[|Z|]] = oo. For a less artificial example, we refer to question (8) of
Exercise 5.33.

(iii) One can define a notion of local martingale with cadlag sample paths. In this
course, however, we consider only continuous local martingales.

The following properties are easily established.
Properties of continuous local martingales.

(a) A martingale with continuous sample paths is a continuous local martingale,
and the sequence 7,, = n reduces M.

(b) In the definition of a continuous local martingale starting from 0, one can
replace “uniformly integrable martingale” by “martingale” (indeed, one can
then observe that M7+ is uniformly integrable, and we still have T, A n 1 00).

(c) If M is a continuous local martingale, then, for every stopping time T, M7 is a
continuous local martingale (this follows from Corollary 3.24).

(d) If (T,) reduces M and if (S,) is a sequence of stopping times such that S, 1 oo,
then the sequence (7, A S,,) also reduces M (use Corollary 3.24 again).
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(e) The space of all continuous local martingales is a vector space (to check stability
under addition, note that if M and M’ are two continuous local martingales such
that My = 0 and M{, = 0, if the sequence (7}) reduces M and if the sequence
(T,) reduces M’, property (d) shows that the sequence 7, A T}, reduces M + M’).

The next proposition gives three other useful properties of local martingales.
Proposition 4.7

(i) A nonnegative continuous local martingale M such that My € L' is a
supermartingale.

(ii) A continuous local martingale M such that there exists a random variable Z €
L' with |M,| < Z for every t > 0 (in particular a bounded continuous local
martingale) is a uniformly integrable martingale.

(iii) If M is a continuous local martingale and My = 0 (or more generally M, €
L), the sequence of stopping times

T, = inf{t > 0: |M,| > n}
reduces M.

Proof

(1) Write M; = My + N,. By definition, there exists a sequence (7,) of stopping
times that reduces N. Then, if s < ¢, we have for every n,

NsAT,, = E[NrAT,, | ys]'

We can add on both sides the random variable M, (which is .%;-measurable
and in L! by assumption), and we get

M&‘/\Tn = E[Mt/\T,, | jv]

Since M takes nonnegative values, we can now let n tend to co and apply the
version of Fatou’s lemma for conditional expectations, which gives

Ms Z E[MI‘ | y&]
Taking s = 0, we get E[M;] < E[M,] < oo, hence M; € L' for every t > 0.
The previous inequality now shows that M is a supermartingale.
(i) By the same argument as in (i), we get for 0 < s < ¢,

MmT,, = E[MrAT,, | ys]- (4-2)

Since |Mia7,| < Z, we can use dominated convergence to obtain that the
sequence M., converges to M, in L'. We can thus pass to the limit n — oo
in (4.2), and get that M; = E[M, | %].
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(iii) Suppose that My = 0. The random times 7, are stopping times by Proposi-
tion 3.9. The desired result is an immediate consequence of (ii) since M'" is a
continuous local martingale and |MT"| < n. If we only assume that M, € L',
we observe that M™» is dominated by n + |My|. O

Remark Considering property (ii) of the proposition, one might expect that a
continuous local martingale M such that the collection (M;);>o is uniformly
integrable (or even a continuous local martingale satisfying the stronger property
of being bounded in L” for some p > 1) is automatically a martingale. This is
incorrect!! For instance, if B is a three-dimensional Brownian motion started from
x # 0, the process M, = 1/|B;| is a continuous local martingale bounded in L?, but
is not a martingale: see Exercise 5.33.

Theorem 4.8 Let M be a continuous local martingale. Assume that M is also a
finite variation process (in particular My = 0). Then M; = 0 for every t > 0, a.s.

Proof Set

t
T, =inf{t > 0: / |[dM,| > n}
0

for every integer n > 0. By Proposition 3.9, 7, is a stopping time (recall that fot |dM|
is an increasing process if M is a finite variation process).
Fix n > 0 and set N = M™. Note that, for every t > 0,

AT,
N = [Mine,| < / |dM,| < n.
0

By Proposition 4.7, N is a (bounded) martingale. Let > O and let 0 = #p < ] <
.-+ < t, = t be any subdivision of [0, 7]. Then, from Proposition 3.14, we have

P
E[N]] = ) E[(N, —N,_,)’]
i=1

P

E[( sup [N, —N,i_l|)Z|Nr, —er-_ll]

I<i<p i=1

IA

IA

nE[ sup |N, —N,H|]

1<i<p

noting that for |dN;| < n by the definition of t,,, and using Proposition 4.2.
We now apply the preceding bound to a sequence 0 = t’é < t’l‘ <o < tlljk =tof
subdivisions of [0, /] whose mesh tends to 0. Using the continuity of sample paths,
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and the fact that N is bounded (to justify dominated convergence), we get

lim E[ sup [Ny — Ny |] —0.

k=00 Li<icp, =

We then conclude that E [N,z] = 0, hence M, ., = 0 a.s. Letting n tend to co, we get
that M; = 0 a.s. ]

4.3 The Quadratic Variation of a Continuous Local
Martingale

From now on until the end of this chapter (and in the next chapter), we assume that
the filtration (.%;) is complete. The next theorem will play a very important role in
forthcoming developments.

Theorem 4.9 Let M = (M,)>0 be a continuous local martingale. There exists an
increasing process denoted by ((M,M),);>0, which is unique up to indistinguisha-
bility, such that M> — (M, M), is a continuous local martingale. Furthermore, for
every fixed t > 0, if 0 = 15 < 1} < --- < 1, = tis an increasing sequence of
subdivisions of 0, t] with mesh tending to 0, we have

Pn
(M.M), = lim > (My —My )’ (4.3)

i=1
in probability. The process (M, M) is called the quadratic variation of M.

Let us immediately mention an important special case. If M = B is an (.%;)-
Brownian motion (see Definition 3.11) then B is a martingale with continuous
sample paths, hence a continuous local martingale. Then by comparing (4.3) with
Proposition 2.16, we get that, for every ¢ > 0,

(B,B); =t.

So the quadratic variation of a Brownian motion is the simplest increasing process
one can imagine.

Remarks

(i) We observe that the process (M, M) does not depend on the initial value My,
but only on the increments of M: if M, = My + N,, we have (M, M) = (N, N).
This is obvious from the second assertion of the theorem, and this will also be
clear from the proof that follows.

(i) In the second assertion of the theorem, it is in fact not necessary to assume that
the sequence of subdivisions is increasing.
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Proof We start by proving the first assertion. Uniqueness is an easy consequence
of Theorem 4.8. Indeed, let A and A’ be two increasing processes satisfying the
condition given in the statement. Then the process A, — A} = (M? —A]) — (M? —A,)
is both a continuous local martingale and a finite variation process. It follows that
A—A =0.

In order to prove existence, consider first the case where My = 0 and M is
bounded (hence M is a true martingale, by Proposition 4.7 (ii)). Fix K > 0 and an
increasing sequence 0 = 75 < #j < --- < f;, = K of subdivisions of [0, K] with
mesh tending to 0.

We observe that, for every 0 < r < s and for every bounded .%,-measurable
variable Z, the process

N, = Z(Ms/\t - Mr/\t)

is a martingale (the reader is invited to write down the easy proof!). It follows that,
for every n, the process

pl’l
X = ZMrLl (Mr;’m - Mr;’,l/\t)

i=1

is a (bounded) martingale. The reason for considering these martingales comes from
the following identity, which results from a simple calculation: for every n, for every

jei{0,1,....pu},

J
M,? —2X} = > My — My ) (4.4)

i=1
Lemma 4.10 We have
: n o ym21] _
n,rlnlinooE[(XK X9l =0.
Proof of the lemma Let us fix n < m and evaluate the product E[X%X¥]. This
product is equal to

Pn Pm

DY EMy (Mg — My ) Myr (Myr — My )],
i=1 j=1

In this double sum, the only terms that may be nonzero are those corresponding
to indices i and j such that the interval (tj”i l,z‘;"] is contained in (¢, #]. Indeed,
suppose that ;! < tj”’_ | (the symmetric case ;" < £, is treated in an analogous way).
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Then, conditioning on the o-field %/_n; > we have

EMy_ (My — My ) My (Mygr — My )]
= EMp (M _M’?A)M’fll E[M,]m _Mf_,-"ll | e%/nll]] =0.

For every j = 1...., pp, write iy, (j) for the unique index i such that (£, ' C
(#_,, £7]. It follows from the previous considerations that ‘

EXgXgl= ) EMp (Mg —Mp )My (Mp My )],
1<j<pm, i=in.m(j)

In each term E[M,»  (My — Mr;’,l)Mr}’Ll (Mr/m — M| )], we can now decompose
My =My, = 3 (Mg—My,)
kzinm(k)=i
and we observe that, if k is such that i, ,,(k) = i but k # j,
EMp (Mg — Mffc"—l)M’/”"—l(M’}" — M,Jm_l)] =0

(condition on F  if k > j and on ﬂ,;n_ . if k < j). The only case that remains is
k = j, and we have thus obtained

EXgXgl= ). EMp My (Mp—Mp ).
1<j<pm, i=inm(J)

As a special case of this relation, we have

E[(X;(n)z] = Z E[Mén_l(Mt]m _Mt_;-",l)z]-

1<j<pm

Furthermore,

E[(X)’ = ) EMp (My—My )]

1<i<p

Y EM; E[(My — My )| Fy ]l

1<i<pn
= X ey, X my - 17 )]
1<i<p Jrinm(j)=i

3 E[My (Mp —Mp )],
1<j<pm, i=inm(J)

where we have used Proposition 3.14 in the third equality.
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If we combine the last three displays, we get
E[(X" — X")Y] = E[ Yo My, — My )My — Mt;"_l)z]-
1<j<pm, i=inm(})

Using the Cauchy—Schwarz inequality, we then have

1/2
E[(Xy —XP)*] < E[ sup (Mg, — My 1)4]
1<j<pm, i=inm(}) a "~

« E[( Z (M,;_n _Mﬂl)z)z]l/z.

1<j<pm

By the continuity of sample paths (together with the fact that the mesh of our
subdivisions tends to 0) and dominated convergence, we have

lim E[ sup (M| _Mrf’,l)4] =0.

nm—>00, n=m 1<j<pm, i=inm(})

To complete the proof of the lemma, it is then enough to prove the existence of a
finite constant C such that, for every m,

E[( > (M —M,;_nfl)z)z] <cC. (4.5)

1<j<pm

Let A be a constant such that |M;| < A for every r > 0. Expanding the square and
using Proposition 3.14 twice, we have

£ 3 ar—mp )]

1<j<pm
=E| 2 My My )|+ 2E] Y (Mg~ My )My~ My )]
1<j<pm 1<j<k=<pm
<a’E] 30 (Mg My, )|
1<j<pm
Pm—1 Pm
+2) E[(Mf.,-”’ - Mé-’il)zE[ > My =My ) ‘ f%]]
j=1 k=j+1

- 4A2E[ 3 My —M,;_gl)z]

1<j<pm

pm—l
2y E[(M,_/m — My )? E[(Mx — Mp)? | 3@1]]
=1
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2 2
<124 E[ 3 (M,Jm—M,;n_l)]

1<j<pm
= 12A E[(Mx — Mo)’]
< 48A*

which gives the bound (4.5) with C = 48A*. This completes the proof. O

We now return to the proof of the theorem. Thanks to Doob’s inequality in L?
(Proposition 3.15 (ii)), and to Lemma 4.10, we have

lim E[sup(Xf —X;")Z] =0. (4.6)

n,m—0oQ 1<K

In particular, for every t € [0,K], (X"),> is a Cauchy sequence in L? and thus
converges in L. We want to argue that the limit yields a process Y indexed by [0, K]
with continuous sample paths. To see this, we note that (4.6) allows us find a strictly
increasing sequence (1)1 of positive integers such that, for every k > 1,

E[ sup (X, ! —X;’k)z] <27k

1<K
This implies that
o
E[Z sup X"+ —X;’k|] <00
oy 1<K
and thus
o0
Z sup [ X, — XM <00, as.
k=1 1=K

Consequently, except on the negligible set .4/ where the series in the last display
diverges, the sequence of random functions (X;*,0 < ¢t < K) converges uniformly
on [0, K] as k — o0, and the limiting random function is continuous by uniform
convergence. We can thus set Y,(w) = lim X;*(w), for every ¢t € [0,K], if ® €
2\, and Y, (w) = 0, for every t € [0,K], if o € 4. The process (¥;)o<s<x
has continuous sample paths and Y; is .%,-measurable for every ¢ € [0, K] (here we
use the fact that the filtration is complete, which ensures that 4" € %, for every
¢t > 0). Furthermore, since the L2-limit of (X]")y>1 must coincide with the a.s. limit
of a subsequence, Y, is also the limit of X}’ in L2, for every t € [0, K], and we can
pass to the limit in the martingale property for X", to obtain that E[Y, | %] = ¥;
forevery 0 < s <t < K. It follows that (Y;rx)>0 is a martingale with continuous
sample paths.
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On the other hand, the identity (4.4) shows that the sample paths of the process
M?—2X? are nondecreasing along the finite sequence (##,0 < i < p,). By passing to
the limit n — oo along the sequence (1)>1, we get that the sample paths of M? —
2Y, are nondecreasing on [0, K], except maybe on the negligible set .4". For every
t € [0, K], we set AfK) = M? —2Y, on 2\./, and AfK) = 0 on .#. Then AéK) =
0, AEK) is .%#;-measurable for every ¢t € [0, K], A®) hag nondecreasing continuous
sample paths, and (M?, ;, — A;f}(),zo is a martingale.

We apply the preceding considerations with K = £, for every integer £ > 1,
and we get a process (A;é))ostsg. We then observe that, for every £ > 1, A:xl) =
AEQZ for every ¢t > 0, a.s., by the uniqueness argument explained at the beginning
of the proof. It follows that we can define an increasing process (M, M) such that
(M, M), = AEZ) for every t € [0, £] and every £ > 1, a.s., and clearly M? — (M, M),
is a martingale.

In order to get (4.3), we observe that, if K > 0 and the sequence of subdivisions

0 =1 <17 <-- <1 = Kare fixed as in the beginning of the proof, the
process Aiﬂc must be indistinguishable from (M, M)k, again by the uniqueness

argument (we know that both M2, —A') and M2, , — (M, M),k are martingales).

In particular, we have (M, M)gx = A%K) a.s. Then, from (4.4) with j = p,, and the
fact that X}, converges in L* to Yg = 1(M% — AY), we get that

Pn
Jlim > (g — My )* = (M. M)x
j=1

in L2. This completes the proof of the theorem in the case when My = 0 and M is
bounded.

Let us consider the general case. Writing M, = M, + N,, so that Mt2 =
M(z) + 2MyN; + Ntz, and noting that MyN; is a continuous local martingale (see
Exercise 4.22), we see that we may assume that My = 0. We then set

T, =inf{t > 0: |M,| > n}

and we can apply the bounded case to the stopped martingales M. Set Al =

(M"x, M"). The uniqueness part of the theorem shows that the processes AE’T}:] and

AE"] are indistinguishable. It follows that there exists an increasing process A such
that, for every n, the processes A;»7, and Ag"] are indistinguishable. By construction,
MfAT” — A7, is a martingale for every n, which precisely implies that M? — A, is a
continuous local martingale. We take (M, M), = A,, which completes the proof of
the existence part of the theorem.

Finally, to get (4.3), it suffices to consider the case My = 0. The bounded case
then shows that (4.3) holds if M and (M, M), are replaced respectively by M™» and
(M, M)z, (even with convergence in L?). Then it is enough to observe that, for

every t > 0, P(t < T,) converges to 1 when n — oo. O
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Proposition 4.11 Let M be a continuous local martingale and let T be a stopping
time. Then we have a.s. for everyt > 0,

(MTv MT)r = (M, M)r/\T-

This follows from the fact that MtzAT — (M, M)A is a continuous local martingale

(cf. property (c) of continuous local martingales).

Proposition 4.12 Let M be a continuous local martingale such that My = 0. Then
we have (M, M) = 0 if and only if M = 0.

Proof Suppose that (M, M) = 0. Then M? is a nonnegative continuous local
martingale and, by Proposition 4.7 (i), M? is a supermartingale, hence E[M?] <
E[M2] = 0, so that M, = O for every ¢. The converse is obvious. O

The next theorem shows that properties of a continuous local martingale are
closely related to those of its quadratic variation. If A is an increasing process, Aco
denotes the increasing limit of A; as t — oo (this limit always exists in [0, co]).

Theorem 4.13 Let M be a continuous local martingale with My € L.
(1) The following are equivalent:

(a) M is a (true) martingale bounded in L*.
(b) E[(M,M)oo] < o0.

Furthermore, if these properties hold, the process M> — (M, M), is a uniformly
integrable martingale, and in particular E]M%] = E[M3] + E[(M,M)].
(i) The following are equivalent:

(a) M is a (true) martingale and M, € L? for every t > 0.
(b) E[{M,M),] < oo foreveryt> 0.

Furthermore, if these properties hold, the process M,2 — (M, M), is a martingale.

Remark In property (a) of (i) (or of (ii)), it is essential to suppose that M is a
martingale, and not only a continuous local martingale. Doob’s inequality used in
the following proof is not valid in general for a continuous local martingale!

Proof

(i) Replacing M by M — M,, we may assume that M, = O in the proof. Let us
first assume that M is a martingale bounded in L?. Doob’s inequality in L?
(Proposition 3.15 (ii)) shows that, for every T > 0,

E[ sup ME] < 4EM2).

0<t<T

By letting T go to oo, we have

E[suthz] < 4supE[M,2] =: C < o0.

>0 =0
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Set S, = inf{r > 0 : (M, M), > n}. Then the continuous local martingale

MIZAS” — (M, M),,s, is dominated by the variable
2
supM? + n,
s>0

which is integrable. From Proposition 4.7 (ii), we get that this continuous local
martingale is a uniformly integrable martingale, hence

E[(M,M)ps,] = E[Mtz/\s,,] = EI:SUPMVZ:I =C

s>0

By letting 7, and then ¢ tend to infinity, and using monotone convergence, we get
E[(M,M)s] < C < o0.

Conversely, assume that E[{M, M)s] < co. Set T, = inf{t > 0 : |M,| > n}.
Then the continuous local martingale M7, ; — (M, M)z, is dominated by the
variable

n* + (M, M),

which is integrable. From Proposition 4.7 (ii) again, this continuous local
martingale is a uniformly integrable martingale, hence, for every ¢ > 0,

E[M%; ] = E[(M,M)nz,] < E[{M,M)os] =: C' < 0.

By letting n — oo and using Fatou’s lemma, we get E[M?] < C’, so that the
collection (M,);>o is bounded in L?. We have not yet verified that (M,),>¢ is a
martingale. However, the previous bound on E [MI‘ZAT,,] shows that the sequence
(Min7,)n>1 is uniformly integrable, and therefore converges both a.s. and in L' to
M,, for every t > 0. Recalling that M is a martingale (Proposition 4.7 (iii)), the
L'-convergence allows us to pass to the limit n — oo in the martingale property
E[Mnt, | F5] = Msaz,, for 0 < s < t, and to get that M is a martingale.

Finally, if properties (a) and (b) hold, the continuous local martingale M?> —
(M, M) is dominated by the integrable variable

supM? + (M, M) oo

>0

and is therefore (by Proposition 4.7 (ii)) a uniformly integrable martingale.

(i) It suffices to apply (i) to (M;rq)r>0 for every choice of a > 0. O
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4.4 The Bracket of Two Continuous Local Martingales

Definition 4.14 If M and N are two continuous local martingales, the bracket
(M, N) is the finite variation process defined by setting, for every ¢ > 0,

(M,N), = 5 (M + N, M+ N),~ (M, M), ~ (N, N),).

Let us state a few easy properties of the bracket.
Proposition 4.15

(i) (M,N) is the unique (up to indistinguishability) finite variation process such
that M;N; — (M, N), is a continuous local martingale.
(ii) The mapping (M,N) — (M, N) is bilinear and symmetric.
(i) If0 =15 <t} <--- <1, = tisanincreasing sequence of subdivisions of
[0, 1] with mesh tending to 0, we have

Pn
lim » (Mg —My_ )Ny =Ny ) = (M.N),
n—>oo

i=1

in probability.
(iv) For every stopping time T, (M" ,NT), = (MT ,N), = (M, N)rr.

(v) IfM and N are two martingales (with continuous sample paths) bounded in L2,
M;N; — (M, N); is a uniformly integrable martingale. Consequently, (M, N) oo
is well defined as the almost sure limit of (M, N); as t — oo, is integrable, and
satisfies

E[MooNoo] = E[MONO] + E[(M, N)oo]-

Proof (i) follows from the analogous characterization in Theorem 4.9 (uniqueness
follows from Theorem 4.8). Similarly (iii) is a consequence of the analogous
assertion in Theorem 4.9. (ii) follows from (iii), or can be proved directly via the
uniqueness argument. We can then get (iv) as a consequence of property (iii), noting
that this property implies, for every 0 <s < ¢, a.s.,

(MT,NT), = (MT,N), = (M,N), on {T > 1},
(MT,NT), — (MT,NT), = (M",N), — (MT,N); = 0 on {T < s < £}.

Finally, (v) follows as a consequence of Theorem 4.13 (). O

Remark A consequence of (iv) is the fact that M” (N — N7) is a continuous local
martingale, which is not so easy to prove directly.
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Proposition 4.16 Let B and B’ be two independent (%;)-Brownian motions. Then
(B,B'); = 0 for every t > 0.

Proof By subtracting the initial values, we may assume that By = Bj, = 0. We then
observe that the process X; = %(Br + B)) is a martingale, as a linear combination
of martingales. By checking the finite-dimensional marginals of X, we verify that X
is also a Brownian motion (notice that we do not claim that X is an (.%;)-Brownian
motion). Proposition 2.16 implies that (X, X), = 7, and, using the bilinearity of the
bracket, it follows that (B, B'); = 0. O

Definition 4.17 Two continuous local martingales M and N are said to be orthogo-
nal if (M, N) = 0, which holds if and only if MN is a continuous local martingale.

In particular, two independent (.%;)-Brownian motions are orthogonal martin-
gales, by Proposition 4.16.

If M and N are two orthogonal martingales bounded in L2, we have E[M;N;] =
E[MyNy], and even E[MsNg] = E[MyNy] for any stopping time S. This follows from
Theorem 3.22, using property (v) of Proposition 4.15.

Proposition 4.18 (Kunita—Watanabe) Let M and N be two continuous local
martingales and let H and K be two measurable processes. Then, a.s.,

00 00 1/2 00 1/2
| imnkaon g < ([ aaonan) ([T kR awan,)

Proof Only in this proof, we use the special notation (M, N). = (M,N); — (M, N);
for 0 < s < t. The first step of the proof is to observe that we have a.s. for every
choice of the rationals s < ¢ (and also by continuity for every reals s < ),

(M N)L] = (.05 VN

Indeed, this follows from the approximations of (M, M) and (M,N) given in
Theorem 4.9 and in Proposition 4.15 respectively (note that these approximations
are easily extended to the increments of (M, M) and (M, N)), together with the
Cauchy—Schwarz inequality. From now on, we fix w such that the inequality of the
last display holds for every s < ¢, and we argue with this value of w (the remaining
part of the argument is “deterministic”).

We then observe that we also have, forevery 0 < s <1,

[ 1wl < o e fiv @)
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Indeed, we use Proposition 4.2, noting that, for any subdivisions =) < #; <--- <
t, = t, we can bound

P
S IM N Z\/MMZ e,

We then get that, for every bounded Borel subset A of R,

/A (M, N), | < \/ / d(M. M), \/ / d(N, N)..

When A = [s, 1], this is the bound (4.7). If A is a finite union of intervals, this follows
from (4.7) and another application of the Cauchy—Schwarz inequality. A monotone
class argument shows that the inequality of the last display remains valid for any
bounded Borel set A (here we use a version of the monotone class lemma that is
different from the one in Appendix Al: precisely, a class of sets which is stable
under increasing and decreasing sequential limits and which contains an algebra of
sets must contain the o-field generated by this algebra — see the first chapter of [64]).

Next let h = Y7 A4 and k = >7_, 14, be two nonnegative simple
functions on R4 with bounded support contained in [0, K], for some K > 0. Here
Ai, ..., A, is a measurable partition of [0, K], and A1, ..., A,, u1,. .., u, are reals
(we can always assume that & and k are expressed in terms of the same partition).
Then,

p
[ ORI N = D R [ 1. N
i=1 i

P p
< (;A? /Aid(M,M)S)l/Z(;,uiZ/Ad(N,N)X)l/Z

- ( / h(s)zd(M,M)S)l/z( / k(s)2d(N. Nh)”z,

which gives the desired inequality for simple functions. Since every nonnegative
Borel function is a monotone increasing limit of simple functions with bounded
support, an application of the monotone convergence theorem completes the proof.

O



90 4 Continuous Semimartingales
4.5 Continuous Semimartingales

We now introduce the class of processes for which we will develop the theory of
stochastic integrals.

Definition 4.19 A process X = (X,);>0 is a continuous semimartingale if it can be
written in the form

X, =M, + A,

where M is a continuous local martingale and A is a finite variation process.

The decomposition X = M + A is then unique up to indistinguishability thanks
to Theorem 4.8. We say that this is the canonical decomposition of X.

By construction, continuous semimartingales have continuous sample paths. It is
possible to define a notion of semimartingale with cadlag sample paths, but in this
book, we will only deal with continuous semimartingales, and for this reason we
sometimes omit the word continuous.

Definition 4.20 Let X = M + A and Y = M’ 4+ A’ be the canonical decompositions
of two continuous semimartingales X and Y. The bracket (X, Y) is the finite variation
process defined by

(Xv Y)t = (MsM/>I‘-

In particular, we have (X, X), = (M, M),.

Proposition 4.21 Let 0 = 15 < 1} < --- <1 = t be an increasing sequence of
subdivisions of |0, t] whose mesh tends to 0. Then,

Pn

Jim D (X =Xy )V =Yg ,) = (X.¥)

i=1
in probability.

Proof We treat the case where X = Y and leave the general case to the reader.
We have

Pn Pn Pn
DXy =Xp ) =Y (Mg =My )+ D (Ag — Ay,
i=1 i=1 i=1
Pn
+2) My — My Ay —Ag ).

i=1
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By Theorem 4.9,

pl’l
lim (Mg — My )* = (M. M), = (X.X),,
n—>oo

i=1

in probability. On the other hand,

Pn Pn
> @y —Ap ) < ( sup |Ap —Ap I) > lAg —Ap |
i=1 1=i=pn i=1
t
< ([ 1aad) sup g -ag |
0 1<i<p,

which tends to 0 a.s. when n — oo by the continuity of sample paths of A. The same
argument shows that

Pn

t
‘Z(At? —Ap_ ) (M _Mt;Ll)) =< (/ |dAs|) sup |Mp — M|
i=1 0

1<i<pn

tends to 0 a.s. O

Exercises

In the following exercises, processes are defined on a probability space (2, %, P)
equipped with a complete filtration (F,):e[o,00]-

Exercise 4.22 Let U be an .%j-measurable real random variable, and let M be a
continuous local martingale. Show that the process N, = UM, is a continuous local
martingale. (This result was used in the construction of the quadratic variation of a
continuous local martingale.)

Exercise 4.23

1. Let M be a (true) martingale with continuous sample paths, such that My = 0. We
assume that (M,);>o is also a Gaussian process. Show that, for every ¢+ > 0 and
every s > 0, the random variable M, — M, is independent of o (M,,0 < r < 1).

2. Under the assumptions of question 1., show that there exists a continuous
monotone nondecreasing function f : Ry — R4 such that (M, M), = f(¢)
for every t > 0.
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Exercise 4.24 Let M be a continuous local martingale with My = 0.
1. For every integer n > 1, we set 7, = inf{r > 0 : |M;| = n}. Show that, a.s.
o0
{ lim M; exists and is ﬁnite} = U{T” =00} C {{M,M)o < 00}.

t—00
n=1

2. We set S, = inf{t > 0 : (M, M), = n} for every n > 1. Show that, a.s.,
o0
{M, M) < 00} = U{S" =00} C { lim M, exists and is ﬁnite},
—>00
n=1

and conclude that

{ lim M, exists and is ﬁnite} ={(M,M) < 00} , as.

—>0o0

Exercise 4.25 For every integer n > 1, let M" = (M});>o be a continuous local
martingale with M, = 0. We assume that

lim (M", M")oo = 0

n—>o00
in probability.
1. Let ¢ > 0, and, for every n > 1, let
T! =inf{t > 0 : (M",M"), > &}.

Justify the fact that 77 is a stopping time, then prove that the stopped continuous
local martingale

M =My, Viz0,

is a true martingale bounded in L?.
2. Show that

E[ sup |Mt"’£|2] <4¢%

>0

3. Writing, for every a > 0,

P( sup [M}| > a) < P( sup |M"*| > a) + P(T} < 00),
>0

>0
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show that
lim (sup |M;’|) =0
n—00 >0
in probability.
Exercise 4.26
1. Let A be an increasing process (adapted, with continuous sample paths and such

that Ay = 0) such that As, < 00 a.s., and let Z be an integrable random variable.
We assume that, for every stopping time 7,

E[Aoo _AT] = E[Z 1{T<oo}]'
Show, by introducing an appropriate stopping time, that, for every A > 0,

E[(Aoo - /\) I{Aoo>/1}] = E[Z I{Aoo>l}]-

. Letf : Ry — R be a continuously differentiable monotone increasing function

such that f(0) = 0 and set F(x) = fOx f(p)dt for every x > 0. Show that, under
the assumptions of question 1., one has

E[F(Aco)] = E[Zf(Aso)]-

(Hint: It may be useful to observe that F(x) = xf(x) — f(f Af' (L) dA for every
x>0)

. Let M be a (true) martingale with continuous sample paths and bounded in >

such that My = 0, and let M, be the almost sure limit of M, as t — oo. Show
that the assumptions of question 1. hold when A, = (M, M), and Z = M> . Infer
that, for every real ¢ > 1,

E[((M.M)so)"™'] < (g + 1) E[((M. M)so)? M%].

. Let p > 2 be a real number such that E[({M, M)~)"] < co. Show that

E[((M, M)so)"] < P’ E[|Moo|?].

. Let N be a continuous local martingale such that Ny = 0, and let T be a stopping

time such that the stopped martingale N7 is uniformly integrable. Show that, for
every realp > 2,

E[((N,N)r)'] < p E[IN|7].

Give an example showing that this result may fail if N7 is not uniformly
integrable.



94 4 Continuous Semimartingales

Exercise 4.27 Let (X;);>0 be an adapted process with continuous sample paths
and taking nonnegative values. Let (A;);>0 be an increasing process (adapted,
with continuous sample paths and such that A, = 0). We consider the following
condition:

(D) For every bounded stopping time T, we have E[X7] < E[A7].

1. Show that, if M is a square integrable martingale with continuous sample paths
and M, = 0, the condition (D) holds for X; = Mt2 and A, = (M, M),.

2. Show that the conclusion of the previous question still holds if one only assumes
that M is a continuous local martingale with My = 0.

3. We set X = sup,., X;. Show that, under the condition (D), we have, for every
bounded stopping time S and every ¢ > 0,

1
P(X5 > ¢) < —E[As].
c
(Hint: One may apply (D) to T = S A R, where R = inf{t > 0: X; > c}.)

4. Infer that, still under the condition (D), one has, for every (finite or not) stopping
time S,

1
P(X} > o) < ~E[As]
C
(when S takes the value co, we of course define X3, = sup ., Xy).

5.Letc >0andd > 0,and S = inf{r > 0 : A, > d}. Let T be a stopping time.
Noting that

X7 > ch € (X7ps > G} U tAr = @})
show that, under the condition (D), one has
1
P(X; > ¢) < —E[Ar Ad] + P(Ar > d).
c

6. Use questions (2) and (5) to verify that, if M is a sequence of continuous
local martingales and 7 is a stopping time such that (M™ , M™); converges in
probability to 0 as n — oo, then,

lim (sup |M§”)|) =0, in probability.

n—=00 \ (1
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Notes and Comments

The book [14] of Dellacherie and Meyer is again an excellent reference for
the topics of this chapter, in the more general setting of local martingales and
semimartingales with cadlag sample paths. See also [72] and [49] (in particular,
a discussion of the elementary theory of finite variation processes can be found in
[72]). The notion of a local martingale appeared in Itd and Watanabe [43] in 1965.
The notion of a semimartingale seems to be due to Fisk [25] in 1965, who used
the name “quasimartingales”. See also Meyer [60]. The classical approach to the
quadratic variation of a continuous (local) martingale is based on the Doob—Meyer
decomposition theorem [58], see e.g. [49]. Our more elementary presentation is
inspired by [70].



Chapter 5
Stochastic Integration

This chapter is at the core of the present book. We start by defining the stochastic
integral with respect to a square-integrable continuous martingale, considering first
the integral of elementary processes (which play a role analogous to step functions
in the theory of the Riemann integral) and then using an isometry between Hilbert
spaces to deal with the general case. It is easy to extend the definition of stochastic
integrals to continuous local martingales and semimartingales. We then derive the
celebrated It6’s formula, which shows that the image of one or several continuous
semimartingales under a smooth function is still a continuous semimartingale,
whose canonical decomposition is given in terms of stochastic integrals. Itd’s
formula is the main technical tool of stochastic calculus, and we discuss several
important applications of this formula, including Lévy’s theorem characterizing
Brownian motion as a continuous local martingale with quadratic variation process
equal to ¢, the Burkholder—Davis—Gundy inequalities and the representation of
martingales as stochastic integrals in a Brownian filtration. The end of the chapter
is devoted to Girsanov’s theorem, which deals with the stability of the notions
of a martingale and a semimartingale under an absolutely continuous change of
probability measure. As an application of Girsanov’s theorem, we establish the
famous Cameron—Martin formula giving the image of the Wiener measure under
a translation by a deterministic function.

5.1 The Construction of Stochastic Integrals

Throughout this chapter, we argue on a filtered probability space (£2,.%, (%), P),
and we assume that the filtration (.%#;) is complete. Unless otherwise specified, all
processes in this chapter are indexed by R and take real values. We often say
“continuous martingale” instead of “martingale with continuous sample paths”.

© Springer International Publishing Switzerland 2016 97
J.-F. Le Gall, Brownian Motion, Martingales, and Stochastic Calculus,
Graduate Texts in Mathematics 274, DOI 10.1007/978-3-319-31089-3_5
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5.1.1 Stochastic Integrals for Martingales Bounded in L*

We write H? for the space of all continuous martingales M which are bounded in
[? and such that M, = 0, with the usual convention that two indistinguishable
processes are identified. Equivalently, M € H? if and only if M is a continuous
local martingale such that My = 0 and E[(M,M)~] < oo (Proposition 4.13). By
Proposition 3.21, if M € H?, we have M, = E[My, | %] where Mo, € L? is the
almost sure limit of M, as t — oo.

Proposition 4.15 (v) shows that, if M, N € H?, the random variable (M, N)q is
well defined, and we have E[|{(M, N)oo|] < o0. This allows us to define a symmetric
bilinear form on H? via the formula

(M,N)2 = E[{(M,N)o] = E[MooNo,

where the second equality comes from Proposition 4.15 (v). Clearly (M, M)y = 0
if and only if M = 0. The scalar product (M, N)g thus yields a norm on H? given
by

1Ml = (M, M)} = E[(M,M)s]"? = E[(Mco)*]'2.

Proposition 5.1 The space H? equipped with the scalar product (M,N)y: is a
Hilbert space.
Proof We need to verify that the vector space H? is complete for the norm || ||g2.

Let (M"),>1 be a sequence in H? which is Cauchy for that norm. We have then

lim E[(M!, —M™)*] = lim (M" —M",M" = M")z2 = 0.
m,n—>00

m,n—>00

Consequently, the sequence (M" ) converges in L? to a limit, which we denote
by Z. On the other hand, Doob’s inequality in L? (Proposition 3.15 (ii)) and a
straightforward passage to the limit show that, for every m, n,

E| sup(a; — M) | < 4 B2 — ML)

>0

We thus obtain that

lim E[sup(Mf - M;")Z] =0. 5.1)

m,n—>0Q >0

Hence, for every ¢t > 0, M} converges in [?, and we want to argue that the limit
yields a process with continuous sample paths. To this end, we use (5.1) to find an
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increasing sequence n; 1 oo such that

o0

i o0 ., 12
E[ > sup m — b +| < 37 E supaay — M) < oo
=1 =0 k=1 >0

The last display implies that, a.s.,

and thus the sequence (M;*),>( converges uniformly on R, a.s., to a limit denoted
by (M;)>0. On the zero probability set where the uniform convergence does not
hold, we take M, = O for every ¢ > 0. Clearly the limiting process M has continuous
sample paths and is adapted (here we use the fact that the filtration is complete).
Furthermore, from the L?-convergence of (M oo) to Z, we immediately get by passing
to the limit in the identity M;* = E[M% | %] that M, = E[Z | .%;]. Hence (M,),>0
is a continuous martingale and is bounded in L?, so that M € H?. The a.s. uniform

convergence of (M;*);>o to (M;);>o then ensures that Mo, = IimM% = Z as.
Finally, the L?-convergence of (M%) to Z = My, shows that the sequence (M")
converges to M in H?. O

We denote the progressive o-field on £2 x Ry by &2 (see the end of Sect.3.1),
and, if M € H?, we let L?(M) be the set of all progressive processes H such that

E[/OOHSZd(M,M)S] < o0,
0

with the convention that two progressive processes H and H’ satisfying this
integrability condition are identified if H, = H, = 0, d{M, M), a.e., a.s. We can
view L*(M) as an ordinary L? space, namely

L*(M) = L*(2 xRy, 2, dPd(M, M),)

where dP d(M, M), refers to the finite measure on (£2 x Ry, &) that assigns the
mass

E[/Ooo lA(a),s)d(M,M)s]

toaset A € & (the total mass of this measure is E[{M, M) ] = ||M||§H2) .
Just like any L? space, the space L>(M) is a Hilbert space for the scalar product

(H. K) 2y = E[ /0 H,K, d(M, M)S],
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and the associated norm is

IH | 200 = (E[/Ooond(M’M)s])l/z.

Definition 5.2 An elementary process is a progressive process of the form

p—1
Hy(®) =Y Hiy(@) L4, (5),
i=0
where 0 = fp < t; <1, < --- < t,and foreveryi € {0,1,...,p— 1}, Hy isa

bounded .%,,-measurable random variable.

The set & of all elementary processes forms a linear subspace of L?>(M). To be
precise, we should here say “equivalence classes of elementary processes” (recall
that H and H’ are identified in L*(M) if [|H — H'|| 231, = 0).

Proposition 5.3 For every M € H?, & is dense in L*(M).

Proof By elementary Hilbert space theory, it is enough to verify that, if K € L*(M)
is orthogonal to &, then K = 0. Assume that K € L*(M) is orthogonal to &, and set,
for every t > 0,

t
X, = / K, d(M. M),
0

To see that the integral in the right-hand side makes sense, and defines a finite
variation process (X;);>0, we use the Cauchy—Schwarz inequality to observe that

/ K| d(M, M), /(K )Y d(M, M), ]) x (E[(M, M)oo])'/2.

The right-hand side is finite since M € H? and K € L?(M), and thus we have in
particular

t
as. V>0, / |K,| d{M, M), < oo
0

By Proposition 4.5 (and Remark (i) following this proposition), (X;);>o is well
defined as a finite variation process. The preceding bound also shows that X, € L!
forevery t > 0.

Let0 < s < t, let F be abounded .%;-measurable random-variable, and let H € &
be the elementary process defined by H,(w) = F(w) 1(54(r). Writing (H, K) 24y =
0, we get

F/rKud(M,M)M] — 0.
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It follows that E[F(X; — X;)] = O for every s < t and every bounded .%;-measurable
variable F. Since the process X is adapted and we know that X, € L! forevery r > 0,
this implies that X is a (continuous) martingale. On the other hand, X is also a finite
variation process and, by Theorem 4.8, this is only possible if X = 0. We have thus
proved that

t
/ K, dM M), =0 Vi>0, a.s.
0

which implies that, a.s., the signed measure having density K, with respect to
d(M, M), is the zero measure, which is only possible if

K, =0, d{M,M), ae., as.

or equivalently K = 0 in L>(M). O

Recall our notation X7 for the process X stopped at the stopping time 7: X! =
Xiar. If M € H?, the fact that (M7, M")o, = (M,M)7; immediately implies that
MT also belongs to H?. Furthermore, if H € L*(M), the process 1j 71 H defined
by (L7 H)s(@) = 1ljo<s<r(wpHs(w) also belongs to L?*(M) (note that 1y 7) is
progressive since it is adapted with left-continuous sample paths).

Theorem 5.4 Let M € H?. For every H € & of the form
p—1
Hy(w) = ZH(I') (w) l(fi’fi+1](s)’
i=0
the formula
p—1
(H : M)t = ZH(i) (Mt,‘Jrl/\t - Mt,-/\t)

i=0

defines a process H-M € H?. The mapping H — H - M extends to an isometry from
L>(M) into H?. Furthermore, H - M is the unique martingale of H? that satisfies the

property
(H-M,N) =H-(M,N), VN e H>. (5.2)
If T is a stopping time, we have

(lorH) -M=H-M)" =H-M". (5.3)
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We often use the notation

t
(HM)t :/ Hvde
0

and call H - M the stochastic integral of H with respect to M.

Remark The quantity H - (M, N) in the right-hand side of (5.2) is an integral with
respect to a finite variation process, as defined in Sect.4.1. The fact that we use a
similar notation H - A and H - M for the integrals with respect to a finite variation
process A and with respect to a martingale M creates no ambiguity since these two
classes of processes are essentially disjoint.

Proof As a preliminary observation, we note that the definition of H - M when
H € & does not depend on the decomposition chosen for H in the first display of
the theorem. Using this remark, one then checks that the mapping H +— H - M is
linear. We next verify that this mapping is an isometry from & (viewed as a subspace
of L*(M)) into H?.

Fix H € & of the form given in the theorem, and for every i € {0, 1,...,p — 1},
set

M; = H(i) (MtiJrl/\t _Mt,-/\t)a

for every t > 0. Then a simple verification shows that M' is a continuous martingale
(this was already used in the beginning of the proof of Theorem 4.9), and that this
martingale belongs to HZ2. It follows that H - M = Y~} M' is also a martingale
in H?. Then, we note that the continuous martingales M’ are orthogonal, and their
respective quadratic variations are given by

(Mi’Mi)t = H(Zi)(<M,M)t,-+1/\t - (M’ M)t,-/\t)

(the orthogonality of the martingales M’ as well as the formula of the last display are
easily checked, for instance by using the approximations of (M, N)). We conclude
that

p—1 t
(H-M.H-M), =Y H((M.M), n— (M.M)0) = / H? d(M. M),
0

i=0

Consequently,
o0
IH -M|% = E(H M. H - M)oo] = E[ /0 H; d(M, M>S] = 1H7241)-

By linearity, this implies that H-M = H’-M if H' is another elementary process that
is identified with H in L>(M). Therefore the mapping H — H - M makes sense from
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& viewed as a subspace of L?(M) into H?. The latter mapping is linear, and, since
it preserves the norm, it is an isometry from & (equipped with the norm of L?(M))
into H2. Since & is dense in L?(M) (Proposition 5.3) and H? is a Hilbert space
(Proposition 5.1), this mapping can be extended in a unique way to an isometry
from L?(M) into H?.

Let us verify property (5.2). We fix N € H?. We first note that, if H € L?>(M), the
Kunita—Watanabe inequality (Proposition 4.18) shows that

o
B [ 1100181 = s [V < o0
0

and thus the variable fooo Hd(M,N); = (H-(M,N))s is well defined and in L'.
Consider first the case where H is an elementary process of the form given in the
theorem, and define the continuous martingales M,0<i< p — 1, as previously.
Then, forevery i € {0, 1,...,p — 1},

p—1
(H-M.N) =Y (M'.N)
i=0
and we have

(M'.N); = Hp((M,N)yo a0 — (MUN) i)

It follows that

p—1 t
(H M. = 3 H (M. N0 = 01N ) = [ Hea01.00,
i=0 0

which gives (5.2) when H € &. We then observe that the linear mapping X —
(X, N) oo is continuous from H? into L'. Indeed, by the Kunita—Watanabe inequality,

E[[{X,N)ool] < E[X, X)oo]/E[(N, N)oo]'/? = | Nllzz2 [IX]|zz2-
If (H"),> is a sequence in &, such that H" — H in L>(M), we have therefore

(H-M,N)oo = lim (H"-M,N)og = lim (H" - (M,N))oo = (H - (M, N))oo,

where the convergences hold in L', and the last equality again follows from the
Kunita—Watanabe inequality by writing

£ /0 " (H— H) AN,

| = EIV.N)oo] 2 1 H” = H 200,
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We have thus obtained the identity (H - M, N)s, = (H - (M, N)})o, but replacing N
by the stopped martingale N’ in this identity also gives (H - M, N), = (H - (M, N)),
which completes the proof of (5.2).

It is easy to see that (5.2) characterizes H - M among the martingales of H?.
Indeed, if X is another martingale of H? that satisfies the same identity, we get, for
every N € H?,

(H-M—X,N) = 0.

Taking N = H - M — X and using Proposition 4.12 we obtain that X = H - M.
It remains to verify (5.3). Using the properties of the bracket of two continuous
local martingales, we observe that, if N € H2,

((H'M)T7N>t = (H'M7N>t/\T = (H' (M,N)),/\T = (I[O,T]H' (MsN»t

which shows that the stopped martingale (H-M)T satisfies the characteristic property
of the stochastic integral (1o 7jH) - M. The first equality in (5.3) follows. The second
one is proved analogously, writing

(H-M",Ny=H-(M",N)y =H-(M,N)" =17 H-(M,N).

This completes the proof of the theorem. O

Remark We could have used the relation (5.2) to define the stochastic integral H-M,
observing that the mapping N +— E[(H - (M, N))o] yields a continuous linear form
on H?, and thus there exists a unique martingale H - M in H? such that

E[(H-(M,N))oo] = (H-M,N)wp = E[(H-M.N)].

Using the notation introduced at the end of Theorem 5.4, we can rewrite (5.2) in
the form

. ¢
( / H,dM,. N), = / H, d(M. N),.
0 0

We interpret this by saying that the stochastic integral “commutes” with the bracket.
Let us immediately mention a very important consequence. If M € H?, and H €
L?(M), two successive applications of (5.2) give

(H-M,H-M)=H-(H-(M,M))=H*-(M,M),
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using the “associativity property” (4.1) of integrals with respect to finite variation
processes. Put differently, the quadratic variation of the continuous martingale
H-Mis

( / H,dM,, / HdM,), = / H2d(M. M),. (5.4)
0 0 0

More generally, if N is another martingale of H? and K € L*(N), the same argument
gives

. . t
(/ Hdesv/ stNs)r = / H K d(M, N)s (55)
0 0 0

The following “associativity” property of stochastic integrals, which is analogous
to property (4.1) for integrals with respect to finite variation processes, is very
useful.

Proposition 5.5 Let H € L*(M). If K is a progressive process, we have KH €
L>(M) if and only if K € L*(H - M). If the latter properties hold,

(KH)-M =K - (H-M).

Proof Using property (5.4), we have
o0 o0
E[/ K2H? d(M, M)S] - E[/ K*d(H-M.H- M)X],
0 0
which gives the first assertion. For the second one, we write for N € H?,

(KH)-M,N) =KH-(M,N) =K - (H- (M,N)) =K - (H-M,N)

and, by the uniqueness statement in (5.2), this implies that (KH) - M = K - (H - M).
O

Moments of stochastic integrals. Let M € H>, N € H?, H € L*(M) and K €
L*(N). Since H-M and K - N are martingales in H2, we have, for every t € [0, 0o,

E[/OtHX dM] -0 (5.6)

e[ ( [ mam)( [ xan)] = o [(mxomn]. o)

using Proposition 4.15 (v) and (5.5) to derive (5.7). In particular,

E[(/OtHX dM)z] = E[/OtHSZd(M,M)S]. (5.8)
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Furthermore, since H - M is a (true) martingale, we also have forevery 0 < s <t <
w,

/ H,dM,, (5.9)

or equivalently

with an obvious notation for f f H, dM,. It is important to observe that these formulas
(and particularly (5.6) and (5.8)) may no longer hold for the extensions of stochastic
integrals that we will now describe.

5.1.2 Stochastic Integrals for Local Martingales

We will now use the identities (5.3) to extend the definition of H - M to an arbitrary
continuous local martingale. If M is a continuous local martingale, we write LY. (M)
(resp. L>(M)) for the set of all progressive processes H such that

t o0
/ Hf d{M,M); < o0, Yt >0, a.s. (resp. such that E[/ Hszd(M, M)x] < 00).
0 0

For future reference, we note that L>(M) (with the same identifications as in the
case where M € H?) can again be viewed as an “ordinary” L?-space and thus has a
Hilbert space structure.

Theorem 5.6 Let M be a continuous local martingale. For every H € LIOC(M),
there exists a unique continuous local martingale with initial value 0, which is
denoted by H - M, such that, for every continuous local martingale N,

(H-M,N) =H-(M,N). (5.10)

If T is a stopping time, we have

(lonH)-M=H-M)" =H-M". (5.11)
IfH € LloC (M) and K is a progressive process, we have K € LloC (H - M) if and only
if HK € LlOC(M), and then

H-(K-M) = HK - M. (5.12)
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Finally, if M € H?, and H € L*(M), the definition of H - M is consistent with that of
Theorem 5.4.

Proof We may assume that My, = 0 (in the general case, we write M = My + M’
and we just set H - M = H - M, noting that (M, N) = (M’, N) for every continuous
local martingale N). Also we may assume that the property fot H?d(M, M), < oo
for every ¢ > 0 holds for every w € §2 (on the negligible set where this fails we may
replace H by 0).

For every n > 1, set

t
T, =inf{r > 0: / (1 +H§)d(M,M)s > nj,
0

so that (7},) is a sequence of stopping times that increase to 4+oc0. Since
(MTnsMT”)T = (Mv M)t/\T,, E n,

the stopped martingale M is in H? (Theorem 4.13). Furthermore, we also have

o) Ty
/ H2dM™ M™), = [ H2d(M,M), <n.
0 0

Hence, H € L*(M""), and the definition of H - M"" makes sense by Theorem 5.4.
Moreover, by property (5.3), we have, if m > n,

H-M" = (H-M"™)™,
It follows that there exists a unique process denoted by H - M such that, for every n,
H-M)'" =H.-M™,

Clearly H - M has continuous sample paths and is also adapted since (H - M), =
lim(H - M™"),. Since the processes (H-M)™ are martingales in H?, we get that H - M
is a continuous local martingale.

Then, to verify (5.10), we may assume that N is a continuous local martingale
such that Ny = 0. Foreveryn > 1,set 7, = inf{t > 0 : |N;| > n},and S, = T, AT).
Then, noting that N7+ € H2, we have

(H-M,N)>" = ((H-M)" N
- (H.MTn,NT@
=H-(M" N™)
=H-(M,N)"
= (H (M7N>)Snv
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which gives the equality (H-M,N) = H- (M, N). since S, 1 oo as n — oo. The fact
that this equality (written for every continuous local martingale N) characterizes
H - M among continuous local martingales with initial value O is derived from
Proposition 4.12 as in the proof of Theorem 5.4.

The property (5.11) is then obtained by the very same arguments as in the proof of
property (5.3) in Theorem 5.4 (these arguments only depended on the characteristic
property (5.2) which we have just extended in (5.10)). Similarly, the proof of (5.12)
is analogous to the proof of Proposition 5.5.

Finally, if M € H? and H € L*(M), the equality (H -M,H - M) = H? - (M, M)
follows from (5.10), and implies that H - M € H?. Then the characteristic
property (5.2) shows that the definitions of Theorems 5.4 and 5.6 are consistent. O

In the setting of Theorem 5.6, we will again write

t
(H-M), = / H,dM;.
0

It is worth pointing out that formulas (5.4) and (5.5) remain valid when M and
N are continuous local martingales and H € L2 (M), K € L2, (N). Indeed, these
formulas immediately follow from (5.10).

Connection with the Wiener integral Suppose that B is an (.%;)-Brownian
motion, and & € L*(Ry, Z(Ry).dt) is a deterministic square integrable function.
We can then define the Wiener integral fot h(s)dB; = G(f1)p,), where G is the
Gaussian white noise associated with B (see the end of Sect. 2.1). It is easy to verify
that this integral coincides with the stochastic integral (% - B),, which makes sense
by viewing & as a (deterministic) progressive process. This is immediate when £ is
a simple function, and the general case follows from a density argument.

Let us now discuss the extension of the moment formulas that we stated above
in the setting of Theorem 5.4. Let M be a continuous local martingale, H € leoc M)
and 7 € [0, oo]. Then, under the condition

E[/OTHSZd(M,M)S] < o0, (5.13)

we can apply Theorem 4.13 to (H - M), and get that (H - M)' is a martingale of H?>.
It follows that properties (5.6) and (5.8) still hold:

E[/OtHdes] —o, E[(/OtHS dMS)Z] - E[/OtHf d(M,M)S],

and similarly (5.9) is valid for 0 < s < t. In particular (case t = o0), if H € LZ(M),
the continuous local martingale H - M is in H? and its terminal value satisfies

E[(/OOOHJ de)z] - E[/OOOHf d(M,M)S].
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If the condition (5.13) does not hold, the previous formulas may fail. However, we
always have the bound

E[(/OtHs dMS)Z] < E[/OtHfd(M,M)s]. (5.14)

Indeed, if the right-hand side is finite, this is an equality by the preceding
observations. If the right-hand side is infinite, the bound is trivial.

5.1.3 Stochastic Integrals for Semimartingales

We finally extend the definition of stochastic integrals to continuous semimartin-
gales. We say that a progressive process H is locally bounded if

Vt>0, supl|Hs| <oo, as.
s<t

In particular, any adapted process with continuous sample paths is a locally bounded
progressive process. If H is (progressive and) locally bounded, then for every finite
variation process V, we have

t
V>0, / |H,| |[dVs| < 00, a.s.
0

2
loc

and similarly H € L; (M) for every continuous local martingale M.

Definition 5.7 Let X be a continuous semimartingale and let X = M + V
be its canonical decomposition. If H is a locally bounded progressive process,
the stochastic integral H - X is the continuous semimartingale with canonical
decomposition

H-X=H-M+H-V,

and we write
t
(H-X); = / H,dX;.
0

Properties

(i) The mapping (H,X) — H - X is bilinear.
(i) H-(K-X) = (HK) - X, if H and K are progressive and locally bounded.
(iii) For every stopping time T, (H-X)" = Hljo7j-X = H-X".
(iv) If X is a continuous local martingale, resp. if X is a finite variation process,
then the same holds for H - X.
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(v) If H is of the form H,(w) = 11.:3 Hpy (@) 1(;,4,,,1(s), where 0 = 1 < 1; <
-+ < ty,and, forevery i € {0, 1,...,p — 1}, H; is %, -measurable, then
p—1
(H : X)r = ZH(i) (Xt,-_H/\t —Xr;Ar)-
i=0

We can restate the “associativity” property (ii) by saying that, if ¥; = fot KdX;

then
t t
/HYdYS‘:/ HK; dX;.
0 0

Properties (i)—(iv) easily follow from the results obtained when X is a continuous
local martingale, resp. a finite variation process. As for property (v), we first note
that it is enough to consider the case where X = M is a continuous local martingale
with My = 0, and by stopping M at suitable stopping times (and using (5.11)),
we can even assume that M is in H?. There is a minor difficulty coming from the
fact that the variables Hy; are not assumed to be bounded (and therefore we cannot
directly use the construction of the integral of elementary processes). To circumvent
this difficulty, we set, for every n > 1,

T, =inf{t > 0: |H;| > n} = inf{t; : |[Hy| > n} (where inf@ = o00).

It is easy to verify that 7, is a stopping time, and we have 7,, 1 co as n — oo.
Furthermore, we have for every n,

p—1
H 11, (s) = ZHZ) l(ti,ti+1](s)
i=0

where the random variables H(”l.) = H 147, satisfy the same properties as the
H(;’s and additionally are bounded by n. Hence H 1)y r,] is an elementary process,
and by the very definition of the stochastic integral with respect to a martingale of
H2, we have

p—1
(H‘M)t/\T,, = (H 1[O,T,I] 'M)t = ZH?,-) (MtiJrl/\t _Mt,-/\t)-

i=0

The desired result now follows by letting n tend to infinity.
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5.1.4 Convergence of Stochastic Integrals

We start by giving a “dominated convergence theorem” for stochastic integrals.

Proposition 5.8 Let X = M + V be the canonical decomposition of a continuous
semimartingale X, and let t > 0. Let (H"),>1 and H be locally bounded progressive
processes, and let K be a nonnegative progressive process. Assume that the
following properties hold a.s.:

(i) H} — H;asn — oo, for every s € [0,1];
(ii) |H?| < Ky, foreveryn > 1l ands € [0,1];
(iii) Jo(Ks)* d(M. M), < 00 and [; K |dVi| < oo.

Then,
/ HdX, — H dXx;
n—>o00
in probability.
Remarks

(a) Assertion (iii) holds automatically if K is locally bounded.

(b) Instead of assuming that (i) and (ii) hold for every s € [0, 1] (a.s.), it is enough to
assume that these conditions hold for d(M, M)-a.e. s € [0, ] and for |dV|-a.e.
s € [0, 1], a.s. This will be clear from the proof.

Proof The a.s. convergence

t t
/H;‘dVS — / H,dV,
0 n—>oo 0

follows from the usual dominated convergence theorem. So we just have to verify
that fj H" dM; converges in probability to [; H;dM,. For every integer p > 1,
consider the stopping time

=inf{r € [0,1] : /r(Ks)zd(M, M) > py A,
0

and observe that 7, = ¢ for all large enough p, a.s., by assumption (iii). Then, the
bound (5.14) gives

E[( K H" dMS—/Tp H, dMS)Z] < E[/TP(HQ _HS)Zd(M,M)S],
0 0 0

which tends to 0 as n — oo, by dominated convergence, using assumptions (i) and
(ii) and the fact that fOT” (K)*d(M, M), < p. Since P(T, = 1) tends to 1 as p — oo,
the desired result follows. O



112 5 Stochastic Integration

We apply the preceding proposition to an approximation result in the case of
continuous integrands, which will be useful in the next section.

Proposition 5.9 Let X be a continuous semimartingale, and let H be an adapted
process with continuous sample paths. Then, for every t > 0, for every sequence
0 =15 <--- <ty =tof subdivisions of [0, 1] whose mesh tends to 0, we have

Pn_l

lim ZOHfz(sz —Xp) = / H, dX,,

in probability.

Proof For every n > 1, define a process H" by

Hy ife <s=<t,,, foreveryi € {0,1,...,p, — 1}
H ={ Hy ifs=0
0 ifs>rt.

Note that H" is progressive. We then observe that all assumptions of Proposition 5.8
hold if we take

K, = max |Hj|,

0<r<s

which is a locally bounded progressive process. Hence, we conclude that

/H"dX—) H, dX,

n—>oo

in probability. This gives the desired result since, by property (v) in Sect.5.1.3, we
have

pn—1

/H"dX > Hp(Mp, —My).

i=0

|

Remark The preceding proposition can be viewed as a generalization of
Lemma 4.3 to stochastic integrals. However, in contrast with that lemma, it is
essential in Proposition 5.9 to evaluate H at the left end of the interval (7], 7, ]:
The result will fail if we replace H,» by Hy» e Let us give a simple counterexample.
We take H, = X, and we assume that the sequence of subdivisions (#)o<i<p, is
increasing. By the proposition, we have

pn—1

t
Jim ;Xt;’(xtjﬁrl —Xp) = /0 X, dX;,
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in probability. On the other hand, writing

pn—l1 pn—1 pn—1

> X, (Xf+1—Xf’)—ZXr"(Xr" —X,u)+Z(X —Xp)2,
i=0

and using Proposition 4.21, we get

pn—1

t
Jim S, 0, ~Xp) = [ X4+ ),

in probability. The resulting limit is different from for X;dX; unless the martingale
part of X is degenerate. Note that, if we add the previous two convergences, we
arrive at the formula

(X)) = (Xo)* = Z/TXdes + (X, X),
0

which is a special case of Itd’s formula of the next section.

5.2 1Ito’s Formula

1t6’s formula is the cornerstone of stochastic calculus. It shows that, if we apply a
twice continuously differentiable function to a p-tuple of continuous semimartin-
gales, the resulting process is still a continuous semimartingale, and there is an
explicit formula for the canonical decomposition of this semimartingale.

Theorem 5.10 (It6’s formula) Letr X', ..., X" be p continuous semimartingales,
and let F be a twice continuously differentiable real function on RP. Then, for every
t>0,

F(X/.....X]) = F(X,... XP)+Z/ (X!, XD)dxX!

82F » o
= XDy AdXE X ).
Z/ axlax] S’ ’ S) ( )

Proof We first deal with the case p = 1 and we write X = X! for simplicity. Fix
¢ > 0 and consider an increasing sequence 0 = 75 < --- < t, = 1 of subdivisions
of [0, /] whose mesh tends to 0. Then, for every n,

pn—1

F(X) = F(Xo) + Y _(F(Xp, ) — F(Xp)).
i=0
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For every i € {0,1,...,p, — 1}, we apply the Taylor-Lagrange formula to the
function [0, 1] 5 0 — F(Xy + G(Xf?+1 — X)), between 6 = 0 and 6 = 1, and we
get that

1
F(Xg,) = F(Xg) = F' (X)X, = Xo) + 5 foi X, = Xp)%,

where the quantity f, ; can be written as F”'(X;» + c(Xp,, —Xp)) for some ¢ € [0, 1].
By Proposition 5.9 with H; = F’(X;), we have

pn—1

t
. / _ /
lim 2_OF(X,¢)(X,;_5H —Xp) = /0 F'(X,) dX,,

in probability. To complete the proof of the case p = 1 of the theorem, it is therefore
enough to verify that

Pn_l

t
i 2 _ 7
i 3y, X = | Freoax). (515

in probability. We observe that

sup  |fui — F"(Xp)| < sup ( sup |[F" (x) — F”(X,;_z)|).

0<i<p,—1 0<i<p,—1 \ x€[Xp AX,:_:J’_I X VX,z_z+l]
i i i i

The right-hand side of the preceding display tends to O a.s. as n — 00, as a simple
consequence of the uniform continuity of F” (and of the sample paths of X) over a
compact interval.

Since Z;Bl X T X,l_n)2 converges in probability (Proposition 4.21), it follows
from the last display that

pn—1 pn—1
2 1/ 2

Z Oﬁw‘(Xf,ql —Xy)" — E} O:F X)X, | = Xu)™| —> 0

= i=

in probability. So the convergence (5.15) will follow if we can verify that
pn—1

t
lim ZF”(X,,n)(X,_n —Xp)? = / F"(X,) d(X, X),, (5.16)
n—00 prd i i+1 i 0

in probability. In fact, we will show that (5.16) holds a.s. along a suitable sequence
of values of n (this suffices for our needs, because we can replace the initial sequence
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of subdivisions by a subsequence). To this end, we note that
pn_l

I e e SPCRY
i=0 04
where [, is the random measure on [0, 7] defined by

pn_l

pa(dr) = > (X, — Xg)* 8 (dr).
i=0

Write D for the dense subset of [0, 7] that consists of all # forn > 1and 0 <i < p,.
As a consequence of Proposition 4.21, we get for every r € D,

un([0.7]) —> (X.X),

in probability. Using a diagonal extraction, we can thus find a subsequence of values
of n such that, along this subsequence, we have for every r € D,

pa((0.7]) = (X.X),.

which implies that the sequence w, converges a.s. to the measure 1j 4(r) d(X, X),,
in the sense of weak convergence of finite measures. We conclude that we have

t
/ F/(X,) pnlds) - / F(X,) d(X.X),
0.1 n—o00 [

along the chosen subsequence. This completes the proof of the case p = 1.
In the general case, the Taylor-Lagrange formula, applied for every n > 1 and
everyi € {0,1,...,p, — 1} to the function
1 1 1
0,1] 20— F(Xt;_, + Q(Xf?Jrl —Xt:«), e ,Xz_, + Q(Xt‘?Jrl —XZ,)) ,

gives
" OF
F(X}7+l,...,xﬁ;+l)—F(X,{_n,...,xg) = ;@(x}?,...,xﬁ;)(x’hl —xf?)
p

f;ﬁ’l’l k k 1 1
+ le—:l 7 (X’7+1 - X’?)(X’7+1 - X’?)
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where, for every k,l € {1,...,p},

= I e, — X

= n+c(Xp, —Xp)),

n,i 9x,0x; 1 lit1 1

for some ¢ € [0, 1] (here we use the notation X, = (X/, ..., X})).

Proposition 5.9 can again be used to handle the terms involving first derivatives.
Moreover, a slight modification of the arguments of the case p = 1 shows that, at

least along a suitable sequence of values of n, we have for every k,/ € {1, ..., p},
= k1 vk kvl ! "t F 1 k yl
. ) _ _ _ »
Sty i, = [k ),
in probability. This completes the proof of the theorem. O

An important special case of Itd’s formula is the formula of integration by
parts, which is obtained by taking p = 2 and F(x,y) = xy: if X and Y are two
continuous semimartingales, we have

t t
X,Y, = Xo¥o + / X.dY, + / Y, dX, + (X, Y.
0 0
In particular, if Y = X,
t
X*=X2 + 2/ X, dX; + (X, X),.
0

When X = M is a continuous local martingale, we know from the definition of the
quadratic variation that M? — (M, M) is a continuous local martingale. The previous
formula shows that this continuous local martingale is

t
M§+2/ M, dM;.
0

We could have seen this directly from the construction of (M, M) in Chap. 4 (this
construction involved approximations of the stochastic integral fot MdM;).

Let B be an (.%,)-real Brownian motion (recall from Definition 3.11 that this
means that B is a Brownian motion, which is adapted to the filtration (.%;) and such
that, for every 0 < s < ¢, the variable B; — By is independent of the o-field .%;). An
(:%;)-Brownian motion is a continuous local martingale (a martingale if By € L')
and we already noticed that its quadratic variation is (B, B); = .

In this particular case, It6’s formula reads

F(B) = F(Bo) + /0 P8, dB, + : /0 P (By)ds.
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Taking X! = 1, sz = B, we also get for every twice continuously differentiable
function F(f,x) on Ry x R,

2
F(t,B;) = F(0,By) + / — (s, Bs) dB; + / (= 2%75)(& By) ds.

Let B, = (B!,..., B?) be a d-dimensional (.%,)-Brownian motion. Note that the
components B, .. ., B¢ are (.%;)-Brownian motions. By Proposition 4.16, (B!, B/) =
0 when i # j (by subtracting the initial value, which does not change the bracket
(B, B/), we are reduced to the case where B',...,B%are independent). It6’s formula
then shows that, for every twice continuously differentiable function F on R4,

F(B!,...,BY)
. 1 ¢
= F(B).....BY) + Z/ —(B ....BY)dB + -/ AF(B, ..., BYds.
2 Jo
The latter formula is often written in the shorter form
t 1 t
F(B,) = F(By) + / VE(B)- B, + 5 / AF(B,) ds,

0 0

where VF stands for the vector of first partial derivatives of F. There is again an
analogous formula for F(t, B;).

Important remark It frequently occurs that one needs to apply Itd’s formula to
a function F which is only defined (and twice continuously differentiable) on an
open subset U of R”. In that case, we can argue in the following way. Suppose
that there exists another open set V, such that (X/,..., X" o) € Vas.andV C U
(here V denotes the closure of V). Typically V will be the set of all points whose
distance from U° is strictly greater than ¢, for some ¢ > 0. Set Ty := inf{r >
0 : (X',...,X7") ¢ V}, which is a stopping time by Proposition 3.9. Simple
analytic arguments allow us to find a function G which is twice continuously
differentiable on R” and coincides with F on V. We can now apply It6’s formula to
obtam the canonical decomposition of the semimartingale G(Xr ATy - - XD ATy) =
F(x! ATy X ATV), and this decomposition only involves the first and second
derlvatlves of F on V. If in addition we know that the process (X!, ..., X?) a.s. does
not exit U, we can let the open set V increase to U, and we get that It6’s formula for
F(Xx!,...,X?) remains valid exactly in the same form as in Theorem 5.10. These
considerations can be applied, for instance, to the function F(x) = logx and to a
semimartingale X taking strictly positive values: see the proof of Proposition 5.21
below.
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We now use Itd’s formula to exhibit a remarkable class of (local) martingales,
which extends the exponential martingales associated with processes with indepen-
dent increments. A random process with values in the complex plane C is called a
complex continuous local martingale if both its real part and its imaginary part are
continuous local martingales.

Proposition 5.11 Let M be a continuous local martingale and, for every A € C, let

2

EOM), = exp (AM, — %(M, M),).

The process & (AM) is a complex continuous local martingale, which can be written
in the form

t
EMM), = M 4 2 / &(AM), dM,.
0

Remark The stochastic integral in the right-hand side of the last display is defined
by dealing separately with the real and the imaginary part.

Proof If F(r,x) is a twice continuously differentiable function on R?, Itd’s formula
gives

F((M7M>tvM1‘) = F(O,M()) + /Ot?)_f((MsM>ssMs)dMs

"/OF 10°F

— + -— J(M, M), M) d{(M,M);.
+/0 (8r+23x2>(( ) ) )

Hence, F({M,M),, M,) is a continuous local martingale as soon as F satisfies the

equation

oF 1P
ar 202

This equation holds for F(r,x) = exp(Ax — L;r) (more precisely for both the real
and the imaginary part of this function). Moreover, for this choice of F we have

%—i = AF, which leads to the formula of the statement. O

5.3 A Few Consequences of It6’s Formula

1t6’s formula has a huge number of applications. In this section, we derive some of
the most important ones.
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5.3.1 Lévy’s Characterization of Brownian Motion

We start with a striking characterization of real Brownian motion as the unique
continuous local martingale M such that (M,M), = 1t In fact, we give a
multidimensional version of this result, which is known as Lévy’s theorem.

Theorem 5.12 Let X = (X!,...,X%) be an adapted process with continuous
sample paths. The following are equivalent:

(1) X is a d-dimensional (F,)-Brownian motion.
(ii) The processes X', ..., X" are continuous local martingales, and (X', X'}, = §;t
foreveryi,je{l,...,d} (here 8 is the Kronecker symbol, §;; = 1i—p).

In particular, a continuous local martingale M is an (%,)-Brownian motion if and
only if (M, M), = t, for every t > 0, or equivalently if and only if M> — t is a
continuous local martingale.

Proof The fact that (i) = (ii) has already been derived. Let us assume that (ii)
holds. Let § = (£,...,£&;) € RY. Then, £ -X, = Z;lzl £X] is a continuous local
martingale with quadratic variation

d d
DN gEX XN, = g

j=1 k=1
By Proposition 5.11, exp(i§ - X; + %|§ |?¢) is a complex continuous local martingale.
This complex continuous local martingale is bounded on every interval [0, a], a > 0,

and is therefore a (true) martingale, in the sense that its real and imaginary parts are
both martingales. Hence, for every 0 < s < ¢,

Elexp(i§ - X, + 5 Ié‘lzt) | Fs] = exp(i€ - X; + —IEIZS)
and thus
Elexp(i§ - (X; = X)) | ] = eXP(——ISI (t=5)).
It follows that, for every A € %,
E[14exp(i§ - (X; — X))] = P(A) eXp(—% €17 (1 = 5))-
Taking A = §2, we get that X; — X; is a centered Gaussian vector with covariance

matrix (z — s)Id (in particular, the components X; — X/, 1 < j < d are independent).
Furthermore, fix A € .%; with P(A) > 0, and write P, for the conditional probability
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measure P4(-) = P(A)"'P(- N A). We also obtain that

Palexp(i€ - (0 — X)) = exp(—3 €[t — 5)

which means that the law of X, — X, under P, is the same as its law under P.
Therefore, for any nonnegative measurable function f on R4, we have

Palf(X: — Xy)] = E[f(X; — X))],
or equivalently
E[14f(X; — X)] = P(A) E[f (X, — X))].

This holds for any A € % (when P(A) = 0 the equality is trivial), and thus X; — X;
is independent of .%;.

It follows that, if p = 0 < #; < ... < 1,, the vectors X;;, — X;,X;, —
Xeyyooos Xy, — X, are independent. Since the components of each of these vectors
are independent random variables, we obtain that all variables X{k — ng_l, 1 <
j < d,1 £k < p are independent, and X{k — X{kfl is distributed according to
(0, ty—tr—1). This implies that X — X is a d-dimensional Brownian motion started
from 0. Since we also know that X —X|, is independent of Xj (as an easy consequence
of the fact that X, — X is independent of .Z, for every 0 < s < t), we get that X
is a d-dimensional Brownian motion. Finally, X is adapted and has independent
increments with respect to the filtration (.%;) so that X is a d-dimensional (.%;)-
Brownian motion. |

5.3.2 Continuous Martingales as Time-Changed Brownian
Motions

The next theorem shows that any continuous local martingale M can be written as a
“time-changed” Brownian motion (in fact, we prove this only when (M, M), = oo,
but see the remarks below). It follows that the sample paths of M are Brownian
sample paths run at a different (varying) speed, and certain almost sure properties of
sample paths of M can be deduced from the corresponding properties of Brownian
sample paths. For instance, under the condition (M, M)+, = oo, the sample paths
of M must oscillate between +o00 and —oo as t — oo (cf. the last assertion of
Proposition 2.14).
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Theorem 5.13 (Dambis—Dubins—-Schwarz) Let M be a continuous local martin-
gale such that (M,M)oc = 00 a.s. There exists a Brownian motion (By)s>0 such
that

as.Nt>0, M,=Bcyus,-

Remarks

(i) One can remove the assumption (M, M) = 00, at the cost of enlarging the
underlying probability space, see [70, Chapter V].

(i) The Brownian motion § is not adapted with respect to the filtration (.%;), but
with respect to a “time-changed” filtration, as the following proof will show.

Proof We first assume that My = 0. For every r > 0, we set
T, =inf{t > 0: (M,M), > r}.

Note that 7, is a stopping time by Proposition 3.9. Furthermore, we have 7, < oo
for every r > 0, on the event {{(M, M), = oo}. It will be convenient to redefine the
variables 7, on the (negligible) event A4 = {(M, M) < oo} by taking z,(w) = 0
for every r > 0 if ® € 4. Since the filtration is complete, 7, remains a stopping
time after this modification.

By construction, for every w € £2, the function r > t,(w) is nondecreasing and
left-continuous, and therefore has a right limit at every r > 0. This right limit is
denoted by 7,4 and we have

T+ = inf{t > 0: (M,M); > r},

except of course on the negligible set ./, where 7,4+ = 0.

We set B, = M, for every r > 0. By Theorem 3.7, the process (8,),>¢ is adapted
with respect to the filtration (¥,) defined by ¥, = %, for every r > 0, and ¥, =
Z - Note that the filtration (¢,) is complete since this property holds for (.%;).

The sample paths r — §,(w) are left-continuous and have right limits given for
every r > 0 by

r+ = lim B, =M, _ .
:3+ S~L¢"IB +

In fact we have 8,1 = B, for every r > 0, a.s., as a consequence of the following
lemma.

Lemma 5.14 We have a.s. for every 0 < a < b,
M, =M, Vtelab] < (M,M), = (M,M),.

Let us postpone the proof of the lemma. Since (M, M), = (M, M), for every

r > 0, Lemma 5.14 implies that M;, = M, ___, for every r > 0, a.s. Hence the sample
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paths of B are continuous (to be precise, we should redefine 8, = 0, for every r > 0,
on the zero probability set where the property of Lemma 5.14 fails).

Let us verify that 8, and ,33 — s are martingales with respect to the filtration
(¢4,). For every integer n > 1, the stopped continuous local martingales M™ and
(M™)%— (M, M)™ are uniformly integrable martingales (by Theorem 4.13, recalling
that My = 0 and noting that (M™ , M™)s, = (M,M),, = n as.). The optional
stopping theorem (Theorem 3.22) then implies that, forevery 0 <r < s <n,

E[:Bv I gr] = E[Mt:’ | jl’r] = M;,n = IBr

T

and similarly
E[B; —s| %] = E(M7)’ = (M™ M™) | Fy] = (M?)? —(M" ,M™),, = B} —r.

Then the case d = 1 of Theorem 5.12 shows that 8 is a (¥,)-Brownian motion.
Finally, by the definition of 8, we have a.s. for every t > 0,

ﬁ<M,M>1 = MT<M.M>, .

Butsince Ty >, <t < T<ym>,+ and since (M, M) takes the same value at Ty p>,
and at Toy m>,+, Lemma 5.14 shows that M; = M,_,, . for every r > 0, a.s. We
conclude that we have M; = By u>, for every t > 0, a.s. This completes the proof
when My = 0.

If My # 0, we write M; = My + M, and we apply the previous argument to M’,
in order to get a Brownian motion g" with B = 0, such that M; = B, for
every t > 0 a.s. Since 8’ is a (4,)-Brownian motion, 8’ is independent of ¥, = %,
hence of My. Therefore, 8, = My + ,3; is also a Brownian motion, and we get the
desired representation for M. O

Proof of Lemma 5.14 Thanks to the continuity of sample paths of M and (M, M),
it is enough to verify that for any fixed a and b such that 0 < a < b, we have

{M;, =M,, Vtelabl}={{MM),={MM),}, as.
The fact that the event in the left-hand side is (a.s.) contained in the event in the
right-hand side is easy from the approximations of (M, M) in Theorem 4.9.
Let us prove the converse. Consider the continuous local martingale N, = M, —
M, and note that
(N,N): = (M, M), — (M, M)nqa-

For every ¢ > 0, introduce the stopping time

T, = inf{t > 0: (N,N), > &}.
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Then N+ is a martingale in H? (since (N':, N'¢) oo < &). Fix t € [a, b]. We have
EINj\7,] = E[(N.N)inz] < e.
Hence, considering the event A := {{M, M), = (M,M),} C {T. > b},
E[14N;] = E[luN;57,] < EIN; 7] < .

By letting ¢ go to 0, we get E[14N?] = 0 and thus N; = 0 a.s. on A, which completes
the proof. O

We can combine the arguments of the proof of Theorem 5.13 with Theorem 5.12
to get the following technical result, which will be useful when we consider the
image of planar Brownian motion under holomorphic transformations in Chap. 7.

Proposition 5.15 Let M and N be two continuous local martingales such that My =
Ny = 0. Assume that

i) (M,M), = (N,N); foreveryt > 0, a.s.
(i) M and N are orthogonal ({(M,N), = 0 for everyt > 0, a.s.)
(iii)) (M, M)oo = (N,N)oo = 00, a.s.

Let B = (B1)i=0, resp. ¥ = (V1)i=0, be the real Brownian motion such M, = By m),»
resp. Ny = Y.y, for every t > 0, a.s. Then B and y are independent.

Proof We use the notation of the proof of Theorem 5.13 and note that we have
B, = M, and y, = N, where

= inf{t > 0: (M, M), > r} = inf{r > 0 : (N.N), > r}.

We know that 8 and y are (¥,)-Brownian motions. Since M and N are orthogonal
martingales, we also know that M;N; is a local martingale. As in the proof of
Theorem 5.13, and using now Proposition 4.15 (v), we get that, for every n > 1,
M;{"N;" is a uniformly integrable martingale, and by applying the optional stopping
theorem, we obtain that forr < s <n,

E[Bsys | 9] = E[MZ’N;” | yrr] = M;:IN;:’ = Bsyr

so that B,y, is a (¢,)-martingale and the bracket (B, y) (evaluated in the filtration
(¢4,)) is identically zero. By Theorem 5.12, it follows that (B,y) is a two-
dimensional Brownian motion and, since 8y = Yy = 0, this implies that 8 and
y are independent. O
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5.3.3 The Burkholder—Davis—Gundy Inequalities

We now state important inequalities connecting a continuous local martingale with
its quadratic variation. If M is a continuous local martingale, we set

Mt* = sup |M;]

s<t

for every t+ > 0. Theorem 5.16 below shows that, under the condition My = 0,
for every p > 0, the p-th moment of M is bounded above and below (up to
universal multiplicative constants) by the p-th moment of /(M, M),. These bounds
are very useful because, in particular when M is a stochastic integral, it is often
easier to estimate the moments of /(M, M), than those of M;". Such applications
arise, for instance, in the study of stochastic differential equations (see e.g. the proof
of Theorem 8.5 below).

Theorem 5.16 (Burkholder-Davis—Gundy inequalities) For every real p > 0,
there exist two constants c,, C, > 0 depending only on p such that, for every
continuous local martingale M with My = 0, and every stopping time T,

¢, E[M. MY2/?] < E{(M)) < C, E[(M. MY/?).

Remark It may happen that the quantities E[{M, M )‘;/ 2] and E[(M7)"] are infinite.
The theorem says that these quantities are either both finite (then the stated bounds
hold) or both infinite.

Proof Replacing M by the stopping martingale M7, we see that it is enough to treat
the special case T = oco. We then observe that it suffices to consider the case when
M is bounded: Assuming that the bounded case has been treated, we can replace M
by M+, where T,, = inf{t > 0 : |[M,| = n}, and we get the general case by letting n
tend to co.

The left-hand side inequality, in the case p > 4, follows from the result of
question 4. in Exercise 4.26. We prove below the right-hand side inequality for all
values of p. This is the inequality we will use in the sequel (we refer to [70, Chapter
IV] for the remaining case).

We first consider the case p > 2. We apply 1t6’s formula to the function |x|?:

t 1 t
i = [ pisptsentoa ant + 3 [ o= DM a0 ).
0 0
Since M is bounded, hence in particular M € H2, the process

t
/ pIM [P~ sgn(My) dM
0
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is a martingale in H?. We therefore get

ey = P21 / o |
- p(pz— )E[(Mt*)p_2<M’M)']
< PO D oy o2 et w2,

by Holder’s inequality. On the other hand, by Doob’s inequality in L (Proposi-
tion 3.15),

B0y = (2 ) Bl

and combining this bound with the previous one, we arrive at

sy = (25) P05 ) " et g

2

It now suffices to let # tend to oco.
Consider then the case p < 2. Since M € H?, M> — (M, M) is a uniformly
integrable martingale and we have, for every stopping time 7,

E[(M7)*] = E[(M, M)7].
Let x > 0 and consider the stopping time T := inf{t > 0 : (M,)*> > x}. Then, if T
is any bounded stopping time,

PAMEY = x) = P(T, < T) = P(Mrnr) = %) < ~E[(Mr 7))

~><

= —E[(M,M)1,A7]

~><

< —E[(M.M)r].

=

Next consider the stopping time S, := inf{r > 0 : (M, M), > x}. Observe that,
for every t > 0, we have {(M;)* > x} C ({(M3 ,,)* = x} U {S, < 1}). Using the
preceding bound with 7' = S, A ¢, we thus get

P((M})? = x)

IA

P((M3 5)* =x) + P(Sc < 1)

IA

LEM. M)s.p) + PO M), 2 )
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)—ICE[(M, M); A 2]+ P((M, M), = )

1
;E[(M» M) Vi my, <) + 2 P((M, M), > x).

To complete the proof, set g = p/2 € (0, 1) and integrate each side of the last bound
with respect to the measure g x¢~' dx. We have first

00 (M)
| pny = naeta=p[ [ gxtad] = B,
0 0
and similarly
o0
[ Py, =0 gt ax = sl )
0
Furthermore,

o0

1 _

/ ;E[(M, M) Yy, <) g x4 " dx
0

o0

= E[(m. M),/ gx2dx| = —L E[(M, M)Y).
(M.M), 1
Summarizing, we have obtained the bound
EIM)™) < (24— ) El(M. M),
l—¢g

and we just have to let t — oo to get the desired result. O

Corollary 5.17 Let M be a continuous local martingale such that My = 0. The
condition

E[(M, M)/ < 00

implies that M is a uniformly integrable martingale.

Proof By the case p = 1 of Theorem 5.16, the condition E[{M, M)ééz] < 00
implies that E[M} ] < oco. Proposition 4.7 (ii) then shows that the continuous local
martingale M, which is dominated by the variable M}, is a uniformly integrable
martingale. O

The condition E[{M, M )ééz] < oo is weaker than the condition E[{(M, M)s] <

oo, which ensures that M € H?. The corollary can be applied to stochastic integrals.
If M is a continuous local martingale and H is a progressive process such that, for
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every t > 0,

E[(/tHfd(M,M)s)l/z] < o0,
0

then fot H,dM; is a martingale, and formulas (5.6) and (5.9) for the first moment and
the conditional expectations of fot HdM; hold (of course with t < 00).

5.4 The Representation of Martingales as Stochastic
Integrals

In the special setting where the filtration on £2 is the completed canonical filtration
of a Brownian motion, we will now show that all martingales can be represented as
stochastic integrals with respect to that Brownian motion. For the sake of simplicity,
we first consider a one-dimensional Brownian motion, but we will discuss the
extension to Brownian motion in higher dimensions at the end of this section.

Theorem 5.18 Assume that the filtration (%;) on $2 is the completed canonical
filtration of a real Brownian motion B started from 0. Then, for every random
variable Z € [*(2, Foo. P), there exists a unique progressive process h € L*(B)
(i.e. E[[y° h2ds] < co) such that

o0
Z = E[Z] +/ hs dB.
0

Consequently, for every martingale M that is bounded in L? (respectively, for every
continuous local martingale M), there exists a unique process h € L*(B) (resp.
h € L2, (B)) and a constant C € R such that

loc
t

M, = C+/ h dB;.
0

Remark As the proof will show, the second part of the statement applies to a
martingale M that is bounded in L?, without any assumption on the continuity
of sample paths of M. This observation will be useful later when we discuss
consequences of the representation theorem. Note that continuous local martingales
have continuous sample paths by definition.

Lemma 5.19 Under the assumptions of the theorem, the vector space generated by
the random variables

exp (i 2": Aj(B; — Bzf,-71))a

j=1
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for any choice of 0 =ty < t) < --- <tyand Ay,...,A, € R, is dense in the space
L%C(Q, F o0, P) of all square-integrable complex-valued ¥ -measurable random
variables.

Proof It is enough to prove that, if Z € L%C (£2, oo, P) is such that

E[Z exp i Z 2B, = By )| =0 (5.17)

J=1

for any choice of 0 =1y <t; <---<tyand Ay,..., A, € R, then Z = 0.
Fix0=1 <t <--- <t,, and consider the complex measure . on R" defined
by

u(F) = E[Z 1r(By, By, — By, ..., By, — Bt,,,l)]

for any Borel subset F of R”. Then (5.17) exactly shows that the Fourier transform
of u is identically zero. By the injectivity of the Fourier transform on complex
measures on R, it follows that ;1 = 0. We have thus E[Z14] = 0 for every A €
o(By,...,B:).

A monotone class argument then shows that the identity E[Z14] = 0 remains
valid for any A € o(B;,t > 0), and then by completion for any A € %. It follows
that Z = 0. 0

Proof of Theorem 5.18 We start with the first assertion. We first observe that the
uniqueness of / is easy since, if the representation of a given variable Z holds with
two processes  and /4’ in L?(B), we have

E[/Ooo(hs — Hyds] = E[(/Ooo hy dB, —/Ooo h;dBJ)Z] =0,

hence h = I’ in L*(B).

Let us turn to the existence part. Let .77 stand for the vector space of all variables
Z € L*(2, F oo, P) for which the property of the statement holds. We note that if
Z €  and h is the associated process in L?(B), we have

E[Z%] = (E[Z])® + E[ /0 ~ ds].

It follows that J# is a closed subspace of L?*(£2,.%wo, P). Indeed, if (Z,) is a
sequence in .77 that converges to Z in L?(£2, %o, P), the processes h" corre-
sponding respectively to the variables Z, form a Cauchy sequence in L*(B), hence
converge in L?>(B) to a certain process 4 € L?(B) — here we use the Hilbert space
structure of L?(B) — and it immediately follows that Z = E[Z] + fooo hy dB;.

Since .77 is closed, in order to prove that % = L?(£2, %o, P), we just have to
verify that .77 contains a dense subset of L2(£2, %o, P). Let0 =1y < 1] < -+- < t,
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and Ay,...,A, € R, and set f(s) = 27:1 Al 41(s). Write éatf for the exponential
martingale & (i [, f(s) dBy) (cf. Proposition 5.11). Proposition 5.11 shows that

S I ¢ [
exp (IZAi(Bg —B, )+ 3 Z%;(tj - tj—l)) =&, =1+ 1/0 &lf(s) dBy
=1 =1

and it follows that both the real part and the imaginary part of variables of the form
exp (i 27:1 Aj(By;—By;_, )) are in .77. By Lemma 5.19, linear combinations of such
random variables are dense in L2 (£2, oo, P). This completes the proof of the first
assertion of the theorem.

Let us turn to the second assertion. If M is a martingale that is bounded in L2,
then My € L*(£2, Z o, P), and thus can be written in the form

o0
Mo = ElMo] + [ B,
0
where /1 € L*(B). Thanks to (5.9), it follows that
t
M, = EMo | )] = E[Moo] + / hy dB,
0

and the uniqueness of # is also immediate from the uniqueness in the first assertion.

Finally, if M is a continuous local martingale, we have first My = C € R because
the o-field .%, contains only events of probability zero or one. If 7, = inf{r > 0 :
|M,| > n} we can apply the case of martingales bounded in L? to M™" and we get a
process 1" € L?(B) such that

t
M = c+/ A" dB;.
0
Using the uniqueness of the progressive process in the representation, we get that
= 10.7,,1 () W if m < n, ds ae., a.s. It is now easy to construct a process
he Lfoc (B) such that, for every m, him) = 1j0.7,,)(5) hy, ds a.e., a.s. The representation
formula of the theorem follows, and the uniqueness of % is also straightforward. O

Consequences Let us give two important consequences of the representation
theorem. Under the assumptions of the theorem:

(1) The filtration (.%,),>( is right-continuous. Indeed, let > 0 and let Z be .7, -
measurable and bounded. We can find & € L?(B) such that

o0
Z =E[Z) + / hydB.
0
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Ife > 0, Z is %, .-measurable, and thus, using (5.9),
t+e
Z=ElZ| Fud =EA+ [ .
0
When & — 0 the right-hand side converges in L? to

t
E[Z] +/ hydB;.
0

Thus Z is equal a.s. to an .%,-measurable random variable, and, since the
filtration is complete, Z is .%,-measurable.

A similar argument shows that the filtration (.%#,),>¢ is also left-continuous:
If, for t > 0, we let

Fo=\/ Z

s€[0,1)

be the smallest o-field that contains all o-fields .%; for s € [0,¢), we have
G = .

All martingales of the filtration (.%;),>( have a modification with continu-
ous sample paths. For a martingale that is bounded in L?, this follows from the
representation formula (see the remark after the statement of the theorem). Then
consider a uniformly integrable martingale M (if M is not uniformly integrable,
we just replace M by M,, for every a > 0). In that case, we have, for every
t>0,

By Theorem 3.18 (whose application is justified as we know that the filtration is
right-continuous), the process M, has a modification with cadlag sample paths,
and we consider this modification. Let Mgé) be a sequence of bounded random

variables such that M(o'é) —> My in L! as n — oo. Introduce the martingales
M" = EMG) | 7).
which are bounded in L2. By the beginning of the argument, we can assume

that, for every n, the sample paths of M®™ are continuous. On the other hand,
Doob’s maximal inequality (Proposition 3.15) implies that, for every A > 0,

n 3 n
P[sup M —Mi| > 2] = 2 EIME — Mec])

>0
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It follows that we can find a sequence n; 1 oo such that, for every k > 1,

P[sup M — M| > 2"‘] <27k

>0

An application of the Borel-Cantelli lemma now shows that

sup |M,("") —M,| 250
tZO k—o00

and we get that the sample paths of M are continuous as uniform limits of
continuous functions.

Multidimensional extension Let us briefly describe the multidimensional exten-
sion of the preceding results. We now assume that the filtration (.%;) on £2 is
the completed canonical filtration of a d-dimensional Brownian motion B =
(B',...,BY) started from 0. Then, for every random variable Z € L*(2, %o, P),
there exists a unique d-tuple (h', ..., h?) of progressive processes, satisfying

E[/oo(hf;)zds] <oo, Viell,....d),
0

such that

d o0
Z =E|Z] + Z/ h dB..
i=1 70

Similarly, if M is a continuous local martingale, there exist a constant C and a unique
d-tuple (h', ..., h%) of progressive processes, satisfying

t
/(hi)zds<oo,a.s. Vi>0, Viell,...,d},
0

such that

d t
M, = c+2/ ) dB.
i=170

The proofs are exactly the same as in the case d = 1 (Theorem 5.18). Consequences
(1) and (2) above remain valid.
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5.5 Girsanov’s Theorem

Throughout this section, we assume that the filtration (%) is both complete and
right-continuous. Our goal is to study how the notions of a martingale and of a
semimartingale are affected when the underlying probability measure P is replaced
by another probability measure Q. Most of the time we will assume that P and Q are
mutually absolutely continuous, and then the fact that the filtration (.%;) is complete
with respect to P implies that it is complete with respect to Q. When there is a risk of
confusion, we will write Ep for the expectation under the probability measure P, and
similarly E, for the expectation under Q. Unless otherwise specified, the notions of a
(local) martingale or of a semimartingale refer to the underlying probability measure
P (when we consider these notions under Q we will say so explicitly). Note that, in
contrast with the notion of a martingale, the notion of a finite variation process does
not depend on the underlying probability measure.

Proposition 5.20 Assume that Q is a probability measure on ($2, F), which is
absolutely continuous with respect to P on the o-field F . For every t € [0, 00), let

d
p, = %
dP |z,

be the Radon—Nikodym derivative of Q with respect to P on the o-field %#,. The
process (Dy);>o is a uniformly integrable martingale. Consequently (D;);>o has a
cadlag modification. Keeping the same notation (Dy)>¢ for this modification, we
have, for every stopping time T,

do

TIPS

Finally, if we assume furthermore that P and Q are mutually absolutely continuous
on Foo, we have

inf D, >0, Pa.s.
>0

Proof If A € .%,, we have
0(A) = Ep[14] = Ep[14Doo] = Ep[14Ep[Deo | F4]
and, by the uniqueness of the Radon—Nikodym derivative on .%;, it follows that
D, = Ep[Doo | F1], a.s.
Hence D is a uniformly integrable martingale, which is closed by D,. Theorem 3.18

(using the fact that (.%;) is both complete and right-continuous) then allows us to
find a cadlag modification of (D;),>o, which we consider from now on.
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Then, if T is a stopping time, the optional stopping theorem (Theorem 3.22) gives
for every A € Fr,

Q(A) = Ep[14] = Ep[14Doo] = Ep[l4 Ep[Doo | Zr]] = Ep[14D1],

and, since Dr is .%#r-measurable, it follows that

dQ

"= 4P

Let us prove the last assertion. For every ¢ > 0, set
T, =inf{t > 0:D, < ¢}

and note that T is a stopping time as the first hitting time of an open set by a cadlag
process (recall Proposition 3.9 and the fact that the filtration is right-continuous).
Then, noting that the event {7, < oo} is .%7,-measurable,

O(T: < 00) = Ep[lyr,<00} D1.] < &

since Dy, < ¢ on {T; < oo} by the right-continuity of sample paths. It immediately
follows that

o( (YiTun < 1) =0
n=1

and since P is absolutely continuous with respect to Q we have also

P(ﬁ{rw < oo}) - 0.

n=1

But this exactly means that, P a.s., there exists an integer n > 1 such that 7,, = oo,
giving the last assertion of the proposition. O

Proposition 5.21 Let D be a continuous local martingale taking (strictly) positive
values. There exists a unique continuous local martingale L such that

D, = exp (L, — %(L, L),) — &(L),.

Moreover, L is given by the formula

t
L,:logDo+/ D' dD;.
0
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Proof Uniqueness is an easy consequence of Theorem 4.8. Then, since D takes
positive values, we can apply Itd’s formula to logD, (see the remark before
Proposition 5.11), and we get

log D, = log D +/th‘? I/td(D’D* L 1(L L)
(0] =10 - A — S = - X £ £
gL g1y D 2 ) D% t 2 t

where L is as in the statement. O

We now state the main theorem of this section, which explains the relation
between continuous local martingales under P and continuous local martingales
under Q.

Theorem 5.22 (Girsanov) Assume that the probability measures P and Q are
mutually absolutely continuous on ¥ . Let (D;);>0 be the martingale with cadlag
sample paths such that, for every t > 0,

_do
T AP
Assume that D has continuous sample paths, and let L be the unique continuous
local martingale such that D, = & (L),. Then, if M is a continuous local martingale
under P, the process

M=M- (ML)

is a continuous local martingale under Q.

Remark By consequences of the martingale representation theorem explained at
the end of the previous section, the continuity assumption for the sample paths of
D always holds when (%) is the (completed) canonical filtration of a Brownian
motion. In applications of Theorem 5.22, one often starts from the martingale (D;)
to define the probability measure Q, so that the continuity assumption is satisfied by
construction (see the examples in the next section).

Proof The fact that D, can be written in the form D, = &(L); follows from
Proposition 5.21 (we are assuming that D has continuous sample paths, and we also
know from Proposition 5.20 that D takes positive values). Then, let T be a stopping
time and let X be an adapted process with continuous sample paths. We claim that,
if (XD)” is a martingale under P, then X7 is a martingale under Q. Let us verify the
claim. By Proposition 5.20, Eg[|X7¢|]] = Ep[|Xra:Dra:]] < 00, and it follows that
XT e L'(Q). Then, let A € %, and s < t. Since A N {T > s} € Z,, we have, using
the fact that (XD)7 is a martingale under P,

Ep[lanir>ssXTAiDrAi]l = Ep[lanr>aXTAsD1As]-
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By Proposition 5.20,

L, _d0 _do
TAt — dP‘.?TA,’ TAs — dP |,§'/7»1~/\$’

and thus, since A N {T > s} € Fras C Fray, it follows that

Eo[langrssXrald = Eollanir>sX1As]-

On the other hand, it is immediate that

Eollangr<sXrail = Eollanir<ssX7asl-

By combining with the previous display, we have Eg[14X7A,] = Eg[1aX7ns], giving
our claim. As a consequence of the claim, we get that, if XD is a continuous local
martingale under P, then X is a continuous local martingale under Q.

Next let M be a continuous local martingale under P, and let M be as in the
statement of the theorem. We apply the preceding observation to X = M, noting
that, by 1t6’s formula,

t t t
MtDt = MODO + / Mv de + / DS de - / DS d<M7 L)v + (Ma D)t
0 0 0
t _ t
= MyD, + / M, dD, + / D, dM,
0 0

since d(M, L), = D;'d(M, D), by Proposition 5.21. We get that MD is a continuous
local martingale under P, and thus M is a continuous local martingale under Q. O

Consequences

(a) A process M which is a continuous local martingale under P remains a
semimartingale under Q, and its canonical decomposition under Q is M =
M+ (M, L) (recall that the notion of a finite variation process does not depend on
the underlying probability measure). It follows that the class of semimartingales
under P is contained in the class of semimartingales under Q.

In fact these two classes are equal. Indeed, under the assumptions of
Theorem 5.22, P and Q play symmetric roles, since the Radon—-Nikodym
derivative of P with respect to Q on the o-field .%; is Dt_1 , which has continuous
sample paths if D does.

We may furthermore notice that

D = exp (= L+ (L L) - %(L, L)) =exp(—Li—5(L.1),) = &L,

N =
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where L = L — (L, L) is a continuous local martingale under Q, and (L,L) =
(L, L). So, under the assumptions of Theorem 5.22, the roles of P and Q can be
interchanged provided D is replaced by D~! and L is replaced by —L.

(b) Let X and Y be two semimartingales (under P or under Q). The bracket (X, Y)
is the same under P and under Q. In fact this bracket is given in both cases by
the approximation of Proposition 4.21 (this observation was used implicitly in
(a) above).

Similarly, if H is a locally bounded progressive process, the stochastic
integral H - X is the same under P and under Q. To see this it is enough to
consider the case when X = M is a continuous local martingale (under P).
Write (H - M)p for the stochastic integral under P and (H - M)¢ for the one
under Q. By linearity,

(H-M)p=(H-M)p—H-(M,L) = (H-M)p— ((H-M)p,L),

and Theorem 5.22 shows that (H-M)p is a continuous local martingale under Q.
Furthermore the bracket of this continuous local martingale with any continuous
local martingale N under Q is equalto H - (M,N) = H - (M, N), and it follows
from Theorem 5.6 that (H - M)p = (H - M)Q hence also (H - M)p = (H - M),.

With the notation of Theorem 5.22, set M = %5 (M). Then ¢} maps the
set of all P-continuous local martingales onto the set of all Q-continuous local
martingales. One easily verifies, using the remarks in (a) above, that %9 ) gé’ =
1d. Furthermore, the mapping %g commutes with the stochastic integral: if H is
a locally bounded progressive process, H - 45 (M) = 45 (H - M).

(c) Suppose that M = B is an (.%;)-Brownian motion under P, then B = B — (B, L)
is a continuous local martingale under Q, with quadratic variation (B, B) ¢ =
(B,B), = t. By Theorem 5.12, it follows that B is an (Z;)-Brownian motion
under Q.

In most applications of Girsanov’s theorem, one constructs the probability
measure Q in the following way. Start from a continuous local martingale L such
that Lo = O and (L, L) < 00 a.s. The latter condition implies that the limit Lo, :=
lim,— o0 L; exists a.s. (see Exercise 4.24). Then & (L), is a nonnegative continuous
local martingale hence a supermartingale (Proposition 4.7), which converges a.s.
to0 & (L)oo = exp(Loo — %(L, L)), and E[&(L)oo] < 1 by Fatou’s lemma. If the

property
E[€(L)oo] =1 (5.18)

holds, then &(L) is a uniformly integrable martingale (by Fatou’s lemma again, one
has &(L); > E[6 (L)oo | %], but (5.18) implies that E[&(L)oo] = E[&(L)o] =
E[&(L);] for every t > 0). If we let Q be the probability measure with density
& (L)oo With respect to P, we are in the setting of Theorem 5.22, with D, = &(L);.
It is therefore very important to give conditions that ensure that (5.18) holds.
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Theorem 5.23 Let L be a continuous local martingale such that Ly = 0. Consider
the following properties:
(i) Elexp %(L, L)oo] < 00 (Novikov’s criterion);
(ii) L is a uniformly integrable martingale, and Elexp %Loo] < oo (Kazamaki’s
criterion);
(iii) & (L) is a uniformly integrable martingale.
Then, (i) = (ii) = (iii).

Proof (i) = (ii) Property (i) implies that E[(L, L)s] < oo hence also that L is a
continuous martingale bounded in L? (Theorem 4.13). Then,

exp 3 oo = (E(L)oe) " (exp(5 (L Loe))

so that, by the Cauchy—Schwarz inequality,

Elexp L Lec] = (EI6 W) P (Elexp(4 (L. o))
< (Elexp(3 (L. Lyoo))'/? < .

(il) = (iii) Since L is a uniformly integrable martingale, Theorem 3.22 shows
that, for any stopping time 7, we have Ly = E[Lo | %r]. Jensen’s inequality then
gives

1 1
exp ELT < Elexp ELOO | Zr].

By assumption, E[exp %Loo] < 00, which implies that the collection of all variables
of the form E[exp %Loo | %], for any stopping time T, is uniformly integrable.
The preceding bound then shows that the collection of all variables exp %LT, for any
stopping time 7, is also uniformly integrable.

For0 <a<1,set Z? = exp(l‘lTL’a). Then, one easily verifies that
&(aL), = (EWL))” Z)' .

If I' € F and T is a stopping time, Holder’s inequality gives
2 )1 1—a? a)11—a2 1 a(l—a
E[r&(aL)r) < E[f L))" ElLrz")'™ < EMrZy"]' ™ < E1y exp o Ly,

In the second inequality, we used the property E[&(L)r] < 1, which holds by
Proposition 3.25 because & (L) is a nonnegative supermartingale and &(L)o = 1.

In the third inequality, we use Jensen’s inequality, noting that 12+ 4 > 1. Since the
a
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collection of all variables of the form exp %LT, for any stopping time 7', is uniformly
integrable, the preceding display shows that so is the collection of all variables
& (aL)7 for any stopping time 7. By the definition of a continuous local martingale,
there is an increasing sequence 7, 1 oo of stopping times, such that, for every n,
& (aLl);at, is a martingale. If 0 < s < ¢, we can use uniform integrability to pass to
the limit n — oo in the equality E[&(aL)a1, | %] = &(aLl)sar, and we get that
& (aL) is a uniformly integrable martingale. It follows that

I = B @l)oe] = EI6 (ool EIZL] ™ < ES (Do Elexp 3 Loo 1)

using again Jensen’s inequality as above. When a — 1, this gives E[£(L)so] > 1
hence E[&(L)oo] = 1. O

5.6 A Few Applications of Girsanov’s Theorem

In this section, we describe a few applications of Girsanov’s theorem, which
illustrate the strength of the previous results.

Constructing solutions of stochastic differential equations Let » be a bounded
measurable function on R4 x R. We assume that there exists a function g €
L>(Ry, Z(R4), dr) such that |b(t,x)| < g(t) for every (¢,x) € Ry x R. This holds
in particular if there exists an A > 0 such that |b| is bounded on [0,A] x R4+ and
vanishes on (A, c0) x R.

Let B be an (.%;)-Brownian motion. Consider the continuous local martingale

t
L :/ b(s, Bs) dB;
0
and the associated exponential martingale
t 1 t
D, =&(), = exp(/ b(s, By) dBs — 5/ b(s, Bs)zds).
0 0

Our assumption on b ensures that condition (i) of Theorem 5.23 holds, and thus D
is a uniformly integrable martingale. We set Q = Dy - P. Girsanov’s theorem, and
remark (c) following the statement of this theorem, show that the process

t
B =B, — / b(s, By) ds
0

is an (.%,)-Brownian motion under Q.
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We can restate the latter property by saying that, under the probability measure
Q, there exists an (.%;)-Brownian motion 8 such that the process X = B solves the
stochastic differential equation

dX[ == dﬂ[ + b([, X[) dt.

This equation is of the type that will be considered in Chap. 7 below, but in contrast
with the statements of this chapter, we are not making any regularity assumption
on the function b. It is remarkable that Girsanov’s theorem allows one to construct
solutions of stochastic differential equations without regularity conditions on the
coefficients.

The Cameron—Martin formula We now specialize the preceding discussion to
the case where b(¢, x) does not depend on x. We assume that b(¢,x) = g(t), where
g € L>(Ry, (R4 ), dr), and we also set, for every ¢ > 0,

h(r) 2/0 g(s)ds.

The set .77 of all functions & that can be written in this form is called the Cameron—
Martin space. If h € 7, we sometimes write h= g for the associated function in
L*>(R,, Z(R,),dr) (this is the derivative of % in the sense of distributions).

As a special case of the previous discussion, under the probability measure

Q:=De-P= exp(/ooog(s) dB, — % /Ooog(s)zds) P,

the process B; := B, — h(t) is a Brownian motion. Hence, for every nonnegative
measurable function @ on C(R4, R),

Ep[Doo ¢((Bt)t20)] = EQ[¢((BI)TZO)] = EQ[d)((.Bt + h(f))rzo)]
= Ep[®((B; + h(1))=0)].

The equality between the two ends of the last display is the Cameron—Martin
formula. In the next proposition, we write this formula in the special case of the
canonical construction of Brownian motion on the Wiener space (see the end of
Sect.2.2).

Proposition 5.24 (Cameron—-Martin formula) Let W(dw) be the Wiener measure
on C(R4,R), and let h be a function in the Cameron—-Martin space €. Then, for
every nonnegative measurable function @ on C(Ry,R),

/ W(dw) O(w + h) = / W(dw) exp( /0 ~ i) dw(s) — % /0 sy ds>®(w).
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Remark The integral fooo h(s) dw(s) is a stochastic integral with respect to w(s)
(which is a Brownian motion under W(dw)), but it can also be viewed as a Wiener
integral since the function h(s) is deterministic. The Cameron—Martin formula can
be established by Gaussian calculations that do not involve stochastic integrals or
Girsanov’s theorem (see e.g. Chapter 1 of [62]). Still it is instructive to derive this
formula as a special case of Girsanov’s theorem.

The Cameron—Martin formula gives a “quasi-invariance” property of Wiener
measure under the translations by functions of the Cameron—Martin space: The
image of Wiener measure W(dw) under the mapping w — w + & has a density with
respect to W(dw) and this density is the terminal value of the exponential martingale
associated with the martingale for h(s)dw(s).

Law of hitting times for Brownian motion with drift Let B be a real Brownian
motion with By = 0, and for every @ > 0,let T, := inf{t > 0: B, = a}. If c € R is
given, we aim at computing the law of the stopping time

U, :=inf{t > 0: B, + ct = a}.

Of course, if ¢ = 0, we have U, = T,, and the desired distribution is given by
Corollary 2.22. Girsanov’s theorem (or rather the Cameron—Martin formula) will
allow us to derive the case where c is arbitrary from the special case ¢ = 0.

Fix t > 0 and apply the Cameron—Martin formula with

h(s) = clpzy . hs) =csAD)
and, for every w € C(R4, R),
D(W) = Limaxg g wi)=a}-
It follows that
P(U, < t) = E[®(B + h)]

- E[cp(B) exp (/Oooh(s) dB, — %/Oooh(s)zds)]

2
c
= E[l{r,< exp(cB; — 3t))]

2
C
= Ellir, <y exp(cBinr, — 5 (t AT))]

2
c
= E[lir,<s exp(ca — 5Ta)]
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t

— a —% Ca—%s
s e e
0 2ms3
t
:/ dsLe_%(a_C‘v)z
9
0 2ms3

where, in the fourth equality, we used the optional stopping theorem (Corol-
lary 3.23) to write

2 2
Elexp(cB; — Et) | «g.rATa] = exp(cBint, — E(l ANTa)),
and we also made use of the explicit density of 7, given in Corollary 2.22. This

calculation shows that the variable U, has a density on R4 given by

a

V2ms3

By integrating this density, we can verify that

e~ % (a—cs)?

¥(s) =

1 ife>0,

P =00 =) i <

which may also be checked more easily by applying the optional stopping theorem
to the continuous martingale exp(—2c¢(B; + ct)).

Exercises

In the following exercises, processes are defined on a probability space (2, F, P)
equipped with a complete filtration (F;):c[0,00]-

Exercise 5.25 Let B be an (.%#;)-Brownian motion with By = 0, and let H be an
adapted process with continuous sample paths. Show that Bl’ fot HdB;, converges in
probability when ¢ — 0 and determine the limit.

Exercise 5.26

1. Let B be a one-dimensional (.%,)-Brownian motion with By = 0. Let f be a twice
continuously differentiable function on R, and let g be a continuous function on
R. Verify that the process

X, = f(B) exp - /0 a5 )
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is a semimartingale, and give its decomposition as the sum of a continuous local
martingale and a finite variation process.

2. Prove that X is a continuous local martingale if and only if the function f satisfies
the differential equation

1" =2gf.

3. From now on, we suppose in addition that g is nonnegative and vanishes outside a
compact subinterval of (0, co). Justify the existence and uniqueness of a solution
fi of the equation f” = 2gf such that fi(0) = 1 and f{(0) = 0. Leta > 0 and
T, = inf{t > 0 : B, = a}. Prove that

E[exp ( — /OTH g(By) ds)] = fl(la)'

Exercise 5.27 (Stochastic calculus with the supremum) Preliminary question. Let
m : Ry —> R be a continuous function such that m(0) = 0, and let s : R — R
be the monotone increasing function defined by

s(t) = sup m(r).

0<r=<t

Show that, for every bounded Borel function z on R and every ¢ > 0,

t
/ (s(r) —m(r)) h(r)ds(r) = 0.
0
(One may first observe that f 1,(r) ds(r) = O for every open interval [ that does not
intersect {r > 0 : s(r) = m(r)}.)

1. Let M be a continuous local martingale such that M, = 0, and for every ¢ > 0,
let

S; = sup M,.

0<r<t

Let ¢ : R — R be a twice continuously differentiable function. Justify the
equality

0(S) = (0) + /0 ¢/(5,)dS,.
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2. Show that
t
(S — My) p(S) = B(S,) — / o(S,) dM,
0

where @(x) = [; ¢(v) dy for every x € R.
3. Infer that, for every A > 0,

e A(S; — My)e ™S

is a continuous local martingale.
4. Leta > 0and T = inf{t > 0 : S, — M, = a}. We assume that (M, M), = 00 a.s.
Show that T < oo a.s. and St is exponentially distributed with parameter 1/a.

Exercise 5.28 Let B be an (.%,)-Brownian motion started from 1. We fix ¢ € (0, 1)
and set T, = inf{r > 0 : B, = ¢}. We also let A > 0 and & € R\{0}.

1. Show that Z, = (B;ar.)* is a semimartingale and give its canonical decomposi-
tion as the sum of a continuous local martingale and a finite variation process.
2. Show that the process

IAT:
¢ ds
_ o
Zl‘ — (Bt/\TE) eXp ( - A. /0\ B_g)
is a continuous local martingale if o and A satisfy a polynomial equation to be
determined.
3. Compute

Hew(-+[ )]

Exercise 5.29 Let (X;);>0 be a semimartingale. We assume that there exists an
(:#;)-Brownian motion (B,)>¢ started from 0 and a continuous function » : R —
R, such that

t
X, =B, + / b(X,) ds.
0

1. Let F : R — R be a twice continuously differentiable function on R. Show
that, for F(X;) to be a continuous local martingale, it suffices that F' satisfies a
second-order differential equation to be determined.

2. Give the solution of this differential equation which is such that F(0) = 0 and
F'(0) = 1. In what follows, F stands for this particular solution, which can be
written in the form F(x) = f(f exp(—28(y)) dy, with a function B that will be
determined in terms of b.
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3. In this question only, we assume that b is integrable, i.e. [, |b(x)|dx < co.

(a) Show that the continuous local martingale M; = F(X,) is a martingale.
(b) Show that (M, M), = o0 a.s.
(c) Infer that

limsupX; = +o0, liminfX; = —oco, as.
t—00 =00

4. We come back to the general case. Let ¢ < 0 and d > 0, and
T.=inf{tr>0:X,<c}, T,=inf{r >0: X, > d}.

Show that, on the event {T. A T; = oo}, the random variables |B,4+| — B,|, for
integers n > 0, are bounded above by a (deterministic) constant which does not
depend on n. Infer that P(T, A Ty = c0) = 0.

5. Compute P(T. < Ty) in terms of F(c) of F(d).

6. We assume that b vanishes on (—oo, 0] and that there exists a constant o > 1/2
such that b(x) > «/x for every x > 1. Show that, for every ¢ > 0, one can choose
¢ < 0 such that

P(T, < T, foreveryn>1)>1—¢.
Infer that X, — 400 as t — 00, a.s. (Hint: Observe that the continuous local
martingale M7, is bounded.)

7. Suppose now b(x) = 1/(2x) for every x > 1. Show that

liminf X, = —00, a.s.
—> 00

Exercise 5.30 (Lévy area) Let (X;,Y;)>0 be a two-dimensional (.%;)-Brownian
motion started from 0. We set, for every r > 0 :

t t
o = / X,dY, — / Y, dX, (Lévy’s area).
0 0

1. Compute (27, o7), and infer that (.27 ),>¢ is a square-integrable (true) martingale.
2. Let A > 0. Justify the equality

E[e*] = E[cos(A.7)].
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3. Let f be a twice continuously differentiable function on R . Give the canonical
decomposition of the semimartingales
Z, = cos(A.e),

0
2

W, = X7+ Y+ f(0).

Verify that (Z, W), = 0.
4. Show that, for the process Z; "' to be a continuous local martingale, it suffices
that f solves the differential equation

0 =@ =22
5. Let r > 0. Verify that the function

f(t) = —log cosh(A(r — 1))
solves the differential equation of question 4. and derive the formula

1

inely _
Ele™] cosh(Ar)’

Exercise 5.31 (Squared Bessel processes) Let B be an (.%,)-Brownian motion
started from 0, and let X be a continuous semimartingale. We assume that X takes
values in R, and is such that, for every ¢ > 0,

t
X,:x+2/ VX;dBs + at
0

where x and « are nonnegative real numbers.

1. Let f : Ry — R4 be a continuous function, and let ¢ be a twice continuously
differentiable function on R, taking strictly positive values, which solves the
differential equation

" =2f¢

and satisfies ¢(0) = 1 and ¢’(1) = 0. Observe that the function ¢ must then be
decreasing over the interval [0, 1].
We set

_ 90
2¢(1)

u(t)
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for every ¢t > 0. Verify that we have, for every t > 0,
(1) 4+ 2u(t)* = (1)
then show that, for every ¢t > 0,
t t t
u(®)X, — | f(s)X;ds = u(0)x + / u(s)dXx, —2 / u(s)*X, ds.
0 0 0
We set
t
Y, = u()X; — / f(s) Xy ds.
0
2. Show that, for every ¢ > 0,
()~ e = EW),

where &(N), = exp(N; — %(N ,N),) denotes the exponential martingale associ-
ated with the continuous local martingale

t
N; = u(0)x + 2/ u(s) \/ZdBS.
0
3. Infer from the previous question that
1
_ = o(1)*? exp(Z¢’
Elexo (= [ r61%.)] = o expGo' O
4. Let A > 0. Show that
! X
E[exp ( —A / X, ds)] = (cosh(v/22))™*/* exp(=3 V21 tanh(~/21).
0

5. Show that, if 8 = (B;):>0 is a real Brownian motion started from y, one has, for
every A > 0,

exp / ,32 ds (cosh(«/ﬁ))_l/2 exp(—yz2 V21 tanh(«/ﬁ)).

Exercise 5.32 (Tanaka’s formula and local time) Let B be an (.%;)-Brownian
motion started from 0. For every ¢ > 0, we define a function g, : R — R by

setting g.(x) = V& + x2.
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1. Show that
g:(B)) = g.(0) + M; + A;

where M? is a square integrable continuous martingale that will be identified in
the form of a stochastic integral, and A® is an increasing process.
2. We set sgn(x) = 1.0y — 1ix<0y for every x € R. Show that, for every ¢t > 0,

2 t
M; N / sgn(By) dB;.
e—=>0 Jo

Infer that there exists an increasing process L such that, for every r > 0,

t
|B:| = / sgn(B;)dB; + L; .
0

3. Observing that A — L, when ¢ — 0, show that, for every § > 0, for every
choice of 0 < u < v, the condition (|B;| > § for every ¢ € [u, v]) a.s. implies
that L, = L,,. Infer that the function # > L, is a.s. constant on every connected
component of the open set {r > 0 : B, # 0}.

4., We set 8, = fot sgn(B,) dB, for every r > 0. Show that (8,)>0 is an (%)-
Brownian motion started from 0.

5. Show that L, = sup(—p;), a.s. (In order to derive the bound L, < sup(—p;), one

s<t s<t
may consider the last zero of B before time #, and use question 3.) Give the law
of L;.
6. For every ¢ > 0, we define two sequences of stopping times (S%),>1 and (T}),>1,
by setting
Si=0, T;=inf{t>0:|B] = ¢}
and then, by induction,
Sy =inf{t>T, :B, =0}, T, ,=inf{t>S,, :|B|=¢}.

For every t > 0, we set N° = sup{n > 1 : T, < t}, where sup @ = 0. Show that

12
eN; — L,.
e—>0

(One may observe that
t o0
L + / ( 1[33,75](s)) sgn(By;)dB; = e N; +r{
0 n=1

where the “remainder” ¥ satisfies || < ¢.)
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7. Show that N!/\/t converges in law as t — oo to |U|, where U is .4 (0, 1)-
distributed.

(Many results of Exercise 5.32 are reproved and generalized in Chap. 8.)

Exercise 5.33 (Study of multidimensional Brownian motion) Let B, =
(B!,B?,...,BY) be an N-dimensional (%)-Brownian motion started from
x = (x1,...,xy) € RV. We suppose that N > 2.

1. Verify that |B,|? is a continuous semimartingale, and that the martingale part of
|B;|? is a true martingale.
2. We set

N t Bi .
B: = / J dB;
' ; o |Bsl

with the convention that % = 0 if |B;] = 0. Justify the definition of the
stochastic integrals appearing in the definition of §;, then show that the process
(B1)i>0 is an (:#;)-Brownian motion started from 0.

3. Show that
t
I&V=MV+Z/I&MA+NL
0

4. From now on, we assume that x # 0. Let e € (0, [x|) and T, = inf{t > 0 : |B;| <
e}. We set f(a) = logaif N = 2, and f(a) = a*>V if N > 3, for every a > 0.
Verify that f(|B;ar,|) is a continuous local martingale.

5. Let R > |x| and Sg = inf{t > 0 : |B;| > R}. Show that

f(R) —f(|x])
S(R) —f(e)
Observing that P(T, < Sg) —> 0 when ¢ — 0, show that B, # 0 forevery t > 0,

a.s.
6. Show that, a.s., for every t > 0,

W|||+ﬂ+N_1/”“
= |x —_— .
' ' 2 0 |B‘v|

P(T‘9 < SR) =

7. We assume that N > 3. Show that |B;| —> oo when t — o0, a.s. (Hint: Observe
that | B,|>~" is a nonnegative supermartingale.)

8. We assume N = 3. Using the form of the Gaussian density, verify that the
collection of random variables (|B;|~!);>¢ is bounded in L?. Show that (|B;|™"),>0
is a continuous local martingale but is not a (true) martingale.
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(Chapter 7 presents a slightly different approach to the results of this exercise, see
in particular Proposition 7.16.)

Exercise 5.34 (Application of the Cameron—Martin formula) Let B be an (%#)-
Brownian motion started from 0. We set B} = sup{|B,| : s < t} for every t > 0.

1. Set Uy = inf{r > 0 : |B;|] = 1} and V; = inf{t > U; : B, = 0}. Justify
the equality P(By, < 2) = 1/2, and then show that one can find two constants
o« > 0and y > 0 such that

P(Vlza,B;l<2)=y>O.

2. Show that, for every integer n > 1, P(B;, < 2) > y". Hint: Construct a suitable
sequence Vi, V,, ... of stopping times such that, for every n > 2,

P(V,>na By <2)>yP(V,-1 = ((n—Da, By  <2).

Conclude that, for every ¢ > O and r > 0, P(B} < ¢) > 0.

3. Let & be a twice continuously differentiable function on Ry such that 4(0) = 0,
and let K > 0. Via a suitable application of 1t6’s formula, show that there exists
a constant A such that, for every ¢ > 0,

‘ /0 ‘ K (s) dB,

4. We set X, = B; — h(r) and X = sup{|X;| : s < t}. Infer from question 3. that

P(X; < 1K
lim PXx =¢) = exp ( - = / ' (s)? ds).
el0 P(B < ¢) 2 Jo

<Ae as.ontheevent {Bg < ¢}.

Notes and Comments

The reader who wishes to learn more about the topics of this chapter is strongly
advised to look at the excellent books by Karatzas and Shreve [49], Revuz and
Yor [70] and Rogers and Williams [72]. A more concise introduction to stochastic
integration can also be found in Chung and Williams [10].

Stochastic integrals with respect to Brownian motion were introduced by Itd [36]
in 1944. His motivation was to give a rigorous approach to the stochastic differential
equations that govern diffusion processes. Doob [15] suggested to study stochastic
integrals as martingales. Several authors then contributed to the theory, including
Kunita and Watanabe [50] and Meyer [60]. We have chosen to restrict our attention
to stochastic integration with respect to continuous semimartingales. The reader
interested in the more general case of semimartingales with jumps can consult the
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treatise of Dellacherie and Meyer [14] and the more recent books of Protter [63]
or Jacod and Shiryaev [44]. 1t6’s formula was derived in [40] for processes that are
stochastic integrals with respect to Brownian motions, and in our general context it
appeared in the work of Kunita and Watanabe [50]. Theorem 5.12, at least in the case
d = 1, is usually attributed to Lévy, although it seems difficult to find this statement
in Lévy’s work (see however [54, Chapitre III]). Theorem 5.13 showing that any
continuous martingale can be written as a time-changed Brownian motion is due to
Dambis [11] and Dubins—Schwarz [17]. The Burkholder—Davis—Gundy inequalities
appear in [7], see also the expository article of Burkholder [6] for the history of
these famous inequalities. Theorem 5.18 goes back to Itd [39] — in the different
form of the chaos decomposition of Wiener functionals — and was a great success of
the theory of stochastic integration. This theorem and its numerous extensions have
found many applications in the area of mathematical finance. Girsanov’s theorem
appears in [29] in 1960, whereas the Cameron—Martin formula goes back to [8] in
1944. Applications of Girsanov’s theorem to stochastic differential equations are
developed in the book [77] of Stroock and Varadhan. Exercise 5.30 is concerned
with the so-called Lévy area of planar Brownian motion, which was studied by
Lévy [53, 54] with a different definition. Exercise 5.31 is inspired by Pitman and
Yor [67].



Chapter 6
General Theory of Markov Processes

Our goal in this chapter is to give a concise introduction to the main ideas of the
theory of continuous time Markov processes. Markov processes form a fundamental
class of stochastic processes, with many applications in real life problems outside
mathematics. The reason why Markov processes are so important comes from the
so-called Markov property, which enables many explicit calculations that would
be intractable for more general random processes. Although the theory of Markov
processes is by no means the central topic of this book, it will play a significant
role in the next chapters, in particular in our discussion of stochastic differential
equations. In fact the whole invention of It6’s stochastic calculus was motivated by
the study of the Markov processes obtained as solutions of stochastic differential
equations, which are also called diffusion processes.

This chapter is mostly independent of the previous ones, even though Brownian
motion is used as a basic example, and the martingale theory developed in Chap. 3
plays an important role. After a section dealing with the general definitions and
the problem of existence, we focus on the particular case of Feller processes,
and in that framework we introduce the key notion of the generator. We establish
regularity properties of Feller processes as consequences of the analogous results
for supermartingales. We then discuss the strong Markov property, and we conclude
the chapter by presenting three important classes of Markov processes.

6.1 General Definitions and the Problem of Existence

Let (E, &) be a measurable space. A Markovian transition kernel from E into E is a
mapping Q : E x & — [0, 1] satisfying the following two properties:

(i) For every x € E, the mapping & > A — Q(x,A) is a probability measure on
(E, &).
(ii) Forevery A € &, the mapping E > x — Q(x,A) is &-measurable.
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In what follows we say transition kernel instead of Markovian transition kernel.

Remark In the case where E is finite or countable (and equipped with the o-field
of all subsets of E), Q is characterized by the “matrix” (Q(x, {y}))xyek-

If f : E — R is bounded and measurable (resp. nonnegative and measurable),
the function Qf defined by

Qﬂm=/Qw®v@

is also bounded and measurable (resp. nonnegative and measurable) on E. Indeed,
if f is an indicator function, the measurability of Q,f is just property (ii) and the
general case follows from standard arguments.

Definition 6.1 A collection (Q;),>¢ of transition kernels on E is called a transition
semigroup if the following three properties hold.

(i) Forevery x € E, Qo(x, dy) = 8,(dy).
(i) Forevery s,z >0andA € &,

Qm@M=LQ@MQ&M

(Chapman—Kolmogorov identity).
(iii) For every A € &, the function (¢, x) — Q,(x,A) is measurable with respect to
the o-field Z(R4+) ® &.

Let B(E) be the vector space of all bounded measurable real functions on E,
which is equipped with the norm || f|| = sup{|[f(x)| : x € E}. Then the linear
mapping B(E) > f — Qf is a contraction of B(E). From this point of view, the
Chapman—-Kolmogorov identity is equivalent to the relation

QH—J = QrQs

for every s, > 0. This allows one to view (Q,);>0 as a semigroup of contractions of
B(E).

We now consider a filtered probability space (§2, %, (F)sef0.00], P)-
Definition 6.2 Let (Q;):>0 be a transition semigroup on E. A Markov process (with

respect to the filtration (%)) with transition semigroup (Q;)>o is an (.%;)-adapted
process (X;);>0 with values in E such that, for every s,# > 0 and f € B(E),

Elf Xsto) | F] = Qf (X,).

Remark When we speak about a Markov process X without specifying the
filtration, we implicitly mean that the property of the definition holds with the
canonical filtration ZX = 0(X,,0 < r < 1). We may also notice that, if X is a
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Markov process with respect to a filtration (%), it is automatically also a Markov
process (with the same semigroup) with respect to (.#").

The definition of a Markov process can be interpreted as follows. Taking f = 14,
we have

P[Xx+t €A | ngv] = Qt(XwA)
and in particular
PXs+: €A X0 <r <s] = QiXs,A).

Hence the conditional distribution of X4, knowing the “past” (X,,0 < r < s)
before time s is given by Q,(Xj,-), and this conditional distribution only depends
on the “present” state X;. This is the Markov property (informally, if one wants to
predict the future after time s, the past up to time s does not give more information
than just the present at time ).

Consequences of the definition Let y(dx) be the law of Xj,. Thenif 0 <t} < f, <
e <0 andAo,Al,...,Ap €&,

P(Xo € Ao, X; €A1, Xy, €Ay, ... X, € Ap)

=/A y(dxo) | Oy (x0,dxr) Qtz—tl(xladXZ)"'/A Q11 (p—1, dx).

Ay Az

More generally, if fy. fi,....f, € B(E),
ELfo(Xo)fi (Xn) - (X,,)] = /  (dxo)fo(xo) / 0., (o, dx )y (1)

X /Qtz—tl (.X] ) dxz).fz(-xz) o '/Qtp—l‘pfl (-xp—l ) dxp f‘;) (-xp)'

This last formula is derived from the definition by induction on p. Note that,
conversely, if the latter formula holds for any choice of 0 < #; < 1, < -+ < ¢,
and fo,f1,....f, € B(E), then (X;);>0 is a Markov process of semigroup (Q;);>0,
with respect to its canonical filtration ﬁ}x = 0(X;,0 < r < ¢) (use a monotone
class argument to see that the property of the definition holds with .7, = .ZX, see
Appendix Al).

From the preceding formulas, we see that the finite-dimensional marginals of the
process X are completely determined by the semigroup (Q;);>0 and the law of X
(initial distribution).

Example If E = R? we can take, for every > 0 and x € R,

O:(x,dy) = p:(y — x) dy
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where, for z € RY,

2
pu(@) = @iy exp— L
2t
is the density of the Gaussian vector in R with covariance matrix ¢1d. It is
straightforward to verify that this defines a transition semigroup on R?, and the
associated Markov process is d-dimensional Brownian motion (it would be more
accurate to say pre-Brownian motion since we have not yet said anything about
sample paths). In the case d = 1, compare with Corollary 2.4.

We now address the problem of the existence of a Markov process with a given
semigroup. To this end, we will need a general theorem of construction of random
processes, namely the Kolmogorov extension theorem. We give without proof the
special case of this theorem that is of interest to us (a proof in a more general setting
can be found in [64, Chapter III], see also [47, Chapter VII], and [49, Section 2.2]
for the special case E = R).

Let 2* = E®+ be the space of all mappings @ : Ry —> E. We equip £2* with
the o-field .#* generated by the coordinate mappings w +— w(t) for t € R4. Let
F(R4) be the collection of all finite subsets of R, and, for every U € F(R4), let
my : 2% —> EY be the mapping which associates with every o : Ry —> E its
restriction to U. If U,V € F(R4) and U C V, we similarly write ), : EY —> EY
for the obvious restriction mapping.

We recall that a topological space is Polish if its topology is separable (there
exists a dense sequence) and can be defined by a complete metric.

Theorem 6.3 Assume that E is a Polish space equipped with its Borel o-field &.
For every U € F(Ry), let uy be a probability measure on EV. Assume that the
collection (uy, U € F(Ry)) is consistent in the following sense: If U C V, uy
is the image of [y under Jr,‘]/. Then there exists a unique probability measure (L on
(2%, F%) such that my () = py for every U € F(R4).

Remark The uniqueness of u is an immediate consequence of the monotone class
lemma (cf. Appendix Al).

The Kolmogorov extension theorem allows one to construct random processes
having prescribed finite-dimensional marginals. To see this, let (X;);>0 be the
canonical process on £2* :

Xi(w) = w(1), t>0.

If p is a probability measure on £2* and U = {11,....1,} € F(Ry), with f; <
Iy < .-+ < ty, then (X;,... ,ti) can be viewed as a random variable with values
in EY, provided we identify EV with E” via the mapping @ —> ((t1), ..., o(t,)).
Furthermore, the distribution of (X, ..., X; ) under u is 7y(). The Kolmogorov
theorem can thus be rephrased by saying that given a collection (uy, U € F(R4)) of
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finite-dimensional marginal distributions, which satisfies the consistency condition
(this condition is clearly necessary for the desired conclusion), one can construct
a probability measure p on the space §2*, under which the finite-dimensional
marginals of the canonical process X are the measures py, U € F(R4).

Corollary 6.4 We assume that E satisfies the assumption of the previous theorem
and that (Qr)s>0 is a transition semigroup on E. Let y be a probability measure
on E. Then there exists a (unique) probability measure P on 2* under which the
canonical process (X;)i>0 is a Markov process with transition semigroup (Q;)r>0
and the law of Xy is y.

Proof Let U = {f,...,5,} € FRy), with 0 < 1, < -+ < 1,. We define a
probability measure PU on EY (identified with E” as explained above) by setting

/PU(dxl e dx‘,,) 1A(X1, e ,x,,)
- / y (dxo) / 01 (x0. dx1) / Oy (1. ) - / O+ Gt ) Lax . 3y)

for any measurable subset A of EV.

Using the Chapman—Kolmogorov relation, one verifies that the measures PY
satisfy the consistency condition. The Kolmogorov theorem then gives the existence
(and uniqueness) of a probability measure P on £2* whose finite-dimensional
marginals are the measures Py, U € F(R). By a previous observation, this implies
that (X;),>0 is under P a Markov process with semigroup (Q;);>0, with respect to the
canonical filtration. O

For x € E, let P, be the measure given by the preceding corollary when y = §,.
Then, the mapping x + P, is measurable in the sense that x — P,(A) is measurable,
for every A € .#*. In fact, the latter property holds when A only depends on a finite
number of coordinates (in that case, there is an explicit formula for P,(A)) and
a monotone class argument gives the general case. Moreover, for any probability
measure y on E, the measure defined by

Py (A) = / y(dx) Po(A)

is the unique probability measure on £2* under which the canonical process (X;);>0
is a Markov process with semigroup (Q,);>o and the law of Xj is y.

Summarizing, the preceding corollary allows one to construct (under a topologi-
cal assumption on E) a Markov process (X;);>0 with semigroup (Q;);>0, which starts
with a given initial distribution. More precisely, we get a measurable collection of
probability measures (P,).cg such that the Markov process X starts from x under
P,. However, a drawback of the method that we used is the fact that it does not
give any information on the regularity properties of sample paths of X — at present
we cannot even assert that these sample paths are measurable. We will come back
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to this question later, but this will require additional assumptions on the semigroup

(Q1)r=o0-

We end this section by introducing the important notion of the resolvent.

Definition 6.5 Let A > 0. The A-resolvent of the transition semigroup (Q;)s>o is
the linear operator R, : B(E) —> B(E) defined by

Rif(x) = /0 MO, () dr

forf € B(E) and x € E.

Remark Property (iii) of the definition of a transition semigroup is used here to get
the measurability of the mapping ¢t — Q,f(x), which is required to make sense of
the definition of Ry f(x).

Properties of the resolvent.

@ (R f] = 7171l
(i) fO<f <1,then0 < AR,f < 1.
(iii) If A, u > 0, we have Ry — R,, + (A — )RR, = O (resolvent equation).

Proof Properties (i) and (ii) are very easy. Let us only prove (iii). We may assume
that A # u. Then,

REH@ = [ ero([Terora)mas

_ /0 - e—m( / 0,(x, dy) /0 0, £(5) dt) is
/0 °° «( /0 e, 0) dr)ds

o0 o0
- / S / 0, () dr)ds
0 0

= /000 e_(k_")‘?(/oo e MO, f(y) dr)ds

s

= /(;00 0.f) e_‘”(/ore_(k_“)sds)dr

giving the desired result. O



6.1 General Definitions and the Problem of Existence 157

Example In the case of real Brownian motion, one verifies that

Rif () = / (v — 0f () dy
where

ly — x|? 1
—Af) dt =
2t ) V2A

ny—x) = /000(2711‘)_1/2 exp(— exp(—|y —xI\/ﬁ).

A neat way of getting the last equality is to use the formula E[e=*"«] = e~V for
the Laplace transform of the hitting time a > 0 by a real Brownian motion started
from O (see formula (3.7)). By differentiating with respect to A, we get E[T, e ™*T¢] =

(a/~/2X)e=¥?* and using the density of T,, (Corollary 2.22) to rewrite E[T, e~*T4],
we exactly find the integral that comes up in the calculation of r) (y — x).

A key motivation of the introduction of the resolvent is the fact that it allows one
to construct certain supermartingales associated with a Markov process.

Lemma 6.6 Let X be a Markov process with semigroup (Q;)>0 with respect to the
filtration (%,). Let h € B(E) be nonnegative and let A > 0. Then the process

e MRy h(X;)

is an (%,)-supermartingale.

Proof The random variables e 'R, h(X;) are bounded and thus in L'. Then, for
every s > 0,

o0
O.Ryh = / e,y hdr
0
and it follows that
o0 o0
e MQ,Ryh = / e M L hdr = / e MQ,hdt < Ryh.
0 K

Hence, for every s, ¢ > 0,
E[e " Rh(Xyy) | Fi] = e HHTIQRX) < e M RuR(X)).

giving the desired supermartingale property. O
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6.2 Feller Semigroups

From now on, we assume that E is a metrizable locally compact topological space.
We also assume that E is countable at infinity, meaning that E is a countable union
of compact sets. The space E is equipped with its Borel o-field.

Under the previous assumptions, it is well known that the space E is Polish.
Moreover, one can find an increasing sequence (Kj),>1 of compact subsets of E,
such that any compact set of E is contained in K, for some n. A functionf : E — R
tends to O at infinity if, for every ¢ > 0, there exists a compact subset K of E such
that | f(x)| < e forevery x € E\K. This is equivalent to requiring that

sup |f(x)] — 0.
x€E\K, n—>00

We let Cy(E) stand for the set of all continuous real functions on E that tend to 0
at infinity. The space Cy(FE) is a Banach space for the supremum norm

A1l = sup | f(0)].

X€EE

Definition 6.7 Let (Q,);>0 be a transition semigroup on E. We say that (Q;).>¢ is a
Feller semigroup if:

() Vf € Gy(E), Qf € Co(E);
(ii) Yf € Co(E), |Qf —f|| —> O ast — O.

A Markov process with values in E is a Feller process if its semigroup if Feller.

Remark One can prove (see for instance [70, Proposition II1.2.4]) that condition
(ii) can be replaced by the seemingly weaker property

Vf € Go(E). Vx € E, Qf (x) —> f(x).

We will not use this, except in one particular example at the end of this chapter.
Condition (ii) implies that, for every s > 0,

lim |Q+f — Q|| = lim |Qx(Qf — /)| =0
10 0

since Q; is a contraction of Cy(E). We note that the convergence is uniform when s
varies over R, which ensures that the mapping ¢ — Q,f is uniformly continuous
from Ry into Cy(E), for any fixed f € Cy(E).

In what follows, we fix a Feller semigroup (Q;);>0 on E. Using property (i) of
the definition and the dominated convergence theorem, one easily verifies that R,f €
Co(E) forevery f € Co(E) and A > 0.
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Proposition 6.8 Let A > 0, and set Z = {R\f : f € Co(E)}. Then Z does not
depend on the choice A > 0. Furthermore, Z is a dense subspace of Cy(E).

Proof If A # p, the resolvent equation gives

Ryf = Ru(f + (e = DRyf).

Hence any function of the form R, f with f € Cy(E) is also of the form R, g for some
g € Cyo(E). This gives the first assertion.

Clearly, Z is a linear subspace of Cy(E). To see that it is dense, we simply note
that, for every f € Cy(E),

AR f = A /oo e MO f dt = /oo e 'Qyf dt =2 f in Cy(E),
0 0 —>00

by property (ii) of the definition of a Feller semigroup and dominated convergence.
0

Definition 6.9 We set
of —f

DL) =1{f € Co(E) : —

converges in Cy(E) when ¢ |, 0}

and, for every f € D(L),

i 2SS
If= 1tlg)1 t '

Then D(L) is a linear subspace of Cy(E) and L : D(L) —> Cy(E) is a linear operator
called the generator of the semigroup (Q;)>0. The subspace D(L) is called the
domain of L.

Let us start with two simple properties of the generator.
Proposition 6.10 Lerf € D(L) and s > 0. Then Qf € D(L) and L(Qf) = Q,(Lf).
Proof Writing

2:(Q4) — O of —f )
t t

_ o

and using the fact that Q; is a contraction of Cy(E), we get that 1 (Q.(Q,f) — Oyf)
converges to Q,(Lf), which gives the desired result. O

Proposition 6.11 Iff € D(L), we have, for every t > 0,

szzf-i-/o Os(Lf) ds :f—i-/o L(Qyf) ds.
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Proof Letf € D(L). Forevery t > 0,

e (Qrref — Qf) = Q™ (O — 1)) TS Oi(Lf).

Moreover, the preceding convergence is uniform when ¢ varies over Ry. This
implies that, for every x € E, the function ¢ — Q,f(x) is differentiable on R
and its derivative is Q;(Lf)(x), which is a continuous function of ¢. The formula of
the proposition follows, also using the preceding proposition. O

The next proposition identifies the domain D(L) in terms of the resolvent
operators R} .

Proposition 6.12 Ler A > 0.

(1) Forevery g € Cy(E), Ryg € D(L) and (A — L)Ryg = g.
(i) Iff € D(L), Ry(A — L)f = /.

Consequently, D(L) = % and the operators Ry : Co(E) - #Z and A — L : D(L) —
Co(E) are the inverse of each other:

Proof

(1) If g € Co(E), we have for every ¢ > 0,
o0 o0
s_l(QsRAg —Ryg) = 8_1(/ e_l’QH_,g dt—/ e_MQ,g dt)
0 0
o0 &
= (=) [T etouga— [ eHoga)
0 0
Mg -8

using property (ii) of the definition of a Feller semigroup (and the fact that this

property implies the continuity of the mapping ¢ — Q,g from R into Cy(E)).

The preceding calculation shows that Ry g € D(L) and L(R)g) = AR g — g.
(i) Letf € D(L). By Proposition 6.11, Q,f = f + fot 0Os(Lf) ds, hence

[Terorma =124 [Te( [[aupwas)e

-1 (j‘) [T ewnmas

We have thus obtained the equality
ARV =f + RiLf

giving the result in (ii).
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The last assertions of the proposition follow from (i) and (ii): (i) shows that Z C
D(L) and (ii) gives the reverse inclusion, then the identities in (i) and (ii) show that
R; and A — L are inverse of each other. ]

Corollary 6.13 The semigroup (Qr)s>0 is determined by the generator L (including
also the domain D(L)).

Proof Let f be a nonnegative function in Cy(E). Then R,f is the unique element
of D(L) such that (A — L)R,f = f. On the other hand, knowing R,f(x) =
fooo e MQ,f(x)dr for every A > 0 determines the continuous function # > Q,f(x).
To complete the argument, note that O, is characterized by the values of Q,f for
every nonnegative function f in Cy(E). O

Example It is easy to verify that the semigroup (Q,),>o of real Brownian motion is
Feller. Let us compute its generator L. We saw that, for every A > 0 and f € Cy(R),

1
V24

If h € D(L), we know that there exists an f € Cy(R) such that & = R,f. Taking
A= %, we have

exp(—v/2Aly — x[) f() dy.

R = |

W) = / exp(—ly — x)f(3) dy.

By differentiating under the integral sign (we leave the justification to the reader),
we get that / is differentiable on R, and

H(x) = / sen(y —x) exp(—ly — x)f(3) dy

with the notation sgn(z) = 1.0y — 1y;<0} (the value of sgn(0) is unimportant). Let
us also show that /' is differentiable on R. Let xo € R. Then, for x > x,

W) = H (xo)= / (sens =) exp(—ly —x|) = sen(v = xo) exp(—Ly = xo]) )£ (¥)dy

[ (= explly =)~ exp-y ~ a1 &

0

[ senr— ) (exp-ly =) — expl-ly ~ 50D ) .
R\[xo.1]
It follows that

HO =W | orixg) + hixo).
X — Xo xdx0
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We get the same limit when x 1 x(, and we thus obtain that / is twice differentiable,
and i’ = =2f + h.
On the other hand, since & = Ry >f, Proposition 6.12 shows that

(G-Dh=f

hence Lh = —f + 1h = 1h".
Summarizing, we have obtained that

D(L) C {h € C*(R) : hand h" € Cy(R)}

and that, if h € D(L), we have Lh = %h”.

In fact, the preceding inclusion is an equality. To see this, we may argue in the
following way. If g is a twice differentiable function such that g and g” are in Cy(R),
wesetf = %(g —g") € Co(R), then h = Ry »f € D(L). By the preceding argument,
h is twice differentiable and h”" = —2f + h. It follows that (h—g)” = h—g. Since the
function 7—g belongs to Cy(RR), it must vanish identically and we get g = h € D(L).

Remark In general, it is very difficult to determine the exact domain of the
generator. The following theorem often allows one to identify elements of this
domain using martingales associated with the Markov process with semigroup

(Qt)tzo-

We consider again a general Feller semigroup (Q;):>0. We assume that on some
probability space, we are given, for every x € E, a process (X}');>o which is Markov
with semigroup (Q;)s=0, with respect to a filtration (.%#;),>0, and such that P(Xj =
x) = 1. To make sense of the integrals that will appear below, we also assume that
the sample paths of (X})>¢ are cadlag (we will see in the next section that this
assumption is not restrictive).

Theorem 6.14 Let h, g € Cy(E). The following two conditions are equivalent:

(i) he D(L) and Lh = g.
(ii) For every x € E, the process

o) = [ e s

is a martingale, with respect to the filtration (%,).

Proof We first prove that (i) = (ii). Let 2 € D(L) and g = Lh. By Proposition 6.11,
we have then, for every s > 0,

h=h+ [ Ogar
0
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It follows that, forz > 0 and s > 0,
ENX) | 5 = 006 = ) + [ 0,sx7) dr
On the other hand,
t+s t+s t+s
e[ [ eonar| 7] = [ Ese Flar= [ o gomar
t t t
= /0 Qrg(Xf) dr.

The fact that the conditional expectation and the integral can be interchanged (in the
first equality of the last display) is easy to justify using the characteristic property
of conditional expectations. It follows from the last two displays that

el [ sear| 2] =noxo — [ exrar

giving property (ii).
Conversely, suppose that (ii) holds. Then, for every ¢ > 0,

£ - /0 e ar] = hew

and on the other hand, from the definition of a Markov process,

sl - [ ear] = o - [ Qitar

Consequently,

h—h _
Q’ / Qgdr—>g

in Cy(E), by property (ii) of the definition of a Feller semigroup. We conclude that
heD(L)and Lh = g. O

Example In the case of d-dimensional Brownian motion, It6’s formula shows that,
if h e C2(RY),
1 t
h(X;) — = / Ah(X;) ds
2 Jo

is a continuous local martingale. This continuous local martingale is a martingale if
we furthermore assume that 4 and Ah are in Cy(R?) (hence bounded). It then follows
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from Theorem 6.14 that h € D(L) and Lh = %Ah. Recall that we already obtained
this result by a direct computation of L when d = 1 (in fact in a more precise form
since here we can only assert that D(L) D {h € C*(R?) : hand Ah € Cy(R%)},
whereas equality holds if d = 1).

6.3 The Regularity of Sample Paths

Our aim in this section is to show that one construct Feller processes in such a way
that they have cadlag sample paths. We consider a Feller semigroup (Q;),>0 on a
topological space E (assumed to be metrizable, locally compact and countable at
infinity as above).

Theorem 6.15 Let (X;)i>0 be a Markov process with semigroup (Q1)i>0, with
respect to the filtration (F;)e[0,00]. Set F 00 = Foo and, for every t > 0,

Fi=Fp Va(N),

where N denotes the class of all Foo-measurable sets that have zero probability.

Then, the process (X1):>0 has a cadlag modification (X,)r>0, which is adapted to
the filtration (/ 1). Moreover, (X,)r>0 is a Markov process with semigroup (Q;)s>o,
with respect to the filtration (ﬂ" 1)ie[0,00]-

Remark The filtration (ﬁ~ ;) is right-continuous because so is the filtration (%4 )
and the right-continuity property is preserved when adding the class of negligible
sets A

Proof Let E, = E U {A} be the Alexandroff compactification of E, which is
obtained by adding the point at infinity A to E (and by definition the neighborhoods
of A are the complements of compact subsets of E). We agree that every function
f € Cy(E) is extended to a continuous function on E 4 by setting f(A) = 0.

Write CS' (E) for the set of all nonnegative functions in Cy(E). We can find a
sequence (fy)n>o0 in Cg' (E) which separates the points of E,, in the sense that, for
every x,y € E, with x # y, there is an integer n such that f,,(x) # f,(y). Then,

JC ={Rpfu :p>1,n>0}

is also a countable subset of C(T (E) which separates the points of E4 (use the fact
that [|pR,f — f|| —> 0 when p — 00).

If h € 57, Lemma 6.6 shows that there exists an integer p > 1 such that e ”'h(X;)
is a supermartingale. Let D be a countable dense subset of R . Then Theorem 3.17
(i) shows that the limits

lim A(X lim A(X,
Dalsrilr X Dalsr?Tt (Xs)
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exist simultaneously for every t € Ry (the second one only for # > 0) outside
an Fo.-measurable event N, of zero probability. Indeed, as in the proof of
Theorem 3.17, we may define the complementary event N; as the set of all w € £2
for which the function D > s — e h(X;) makes a finite number of upcrossings
along any interval [a, b] (a,b € Q, a < b) on every finite time interval. We then set

N=|JN,

hest

in such a way that we still have N € .#". Then if @ ¢ N, the limits

lim X, , lim X,
Dslsl,i,r (a)) DBIJTTI ((U)

exist for every t > 0 (the second one only for r > 0) in E4. In fact, if we assume
that X;(w) has two distinct accumulation points in E4 when D > s || f, we get a
contradiction by considering a function & € .77 that separates these two points. We
can then set, for every w € £2\N and every t > 0,

X/(w) = DlaivriluXS(a)).

If o € N, we set 5(,(0)) = xo_for every r > 0, where xo is a fixed point in E.
Then, for every t > 0, 5(, is an .% ;-measurable random variable with values in E4.
Furthermore, for every w € £2, t — 5(, (w), viewed as a mapping with values in E 4,
is cadlag by Lemma 3.16 (this lemma shows that the functions ¢ - h(X,(w)), for
h € S, are cadlag, and this suffices since 7 separates points of E).

Let us now show that P(X, = 5(;) = 1, for every fixed t > 0. Let f, g € Cyo(E)
and let (,) be a sequence in D that decreases (strictly) to ¢. Then,

E[}C(Xt)g(it)] = nl_ig}oE[f(Xt)g(th)]
= nll)ngo E[f (X)) 0y, —8(X1)]
= E[f(X)g(X,)]

since Q,,—;§ —> g by the definition of a Feller semigroup. The preceding equality
entails that the two pairs (Xt,f(,) and (X;, X;) have the same distribution and thus
PX, =X)=1.

Let us then verify that~()~(,),20 is a Markov process with semigroup (Q;);>0 with
respect to the filtration (#). It is enough to prove that, for every s > 0, > 0 and
A e F,,f € Cy(E), we have

E[laf(Xs40)] = E[14 Qf (X,)].



166 6 General Theory of Markov Processes

Since 5(5 = X a.s. and 5(5+, = X4, a.s., this is equivalent to proving that

E[laf(Xs+0] = E[14 Qf (Xy)].

Because A is equal a.s. to an element of %, we may assume that A € Z;;. Let
(s) be a sequence in D that decreases to s, so that A € .%,, for every n. Then, as
soon as s, < s + t, we have

E[1af(Xs+0)] = E[la E[f (Xs+0) | F5,1]1 = E[14 Os1—5,f (X5,)]-

But Qy,—,f converges (uniformly) to Q,f by properties of Feller semigroups, and
since X, = Xvn a.s. we also know that X, converges a.s. to XY = X, a.s. We thus
obtain the desired result by letting n tend to oo.

It remains to verify that the sample paths ¢ +— 5(,(0)) are cadlag as E-valued
mappings, and not only as Ex-valued mappings (we already know that, for every
fixed r > 0, X,(w) = X,(w) a.s. is in E with probability one, but this does not imply
that the sample paths, and their left-limits, remain in E). Fix a function g € C(T (E)
such that g(x) > O for every x € E. The function # = R;g then satisfies the same
property. Set, for every t > 0,

Y, = e 'h(X)).

Then Lemma 6.6 shows that (¥;),>¢ is a nonnegative supermartingale with respect
to the filtration (.%,). Additionally, we know that the sample paths of (¥;),>¢ are
cadlag (recall that 1(A) = 0 by convention).

For every integer n > 1, set

1
Ty =inf{t >0:Y, < —}.
n

Then T, is a stopping time of the filtration (§ 1) (we can apply Proposition 3.9,
because Ty is the first hitting time of an open set by an adapted process with cadlag
sample paths, and the filtration (J 1) is right-continuous). Consequently,

7= Jlim 1 7oy
is a stopping time. The desired result will follow if we can verify that P(T < o0) =
0. Indeed, it is clear that, for every t € [0, T(»)), X, € E and X,_ € E, and we may

redefine X,(w) = xo (for every ¢ > 0) for all @ belonging to the event {T < oo}
eN.
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To verify that P(T < oo) = 0, we apply Theorem 3.25 and the subsequent
remarktoZ = Yand U = T(,,, V = T + g, where g > 0 is a rational number. We
get

1

n

E[YT+q 1{T<o<>}] = E[YT(,,) 1{T(,1)<oo}] <
By letting n tend to oo, we thus have

E[YT+q 1{T<oo}] =0,

hence Y74, = 0 a.s. on {T < oo}. By the right-continuity of sample paths of ¥, we
conclude that ¥, = 0, for every ¢ € [T, 00), a.s. on {T < oo}. But we also know
that, for every integer k > 0, ¥} = e_kh(f(k) > 0 a.s., since 5(/( € E a.s. This suffices
to get P(T < o0) = 0. O

Remark The previous proof applies with minor modifications to the different
setting where we are given the process (X;);>o together with a collection (Py)eg
of probability measures such that, under P, (X;);>0 is a Markov process with
semigroup (Q;):>0, With respect to a filtration (.%):e[0,00], and Px(Xo = x) = 1
(in the first section above, we saw that these properties will hold for the canonical
process (X;)>0 on the space 2* = ER+ if the measures P, are constructed from
the semigroup (Q,),>o using the Kolmogorov extension theorem). In that setting, we
can define the filtration (#),c[0,00] by

Fi= T Vo (N,

where ./ denotes the class of all .#,-measurable sets that have zero P,-probability
for every x € E. By the same arguments as in the preceding proof, we can then
construct an (.%)-adapted process (X;),>o with cadlag sample paths, such that, for
every x € E,

P(X,=X)=1 Vt>0,

and (X,);>0 is under P, a Markov process with semigroup (Q;),>o, with respect to
the filtration (%):e[0,00], such that P, (Xp = x) = 1.

6.4 The Strong Markov Property

In the first part of this section, we come back to the general setting of Sect. 6.1
above, where (Q,);>0 is a (not necessarily Feller) transition semigroup on E. We
assume here that E is a metric space (equipped with its Borel o-field), and moreover
that, for every x € E, one can construct a Markov process (X;');>o with semigroup
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(Q1)i=0 such that Xj = x a.s. and the sample paths of X are cadlag. In the case of
a Feller semigroup, the existence of such a process follows from Corollary 6.4 and
Theorem 6.15.

The space of all cadlag paths f : Ry — E is denoted by ID(E). This space is
equipped with the o-field & generated by the coordinate mappings ' + f(¢). For
every x € E, we write PP, for the probability measure on ID(E) which is the law of
the random path (X}');>o. Notice that IP, does not depend on the choice of X*, nor of
the probability space where X* is defined: This follows from the fact that the finite-
dimensional marginals of a Markov process are determined by its semigroup and
initial distribution.

We first give a version of the (simple) Markov property, which is a simple
extension of the definition of a Markov process. We use the notation E, for the
expectation under P.

Theorem 6.16 (Simple Markov property) Let (Y;);>0 be a Markov process with
semigroup (Qy)>0, with respect to the filtration (F;)>o. We assume that the sample
paths of Y are cadlag. Let s > 0 and let @ : D(E) — R4 be a measurable
function. Then,

E[®((Ys+)iz0) | F5] = Ey,[@].

Remark The right-hand side of the last display is the composition of ¥, and of the
mapping y — E,[®]. To see that the latter mapping is measurable, it is enough to
consider the case where @ = 14, A € Z. When A only depends on a finite number
of coordinates, there is an explicit formula, and an application of the monotone class
lemma completes the argument.

Proof As in the preceding remark, it suffices to consider the case where @ = 14
and

A={feDE):f(t) €Bi,....f(t,) € By},

where 0 < t; <, <--- <t,and By, ..., B, are measurable subsets of E. In that
case, we need to verify that

P(Yx+t1 € Bla e Yx-l—tp € Bp I jv)
= Ql‘] (YX’ dX]) / Qtz—tl (.X] ) dx2) e / Ql‘p—tpfl (-xp—l b dx[))
B B By
We in fact prove more generally that, if @1, ..., @, € B(E),

E[(pl(Ys+t1) o @p(YH-rp) | ys]

= /Qtl(stdxl)(pl(xl)/Qtz—rl (xlsdx2)¢2(x2)"'/Qrp—t,,_l(xp—lsdxp)@p(xp)'
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If p = 1 this is the definition of a Markov process. We then argue by induction,
writing
E[@l(Ys+r1) Tt (pp(Ys+t,,) | fg.s]
= E[(pl (Ys+t1) o Pp—1 (Ys+tp71) E[@[}(Ys+tp) I jv+tp71] | jv]
= E[(pl (Ys+t1) e (pp—l (Ys+tp71) Qtp—tpfl Qop(YH—tpfl) | ngv]

and the desired result easily follows. O
We now turn to the strong Markov property.

Theorem 6.17 (Strong Markov property) Retain the assumptions of the previous
theorem, and suppose in addition that (Q,);>0 is a Feller semigroup (in particular,
E is assumed to be metrizable locally compact and countable at infinity). Let T be
a stopping time of the filtration (Z,4), and let @ : D(E) —> R4 be a measurable
function. Then, for every x € E,

E1l{7c00}P((Y14+1)120) | Z1] = Lt} Ey, [P].

Remark We allow T to be a stopping time of (%), which is slightly more general
than saying that T is a stopping time of the filtration (.%#;).

Proof We first observe that the right-hand side of the last display is .#r-measurable,
because {T < 00} 3 w > Yr(w) is Fr-measurable (Theorem 3.7) and the function
y — E,[®] is measurable. It is then enough to show that, for A € Fr fixed,

E1an7<c0} P(Y7+1)120)] = E[lan{r<oc}Ey; [P]].

As above, we can restrict our attention to the case where

2(f) = p1(f(11)) - 0p(F (1)

where 0 <t <t <--- < t,and ¢1,...,¢@, € B(E). It is in fact enough to take
p = 1: If the desired result holds in that case, we can argue by induction, writing

E[lanir<co}p1 (Yr+4) == 0p(Y144,)]
= E[lanir<cc}1 (Y1+4) = @p—1 (Y744,_) El@p(Yr41,) | P4, 1]
= E[langr<co}1 (Yr+1) +* @p—1 (Y144, ) Ot 0p (Y1, )]

We thus fix > 0 and ¢ € B(E) and we aim to prove that

E1snr<00}0(Y1+:)] = E[lun(r<c0y Qs (Yr)]].
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We may assume that ¢ € Cy(E) (a finite measure on E is determined by its values
against functions of Cy(E)).

On the event T < oo, write [T], for the smallest real number of the form 27",
i € Z4, which is strictly greater than 7. Then,

Elanir<co}0(Yr40)] = nli)nolo E[1anir<oo}(Y(r),+1)]

o0
= nl_i)lgoZE[lAﬂ{(i—1)2*"§T<i2*”}(p(yi2*”+t)]
i=1

o0
= nll)ngo Z E[1an{i—1)2-<r<in—y Q10 (Yio—n)]

i=1

= nll>nc}o E[IAO{T<oo}Qt(p(Y[T]n)]

El4n{r<00} Qrp(YT)]

giving the desired result. In the first (and in the last) equality, we use the right
continuity of sample paths. In the third equality, we observe that the event

AN{(i—-1)27"<T<i2™"

belongs to F;— because A € Zr and T is a stopping time of the filtration (%)
(use Proposition 3.6). Finally, and this is the key point, in the last equality we also
use the fact that Q,¢ is continuous, since ¢ € Cy(E) and the semigroup is Feller. O

Remark In the special case of (linear) Brownian motion, the result of Theorem 6.17
is essentially equivalent to Theorem 2.20 stated in Chap.2. The reason why the
formulation in Theorem 2.20 looks different comes from the property of stationarity
and independence of the increments of Brownian motion, which of course does
not subsist in our general setting. Even for Brownian motion, the formulation
of Theorem 6.17 turns out to be more appropriate in a number of situations: A
convincing illustration is the proof of Proposition 7.7 (ii) in the next chapter.

6.5 Three Important Classes of Feller Processes

6.5.1 Jump Processes on a Finite State Space

In this subsection, we assume that the state space E is finite (and equipped with the
discrete topology). Note that any cadlag function f € D(E) must be of the following
type: There exists a real ; € (0, oo] such that f(r) = f(0) for every r € [0, 1), then,
if 11 < oo, there exists a real t, € (1, 0o] such that f(r) = f(t;) # f(0) for every
t € [t1,1), and so on.
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Fig. 6.1 A sample path of the jump process X under P,

Consider a Feller semigroup (Q;),>0 on E. By the remark of the end of Sect. 6.3,
we can construct, on a probability space §2 equipped with a right-continuous
filtration (:#)ejo,00], @ collection (Py).eg of probability measures and a process
(X1)i>0 with cadlag sample paths such that, under P,, X is Markov with semigroup
(Q1)r=0 with respect to the filtration (.%;), and P,(Xp = x) = 1. As previously,
E, stands for the expectation under P,. Since the sample paths of X are cadlag, we
know that, for every @ € 2, there exists a sequence

To(w) =0 < Ti(w) < Th(w) < T3(w) <--- < 00,

such that X,(w) = Xo(w) for every ¢t € [0,T;(w)) and, for every integer i > 1,
the condition Tj(w) < oo implies T;(w) < Tit1(®), X1,0)(®) # Xr_,(0) (@) and
X/(w) = X1yw)(w) for every t € [Ti(w), Ti+1(w)). Moreover, T,,(w) 1 oo asn —
oo. See Fig. 6.1.

It is not hard to verify that Ty, T1, T3, . . . are stopping times. For instance,

n<n= {J X #X}es
q€[0.0NQ

Recall that, for A > 0, a positive random variable U is exponentially distributed
with parameter A if P(U > r) = e™*" for every r > 0. In the following lemma, we
make the convention that an exponential variable with parameter O is equal to co
a.s.

Lemma 6.18 Let x € E. There exists a real number q(x) > 0 such that the random
variable T\ is exponentially distributed with parameter q(x) under P,. Furthermore,
if q(x) > 0, T\ and X, are independent under P,.
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Proof Lets,t > 0. We have

Px(Tl > 5+ t) = EX[I{T1>S} ¢((XS+V)VZO)L

where @(f) = 1()=f©), vrep,qy for f € ID(E). Using the simple Markov property
(Theorem 6.16), we get
PX(TI > 5+ t) = EX[I{Tl >s} EXx [®((Xr)r20]]
= Ex[l{T1>x} Px(Tl > t)]
= P(T) > 5) P(T1 > 1),

which implies that 7} is exponentially distributed under P,.
Assume that g(x) > 0, so that T} < oo, P, a.s. Then, foreveryt > 0andy € E,

P(Ty > t, X, = y) = Ex[7,50 Y ((Xetr)r=0)]s

where for f € ID(E), ¥(f) = Ois f is constant, and otherwise ¥ (f) = 1g,(5)=y}, if
y1(f) is the value of f after its first jump. We thus get
Px(Tl > 1, XT1 = Y) = EX[I{T1>t} EX:[W((Xr)rEO)]]
= Ex[l{T1>t} PX(XTl = )’)]
= PX(TI > t) Px(XTl = y),

which gives the desired independence. O

Points x such that g(x) = 0 are absorbing states for the Markov process, in the
sense that P, (X, = x,Vt > 0) = 1.
For every x € E such that g(x) > 0, and every y € E, we set

H(x, y) = PX(XTI = y)'

Note that I7(x, -) is a probability measure on E, and I1(x,x) = 0.

Proposition 6.19 Let L denote the generator of (Q;)i>0. Then D(L) = Cy(E) =
B(E), and, for every ¢ € B(E), for every x € E:

s ifq(x) =0, Lo(x) = 0;
e ifgq(x) >0,

Lo(x) =q(x) Y  HE)(e() —e®) =Y L) Q).

YEE y#x yEE
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where

g (x,y) if y # x,

Ley) = —q(x) ify =x.

Proof Let ¢ € B(E) andx € E. If g(x) = 0, it is trivial that Q,¢(x) = ¢(x) and so

. Q) —p(x)
m —— —=

i 0.
t}0 t
Suppose then that g(x) > 0. We first observe that
P(T, < 1) = O(F) (6.1)

as t — 0. Indeed, using the strong Markov property at 77,
PTy < 1) S P(Th <t, T» <T1 + 1) = Ex[lir, < Pxy, (T1 < 1)),
and we can bound

Py, (T1 < 1) <supPy(T\ < 1) <tsupq(y),

yEE yEE

giving the desired result since we have also P (T} < t) < g(x)t.
It follows from (6.1) that

0ip(x) = Elp(X)] = Edlo(X)) Ly=ry] + Edlo(Xr,) Lz <] + O(F)

= @) e ™ + (1 -1 > M(x.y) e(y) + OF).

YEE,y#x

using the independence of 71 and X7, and the definition of I7(x,y). We conclude
that

M — —qe@ + 4@ Y 5y (),

YEE y#x

and this completes the proof. O

In particular, taking ¢(y) = 1,3, we have if y # x,

d
L(x,y) = &Px(Xt = Y)}i=0>

so that L(x, y) can be interpreted as the instantaneous rate of transition from x to y.
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The next proposition provides a complete description of the sample paths of X
under P,. For the sake of simplicity, we assume that there are no absorbing states,
but the reader will easily extend the statement to the general case.

Proposition 6.20 We assume that q(y) > 0 for every y € E. Let x € E. Then,
P. a.s., the jump times T) < T, < T3 < --- are all finite and the sequence
Xo, X1, X1y, . . . is under Py a discrete Markov chain with transition kernel I1 started
from x. Furthermore, conditionally on (Xo,Xr,,Xr,,...), the random variables
T, — Ty, T, — Ty,... are independent and, for every integer i > 0, the conditional
distribution of Ti+1 — T; is exponential with parameter q(Xr,).

Proof An application of the strong Markov property shows that all stopping times
T,,T,... are finite P, a.s. Then, let y,z € E, and f1,f» € B(R4+). By the strong
Markov property at Ty,

Ex[Lxy, =i (T1) Lixyy =32 (T2 — Th)]
= Ex[Lixy, = f1(Th) Exy, [Lixy, =212(T1)]]

o0 o0
— MG0.9) [ e i) [ dne A,
0 0
Arguing by induction, we get for every y1,...,y, € Eandfi,....f, € B(Ry),

Ex[l{X'rl =}’1}1{X1'2=y2} T 1{X7‘p=>'p}fl(T1)f2(T2 —T1) - fp (T, = Tp-1)]

P 00
= M0+ M0y T ([ dse®00500),
i=1

where yo = x by convention. The various assertions of the proposition follow. 0O

Jump processes play an important role in various models of applied probability,
in particular in reliability and in queueing theory. In such applications, one usually
starts from the transition rates of the process. It is thus important to know whether,
given a collection (q(x)).cg of nonnegative real numbers and, for every x such
that g(x) > 0, a probability measure [1(x,:) on E such that [T(x,x) = O,
there exists a corresponding Feller semigroup (Q;):>0 and therefore an associated
Markov process. The answer to this question is yes, and one can give two different
arguments:

* Probabilistic method. Use the description of Proposition 6.20 (or its extension
to the case where there are absorbing states) to construct the process (X;);>0
starting from any x € FE, and thus the semigroup (Q;);>0 via the formula

0ip(x) = Ed[p(X))].
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* Analytic method. Define the generator L via the formulas of Proposition 6.19,
and observe that the semigroup (Q,);>o0, if it exists, must solve the differential
equation

d
d_QT(-xv y) = QTL(xs )’)
t
by Proposition 6.11. This leads to

O, =exp(tL),

in the sense of the exponential of matrices. Since Ald + L has nonnegative
entries if A > 0 is large enough, one immediately gets that Q, has nonnegative
entries. Writing 1 for the vector (1,1,...,1), the property L1 = 0 gives
01 = 1, so that (Q;(x,-))reg defines a transition kernel. Finally, the property
exp((s + #) L) = exp(sL)exp(tL) gives the Chapman—Kolmogorov property,
and we get that (Q;),>0 is a transition semigroup on E, whose Feller property is
also immediate.

Many of the preceding results can be extended to Feller Markov processes on a
countable state space E. Note, however, that certain difficulties arise in the question
of the existence of a process with given transition rates. In fact, starting from the
probabilistic description of Proposition 6.20, one needs to avoid the possibility of
an accumulation of jumps in a finite time interval, which may occur if the rates
(q(y),y € E) are unbounded — of course this problem does not occur when E is
finite.

6.5.2 Lévy Processes

Consider a real process (Y;)>o which satisfies the following three assumptions:

(i) Yo =0as.
(i) Forevery 0 < s <1, the variable Y; — Y is independent of (¥,,0 < r < s) and
has the same law as Y;_;.
(iii) Y; converges in probability to O when ¢ | 0.

Two special cases are real Brownian motion (started from 0) and the process
(T4)a>0 of hitting times of a real Brownian motion (cf. Exercise 2.26).

Notice that we do not assume that sample paths of Y are cadlag, but only the
weaker regularity assumption (iii). The preceding theory will allow us to find a
modification of Y with cadlag sample paths.

For every t > 0, we denote the law of ¥; by Q,(0, dy), and, for every x € R, we
let Q;(x, dy) be the image of Q,(0, dy) under the translation y > x + y.
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Proposition 6.21 The collection (Q;);>0 is a Feller semigroup on R. Furthermore,
(Y10 is a Markov process with semigroup (Q;)>o.

Proof Letus show that (Q,),>o is a transition semigroup. Let ¢ € B(R), s, # > 0 and
x € R. Property (ii) shows that the law of (Y}, Y, — Y;) is the product probability
measure Q;(0,-) ® O,(0, -). Hence,

[ o [omave = [0 [00.wea+y+2

=Elp(x+ Y+ (Yis — Y1))]
= E[(p(x + Yt+x)]

:/@ﬂw&ww

giving the Chapman—Kolmogorov relation. We should also verify the measurability
of the mapping (¢, x) — Q;(x,A), but this will follow from the stronger continuity
properties that we will establish in order to verify the Feller property.

Let us start with the first property of the definition of a Feller semigroup. If
¢ € Cp(R), the mapping

x = 0ip(x) = Elp(x + Y))]

is continuous by dominated convergence, and, again by dominated convergence, we
have

Elp(x+Y)] — O
xX—>00
showing that Q,¢ € Cyp(R). Then,
Qip(x) = E[p(x + Y)] —> ¢(x)
thanks to property (iii). The uniform continuity of ¢ even shows that the latter
convergence is uniform in x. This completes the proof of the first assertion of the
proposition. To get the second one, we write, for every s, > 0 and every ¢ € B(R),
Elp(Yo+) | Y. 0 < r = 5] = Elp(Y; + (Yo, = Y)) | Y. 0 < 7 < 5]

=/an+wgm®)
=/¢@Qﬁ@@»

using property (ii) and the definition of Q,(0, -) in the second equality. O
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It then follows from Theorem 6.15 that there exists a modification of (Y;),>0 with
cadlag sample paths. Obviously this modification still satisfies (i) and (ii).

A Lévy process is a process satisfying properties (i) and (ii) above, and having
cadlag sample paths (which implies (iii)). We refer to [3] for a thorough account of
the theory of Lévy processes.

6.5.3 Continuous-State Branching Processes

A Markov process (X;)>o with values in E = Ry is called a continuous-state
branching process if its semigroup (Q;)>o satisfies the following property: for every
x,y € Ry andr >0,

Qt(—xv ) * Qt(% ) = Ql(‘x + Y, ')7
where u * v denotes the convolution of the probability measures p and v on R.
Note that this implies Q,(0, -) = &, for every ¢ > 0.

Exercise Verify that, if X and X’ are two independent continuous-state branching
processes with the same semigroup (Q;)s>0, then (X; + X))>0 is also a Markov
process with semigroup (Q;),>o. This is the so-called branching property: compare
with discrete time Galton—Watson processes.

Let us fix the semigroup (Q,);>0 of a continuous-state branching process, and
assume that:

(1) O:(x,{0}) < 1foreveryx > Oandr > 0;
(i1) Qy(x,-) — 8,(-) when t — 0, in the sense of weak convergence of probability
measures.

Proposition 6.22 Under the preceding assumptions, the semigroup (Q;)i>0 is
Feller. Furthermore, for every A > 0, and every x > 0,

where the functions Y, : (0, 00) —> (0, 00) satisfy Yoy = Y44 foreverys,t > 0.

Proof Let us start with the second assertion. If x,y > 0, the equality Q,(x,-) *
0:(y,*) = Oi(x + y,-) implies that

(/Qr(x, dz) G_M)(/Qr(y, dz) e_“) = /Q,(x+y, dz) e .
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Thus the function

x+— —log (/ 0O:(x,dz) e_“)

is nondecreasing and linear on R, hence of the form xy,(1) for some constant
Y (A) > 0 (the case ¥,(A) = 01is excluded by assumption (i)). To obtain the identity
Vi oYy =Ygy, We write

/ Ors(x,d) e = / 0,(x.dy) / 0,(y. dz) e~

_ / 0, (x. dy) e

— e U()

We still have to prove that the semigroup is Feller. For every A > 0, set ¢ (x) =
—Ax
e . Then,

0105 = @y, € CoRy).

Furthermore, an application of the Stone—Weierstrass theorem shows that the vector
space generated by the functions ¢;, A > 0, is dense in Cy(R). It easily follows
that Q,¢ € Co(R4) forevery ¢ € Co(R4).

Finally, if ¢ € Co(R+), for every x > 0,

0w = [ ) 90) — o)

by assumption (ii). Using a remark following the definition of Feller semigroups,
this suffices to show that ||Q;¢ — ¢|| —> 0 when t — 0, which completes the proof.
O

Example For every t > 0 and every x > 0, define Q;(x,dy) as the law of
e + e + --- + ey, where ej,e;,... are independent random variables with
exponential distribution of parameter 1/¢, and N is Poisson with parameter x/¢, and
is independent of the sequence (e;). Then a simple calculation shows that

/ Oi(x,dy)e ™ = e

where

vi(d) =

1+ At
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Noting that ¥, o s = V¥,4;, we obtain that (Q,)>¢ satisfies the Chapman—
Kolmogorov identity, and then that (Q;);>0 is the transition semigroup of a
continuous-state branching process. Furthermore, (Q;),>¢ satisfies assumptions (i)
and (ii) above. In particular, the semigroup (Q,).>¢ is Feller, and one can construct
an associated Markov process (X;)>o with cadlag sample paths. One can in fact
prove that the sample paths of (X;)>¢ are continuous, and this process is called
Feller’s branching diffusion, see Sect. 8.4.3 below.

Exercises

Exercise 6.23 (Reflected Brownian motion) We consider a probability space
equipped with a filtration (%)sep.00). Let @ > 0 and let B = (B;)i=0 be an
(:%#;)-Brownian motion such that By = a. For every ¢t > 0 and every z € R, we set

_ 1 2
pi(2) = Tm eXP(‘z).

1. We set X; = |B,| for every t > 0. Verify that, for every s > 0 and ¢ > 0, for every
bounded measurable function f : Ry — R,

E[f(Xs+t) I jv] = Qtf(Xv)a

where Qqf = f and, for every ¢ > 0, for every x > 0,

0f(x) = /0 (piy =) + Py + ) £(3) d.

2. Infer that (Q,),>0 is a transition semigroup, then that (X;),>0 is a Markov process
with values in E = R, with respect to the filtration (.%;), with semigroup
(Q)r=0.

. Verify that (Q,),>o is a Feller semigroup. We denote its generator by L.

4. Let f be a twice continuously differentiable function on R, such that f and
S belong to Cy(R4). Show that, if f(0) = 0, f belongs to the domain of L,
and Lf = 3 f”. (Hint: One may observe that the function g : R — R defined
by g(y) = f(|y|) is then twice continuously differentiable on R.) Show that,
conversely, if f(0) # 0, f does not belong to the domain of L.

(]

Exercise 6.24 Let (Q;)>0 be a transition semigroup on a measurable space E. Let
7 be a measurable mapping from E onto another measurable space F. We assume
that, for any measurable subset A of F, for every x,y € E such that w(x) = 7 (y),
we have

0:i(x, m71(A) = Qi(y, w1 (A)),
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for every t > 0. We then set, for every z € F and every measurable subset A of F,
for every ¢t > 0,

0i(z.4) = Q,(x, n ™" (A))

where x is an arbitrary point of E such that 77 (x) = z. We also set Q(z.A) = 14(2).
We assume that the mapping (¢, z) — Q;(z, A) is measurable on Ry x F, for every
fixed A.

1. Verify that (Q)),>0 forms a transition semigroup on F.

2. Let (X;)>0 be a Markov process in E with transition semigroup (Q;),;>0 with
respect to the filtration (%;)>¢. Set ¥, = m(X,) for every t+ > 0. Verify that
(Y1)r>0 is a Markov process in F with transition semigroup (Q})>o with respect
to the filtration (%) s>0.

3. Let (B;);>0 be a d-dimensional Brownian motion, and set R, = |B,| for every
t > 0. Verify that (R;);>0 is a Markov process and give a formula for its
transition semigroup. (The case d = 1 was treated via a different approach in
Exercise 6.23.)

In the remaining exercises, we use the following notation. (E,d) is a locally
compact metric space, which is countable at infinity, and (Q;);>0 is a Feller
semigroup on E. We consider an E-valued process (X;) >0 with cadlag sample paths,
and a collection (Py)xeg of probability measures on E, such that, under Py, (X;);>0
is a Markov process with semigroup (Q,)>0, with respect to the filtration (%), and
P.(Xo = x) = 1. We write L for the generator of the semigroup (Q;);>0, D(L) for
the domain of L and R), for the A-resolvent, for every A > 0.

Exercise 6.25 (Scale function) In this exercise, we assume that £ = R, and that
the sample paths of X are continuous. For every x € R, we set

T, :=inf{t > 0: X, = x}
and
p(x) := Px(Tp < 00).
1. Show that,if 0 <x <y,
P = 9Py (T, < 0).

2. We assume that ¢(x) < 1 and Py(sup,»( X; = +00) = 1, for every x > 0. Show
that, if 0 <x <y,

@(x) — p(y)

PiTy <T) = = —0)
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Exercise 6.26 (Feynman—Kac formula) Let v be a nonnegative function in Cy(E).
For every x € E and every ¢ > 0, we set, for every ¢ € B(E),

0700 = E:fox) exp (- [ () as)]

1. Show that, for every ¢ € B(E) and s,t > 0, Q7 ¢ = Q7 (QF¢).
2. After observing that

l—exp(— /TU(XX) ds) = /TU(XX) exp(— /rv(Xr) dr) ds
0 0 s

show that, for every ¢ € B(E),

Qi — Qg = /0 0;(v 0" @) ds.

3. Assume that ¢ € D(L). Show that

d *
d—tQt Pi=0 = Ly —veg.

Exercise 6.27 (Quasi left-continuity) Throughout the exercise we fix the starting
point x € E. For every t > 0, we write X,_(w) for the left-limit of the sample path
s Xi(w) att.

Let (T,,),>1 be a strictly increasing sequence of stopping times, and 7" = lim 1
T,,. We assume that there exists a constant C < oo such that 7 < C. The goal of the
exercise is to verify that Xy— = X7, P, a.s.

1. Letf € D(L) and h = Lf. Show that, for every n > 1,

T

B0 | Fr) =1 0) + B[ [ ot

Ty

%ﬂ].
2. We recall from the theory of discrete time martingales that
a.s.,L1 ~
Ef(X7) | Z1,] — Eilf(Xr) | F1]
n—>oo

where

W
3

I
<3
;@

3
Il
-



182 6 General Theory of Markov Processes

Infer from question (1) that

EJf(Xr) | F1] = f(Xr-).

3. Show that the conclusion of question (2) remains valid if we only assume that
f € Cyo(E), and infer that, for every choice of f, g € Cy(E),

E[f(Xr)g(Xr-)] = E|f (Xr—)8(Xr-)].
Conclude that X7— = X7, P, a.s.
Exercise 6.28 (Killing operation) In this exercise, we assume that X has continuous
sample paths. Let A be a compact subset of E and
Ty =inf{t >0:X, € A}.

1. We set, for every r > 0 and every bounded measurable function ¢ on E,

O p(x) = Eifp(X)) Lzl Vx €E.

Verify that Q7 ¢ = O (QF ¢), for every s, > 0.
2. We set E = (E\A) U {A}, where A is a point ‘added to E'\A as an isolated point.
For every bounded measurable function ¢ on E and every ¢t > 0, we set

0,9(x) = E[o(X) Lyery] + PiTa < fl@(4), ifx € E\A

and Q,p(A) = @(A). Verify that (Q,);0 is a transition semigroup on E. (The
proof of the measurability of the mapping (1, x) = Q,¢(x) will be omitted.)
3. Show that, under the probability measure P,, the process X defined by

Tla ift>Ty

is a Markov process with semigroup (Q,);>0, with respect to the canonical
filtration of X.

4. We take it for granted that the semigroup (Q,);>o is Feller, and we denote its
generator by L. Let f € D(L) such that f and Lf vanish on an open set containing
A. Write f for the restriction of f to E\A, and consider f as a function on E by
setting f(A) = 0. Show that f € D(L) and Lf(x) = Lf(x) for every x € E\A.

Exercise 6.29 (Dynkin’s formula)
1. Let g € Cy(FE) and x € E, and let T be a stopping time. Justify the equality

oo
E Vg™ / eMg(Xrtr) di| = Eullgrooe) ™ Rig(Xr)).
0
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2. Infer that
T
Rig) = B[ [ €7500) &r] + EulLiron 7 RigOX0)L
0

3. Show that, if f € D(L),

T
70 = £ [ e0f =100 6] + Ellrecey € 10X

4. Assuming that E,[T] < oo, infer from the previous question that

E| /0 L) ] = B~ £,

How could this formula have been established more directly?

5. For every ¢ > 0, we set T, = inf{t > 0 : d(x, X;) > &}. Assume that E,[T,,] <
00, for every sufficiently small e. Show that (still under the assumption f € D(L))
one has

Ef(Xr, )] —f(x)
Ex[Ts,x]

Lf(x) = lim

6. Show that the assumption E,[T: ]| < oo for every sufficiently small ¢ holds if the
point x is not absorbing, that is, if there exists a t > 0 such that Q,(x, {x}) < 1.
(Hint: Observe that there exists a nonnegative function 2 € Cy(E) which vanishes
on a ball centered at x and is such that Q;i(x) > 0. Infer that one can choose
a > 0and n € (0, 1) such that P,(T,, > nt) < (1 —n)" for every integern > 1.)

Notes and Comments

The theory of Markov processes is a very important area of probability theory.
Markov processes have a long history that would be too long to summarize here.
Dynkin and Feller played a major role in the development of the theory (see
in particular Dynkin’s books [20, 21]). We limited our treatment to the minimal
material needed for our later applications to stochastic differential equations. Our
treatment of Feller processes is inspired by the corresponding chapters in [70] and
[71]. We chose to focus on Feller semigroups because this special case allows
an easy presentation of key notions such as the generator, and at the same time
it includes the main examples we consider in this book. The reader interested in
the more general theory of Markov processes may have a look at the classical
books of Blumenthal and Getoor [5], Meyer [59] and Sharpe [73]. The idea of
characterizing a Markov process by a collection of associated martingales (in the
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spirit of Theorem 6.14) has led to the theory of martingale problems, for which
we refer the reader to the classical book of Stroock and Varadhan [77]. Martingale
problems are also discussed in the book [24] of Ethier and Kurtz, which focuses
on problems of characterization and convergence of Markov processes, with many
examples and applications. Markov processes with a countable state space are
treated, along with other topics, in the more recent book [76] of Stroock. We refer
to the monograph [3] of Bertoin for a modern presentation of the theory of Lévy
processes.



Chapter 7
Brownian Motion and Partial Differential
Equations

In this chapter, we use the results of the preceding two chapters to discuss
connections between Brownian motion and partial differential equations. After a
brief discussion of the heat equation, we focus on the Laplace equation Au = 0 and
on the relations between Brownian motion and harmonic functions on a domain of
R?. In particular, we give the probabilistic solution of the classical Dirichlet problem
in a bounded domain whose boundary satisfies the exterior cone condition. In the
case where the domain is a ball, the solution is made explicit by the Poisson kernel,
which corresponds to the density of the exit distribution of the ball for Brownian
motion. We then discuss recurrence and transience of d-dimensional Brownian
motion, and we establish the conformal invariance of planar Brownian motion as a
simple corollary of the results of Chap.5. An important application is the so-called
skew-product decomposition of planar Brownian motion, which we use to derive
several asymptotic laws, including the celebrated Spitzer theorem on Brownian
windings.

7.1 Brownian Motion and the Heat Equation

Throughout this chapter, we let B stand for a d-dimensional Brownian motion that
starts from x under the probability measure Py, for every x € R (one may use
the canonical construction of Sect. 2.2, defining P, as the image of Wiener measure
W(dw) under the translation w — x + w). Then (B;),>¢ is a Feller process with
semigroup

T
09 = [ a0 exp-2 2 gy 0y

X
2t
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for ¢ € B(R?). We write L for the generator of this Feller process. If v is a twice
continuously differentiable function on R such that both ¥ and Ay belong to
Co(R?), then y € D(L) and Lyy = %Al// (see the end of Sect. 6.2).

Ifo e B(Rd), then, for every fixed ¢ > 0, Q;¢ can be viewed as the convolution
of ¢ with the C* function

x|

pix) = Q)™ exp(—— ).

It follows that Q,¢ is also a C*° function. Furthermore, if ¢ € Cy (R%), differentia-
tion under the integral sign shows that all derivatives of Q,¢ also belong to Co(R).
It follows that we have Q,¢ € D(L) and L(Q,p) = %A(Q,(p), for every t > 0.

Theorem 7.1 Let ¢ € Co(RY). For everyt > 0 and x € RY, set

ui(x) = Qip(x) = Ex[o(By)].

Then, the function (u;(x)),~.rere Solves the partial differential equation

BMt 1
He_ "5
a 2o

on (0, 00) x RY. Furthermore, for every x € R4,

lim u,(y) = @(x).
540

y—>x

Proof By the remarks preceding the theorem, we already know that, for every
t > 0, u; is a C* function, u, € D(L), and Lu, = %Au,. Let ¢ > 0. By applying
Proposition 6.11 to f = u,, we get for every t > &,

t

—e
U = ug + / L(Qgu.)ds = u, + / Lugds.
0

&

Since Lu; = Qy—.(Lu.) depends continuously on s € [g, 00), it follows that, for
t 2 8’

ou; 1
— =1L —A
ot = st
The last assertion is just the fact that Q;¢ —> @ as s — 0. O

Remark We could have proved Theorem 7.1 by direct calculations from the explicit
form of Q,p, and these calculations imply that the same statement holds if we
only assume that ¢ is bounded and continuous. The above proof however has the
advantage of showing the relation between this result and our general study of
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Markov processes. It also indicates that similar results will hold for more general
equations of the form % = Au provided A can be interpreted as the generator of an

appropriate Markov process.

Brownian motion can be used to provide probabilistic representations for solu-
tions of many other parabolic partial differential equations. In particular, solutions
of equations of the form

ad 1
—uz—Au—vu,
a2

where v is a nonnegative function on R, are expressed via the so-called Feynman—
Kac formula: See Exercise 7.28 below for a precise statement.

7.2 Brownian Motion and Harmonic Functions

Let us now turn to connections between Brownian motion and the Laplace equation
Au = 0. We start with a classical definition.

Definition 7.2 Let D be a domain of RY. A function u : D —> R is said to be
harmonic on D if it is twice continuously differentiable and Au = 0 on D.

Let D’ be a subdomain of D whose closure is contained in D. Consider the
stopping time T := inf{t > 0 : B, ¢ D’}. An application of It6’s formula (justified
by the remark preceding Proposition 5.11) shows that, if u is harmonic on D, then
for every x € D', the process

INT
u(Bunr) = u(Bo) + / Vu(By) - dB, 7.1
0

is a local martingale under P, [here and later, to apply the stochastic calculus results
of Chap. 5, we let (.%#;) be the canonical filtration of B completed under P,].

So, roughly speaking, harmonic functions are functions which when composed
with Brownian motion give (local) martingales.

Proposition 7.3 Let u be harmonic on the domain D. Let D' be a bounded
subdomain of D whose closure is contained in D, and consider the stopping time
T :=inf{t > 0: B, ¢ D'}. Then, for everyx € D/,

u(x) = E,[u(Br)].
Proof Since D’ is bounded, both 1 and Vu are bounded on D’, and we also know

that P,.(T < oo) = 1 for every x € D'. It follows from (7.1) that u(B,A7) is a (true)
martingale, and in particular, we have

u(x) = E, [M(Bt/\T)]
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for every x € D'. By letting t — oo and using dominated convergence we get that
u(x) = Eq[u(Br)]

forevery x € D'. O

The preceding proposition easily leads to the mean value property for harmonic
functions. In order to state this property, first recall that the uniform probability
measure on the unit sphere, denoted by o (dy), is the unique probability measure on
{y € R?: |y| = 1} that is invariant under all vector isometries. For every x € R? and
r > 0, we then let o, ,(dy) be the image of o (dy) under the mapping y — x + ry.

Proposition 7.4 (Mean value property) Suppose that u is harmonic on the
domain D. Then, for every x € D and for every r > 0 such that the closed ball
of radius r centered at x is contained in D, we have

u() = / 0 (dy) ().

Proof First observe that, if 7} = inf{r > 0 : |B,| = 1}, the distribution of By,
under P, is invariant under all vector isometries of R? (by the invariance properties
of Brownian motion stated at the end of Chap.2) and therefore this distribution is
o1(dy). By scaling and translation invariance, it follows that for every x € R and
r > 0,if T, = inf{r > 0 : |B, — x| = r}, the distribution of By, under Py is oy,
However, Proposition 7.3 implies that, under the conditions in the proposition, we
must have u(x) = E,[u(Br,,)]. The desired result follows. O

We say that a (locally bounded and measurable) function # on D satisfies the
mean value property if the conclusion of Proposition 7.4 holds. It turns out that this
property characterizes harmonic functions.

Lemma 7.5 Let u be a locally bounded and measurable function on D that satisfies
the mean value property. Then u is harmonic on D.

Proof Fix ry > 0 and let D’ be the open subset of D consisting of all points whose
distance to D¢ is greater than ry. It is enough to prove that u is twice continuously
differentiable and Au = Oon D’. Let h : R —> Ry be a C* function with compact
support contained in (0, ry) and not identically zero. Then, for every x € D’ and
every r € (0, rg), we have

u) = [ o@nuo,
We multiply both sides of this equality by r*~'A(r) and integrate with respect

to Lebesgue measure dr on (0, ry). Using the formula for integration in polar
coordinates, and agreeing for definiteness that u = 0 on D¢, we get, forevery x € D/,

cuw= [ avnbhucen = [ denle-spuco.
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where ¢ > 0 is a constant and we use the fact that 4(|z — x|) = 0if |z — x| > r.
Since z — h(]z]) is a C*° function, the convolution in the right-hand side of the last
display also defines a C*° function on D'.

It remains to check that Au = 0 on D’. To this end, we use a probabilistic
argument (an analytic argument is also easy). By applying It6’s formula to u(B;)
under P,, we get, forx € D’ and r € (0, rp),

E\[u(Bint,,)] = u(x) + EXI:/:AT” dsAu(BS)].

If we let t — oo, noting that E,[T,] < oo (cf. example (b) after Corollary 3.24),
we get

Bl ) = uto + £, [ " s aue)].

The mean value property just says that E,[u(Br,,)] = u(x) and so we have

E| / " ds Au(B,)| = 0.
0

Since this holds for any r € (0, rp) it follows that Au(x) = 0. O
From now on, we assume that the domain D is bounded.

Definition 7.6 (Classical Dirichlet problem) Let g be a continuous function on
dD. A function u : D —> R solves the Dirichlet problem in D with boundary
condition g, if u is harmonic on D and has boundary condition g, in the sense that,
for every y € dD, u(x) — g(y) asx — y, x € D.

Recall that D stands for the closure of D. If u solves the Dirichlet problem with
boundary condition g, the function & defined on D by u(x) = u(x) if x € D, and
u(x) = g(x) if x € dD, is then continuous, hence bounded on D.

Proposition 7.7 Let D be a bounded domain, and write T = inf{t > 0 : B, ¢ D}
for the exit time of Brownian motion from D.

(1) Let g be a continuous function on 0D, and let u be a solution of the Dirichlet
problem in D with boundary condition g. Then, for every x € D,

u(x) = E;[g(Br)].
(ii) Let g be a bounded measurable function on dD. Then the function
u(x) = Ex[g(Br)], xe€D,

is harmonic on D.
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Remark Assertion (i) implies that, if a solution to the Dirichlet problem with
boundary condition g exists, then it is unique, which is also easy to prove using
the mean value property.

Proof

(i) Fix x € D and g9 > 0 such that the ball of radius &; centered at x is contained
in D. For every ¢ € (0, &9), let D, be the connected component containing x of
the open set consisting of all points of D whose distance to D¢ is greater than ¢.
If T, = inf{t > 0 : B, ¢ D}, Proposition 7.3 shows that

u(x) = Ey[u(Br,)].

Now observe that T, 1 T as ¢ | 0 (if 7" is the increasing limit of T} as ¢ | 0,
we have T < T and on the other hand By» € dD by the continuity of sample
paths). Using dominated convergence, it follows that E,[u(Br,)] converges to
E\[g(Br)] as e — 0.

(i) By Lemma 7.5, itis enough to verify that the function u(x) = E,[g(Br)] satisfies
the mean value property. Recall the notation T, = inf{t > 0 : |B, — x| = r}
for x € R and r > 0. Fix x € D and r > 0 such that the closed ball of radius
r centered at x is contained in D. We apply the strong Markov property in the
form given in Theorem 6.17: With the notation of this theorem, we let @(w), for
w € C(Ry,R?) such that w(0) € D, be the value of g at the first exit point of
w from D (we take @(w) = 0 if w never exits D) and we observe that we have

g(BT) = @(Bt,t > 0) = ®(BT,\-_r+tv [ 0), P, as.

because the paths (B;,t > 0) and (Br,,4:, ¢t > 0) have the same exit point
from D. It follows that

u(x) = E([g(Br)] = Ex[(p(BT”—i—tal >0)] = Ex[EBT” [@(B;,t > 0)]] = Ex[”(BTg.r)]-

Since we know that the law of By, , under Py is o0y, this gives the mean value
property. O

Part (i) of Proposition 7.7 tells us that the solution of the Dirichlet problem with
boundary condition g, if it exists, is given by the probabilistic formula u(x) =
E,[g(Br)]. On the other hand, for any choice of the (bounded measurable) function
g on 9D, part (ii) tells us that the probabilistic formula yields a function u that is
harmonic on D. Even if g is assumed to be continuous, it is however not clear that
the function u# has boundary condition g, and this need not be true in general (see
Exercises 7.24 and 7.25 for examples where the Dirichlet problem has no solution).
We state a theorem that gives a partial answer to this question.

If y € 0D, we say that D satisfies the exterior cone condition at y if there exist
a (nonempty) open cone ¥ with apex y and a real » > 0 such that the intersection
of & with the open ball of radius r centered at y is contained in D¢. For instance,
a convex domain satisfies the exterior cone condition at every point of its boundary.
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Theorem 7.8 (Solution of the Dirichlet problem) Let D be a bounded domain
in RY. Assume that D satisfies the exterior cone condition at every y € dD. Then,
for every continuous function g on 0D, the formula

u(x) = E;[g(Br)], whereT = inf{t > 0: B, ¢ D},

gives the unique solution of the Dirichlet problem with boundary condition g.

Proof Thanks to Proposition 7.7 (ii), we only need to verify that, for every fixed
y € aD,

lim u(x) = g©). (7.2)
x—>yx€D

Let ¢ > 0. Since g is continuous, we can find § > 0 such that we have |g(z)—g(y)| <
¢/3 whenever z € dD and |z — y| < 8. Let M > 0 be such that |g(z)| < M for every
z € aD. Then, for every n > 0,

lu(x) — g =< Ex[|g(Br) — W Lir<ny] + Ex[|8(Br) — () L(z>n3]
< E|g(Br) — g0 ir<nyLisup(|Bi—x|:1<n}<5/2}]

5
+2MPX( sup |B, — x| > E) M PUT > 7).

=n

Write Ay, Ay, Az for the three terms in the sum in the right-hand side of the last
display. We assume that |y —x| < §/2, and we bound successively these three terms.
First note that we have |Br —y| < |Br — x| + |y — x| < § on the event

{T <n}Nsup{|B, —x|: 1 <n} <§/2},

and our choice of § ensures that A; < g/3.
Then, translation invariance gives

5
A, = 2MP0( sup |B:| > E)’
t<n

which tends to 0 when 1 > 0 by the continuity of sample paths. So we can fix n > 0
so that A, < &/3.

Finally, we claim that we can choose & € (0,8/2] small enough so that we
also have A; = 2M P (T > 1) < &/3 whenever |x — y| < «a. It follows that
|u(x) — g(y)| < &, whenever |x — y| < «, thus completing the proof of (7.2). Thus it
only remains to prove our claim, which is the goal of the next lemma. O

Lemma 7.9 Under the exterior cone condition, we have for everyy € 0D and every
n >0,

lim P (T>n)=0.

x—>yx€D
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Proof For every u € R? with |u| = 1 and every y € (0, 1), consider the circular
cone

Cu,y) ={zeR:z-u> (1-y)z},

where z - u stands for the usual scalar product. If y € dD is given, the exterior cone
condition means that we can fix » > 0, u and y such that

y+ (€ (u,y) N %) C D",

where %, denotes the open ball of radius r centered at 0. To simplify notation, we
set ¢ = € (u,y) N B, and also

¢ =%, g) N %,

which is the intersection of a smaller cone with %, 5.

For every open subset F of R?, write Tr = inf{t > 0 : B, € F}. An application
of Blumenthal’s zero-one law (Theorem 2.13, or rather its easy extension to
d-dimensional Brownian motion) along the lines of the proof of Proposition 2.14 (i)
shows that Po(T#(./2) = 0) = 1 and hence Po(T4» = 0) = 1 by the continuity of
sample paths. On the other hand, set ¢, = {z € €’ : |z| > a}, foreverya € (0,r/2).
The sets €, increase to ¢ as a | 0, and thus we have Tr | Ter = O asa | 0, Py
a.s. Hence, given any 8 > 0 we can fix a small enough so that

Po(Tgy <) = 1-B.
Recalling that y + 4" C D¢, we have
Px(T = 77) = Px(Ty+%) = 77) = PO(Ty—x+%) = 77)

However, a simple geometric argument shows that, as soon as |y—x]| is small enough,
the shifted cone y — x + % contains ‘5;, and therefore

PAT <n)=Py(Ts; <n) = 1—B.

Since B was arbitrary, this completes the proof. O

Remark The exterior cone condition is only a sufficient condition for the existence
(and uniqueness) of a solution to the Dirichlet problem. See e.g. [69] for necessary
and sufficient conditions that ensure the existence of a solution for any continuous
boundary value.
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7.3 Harmonic Functions in a Ball and the Poisson Kernel

Consider again a bounded domain D and a continuous function g on dD. Let T =
inf{t > 0 : B, ¢ D} be the exit time of D by Brownian motion. Proposition 7.7 (i)
shows that the solution of the Dirichlet problem in D with boundary condition g, if
it exists (which is the case under the assumption of Theorem 7.8), is given by

u() = Er[g(Br)] = /3 0l dy) 50

where, for every x € D, w(x,dy) denotes the distribution of By under P,. The
measure w(x, dy) is a probability measure on dD called the harmonic measure of
D relative to x. In general, it is hopeless to try to find an explicit expression for the
measures w(x, dy). It turns out that, in the case of balls, such an explicit expression
is available and makes the representation of solutions of the Dirichet problem more
concrete.

From now on, we suppose that D = 2 is the open unit ball in RY. We also
assume that d > 2 to avoid trivialities. The boundary 0.4 is the unit sphere in R9.

Definition 7.10 The Poisson kernel (of the unit ball) is the function K defined on
B x 09, by
1—|x?

T =

K(x,y)

forevery x € %, and y € 0.4,.

Lemma 7.11 For every fixed y € 0%, the function x +— K(x,y) is harmonic

on A,.

Proof Set K,(x) = K(x,y) for x € %,. Then K, is a C* function on %,. Moreover
a (somewhat tedious) direct calculation left to the reader shows that AK, = 0
on 4. |

In view of deriving further properties of the Poisson kernel, the following lemma
about radial harmonic functions will be useful.

Lemma 7.12 Let 0 < r| < rp be two real numbers and let h : (r;,r2) — R
be a measurable function. The function u(x) = h(|x|) is harmonic on the domain
{x € RY: r| < |x| < ra} if and only if there exist two constants a and b such that

a+blogrifd =2,

MO =3 g b ifa> 3.

Proof Suppose that u(x) = h(|x|) is harmonic on {x € R? : r; < |x| < r}.
Then u is twice continuously differentiable and so is /4. From the expression of the
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Laplacian of a radial function, we get that Au = 0 if and only if
" d—1 /
Wr)y+ —Hh@)=0, re(r,n).
r

The solutions of this second order linear differential equations are the functions of
the form given in the statement. The lemma follows. O

Recall our notation o;(dy) for the uniform probability measure on the unit
sphere 0.4,

Lemma 7.13 For every x € %,
/ K(x,y)o1(dy) = L.
0.8,
Proof For every x € A, set

F(x) = | K(xy)oi(dy).

Then the preceding lemma implies that F' is harmonic on %;. Indeed, if x € %, and
r < 1—|x|, Lemma 7.11 and the mean value property imply that, for every y € 04,

K(-xvy) = /K(Zsy)o—x,r(dZ)'

Hence, using Fubini’s theorem,
/ F(z) 0,(d2) = / ( / K(z9) 01(d) )0,(d2)

— [ ([ xeyon@)aw = [ Kena = Fu,

showing that the mean value property holds for F.

If ¥ is a vector isometry of RY, we have K(y¥ (x), ¥ (y)) = K(x,y) for every
x € % and y € 0B, and the fact that o;(dy) is invariant under v implies that
F(y(x)) = F(x) for every x € %,. Hence F is a radial harmonic function and
Lemma 7.12 (together with the fact that F' is bounded in the neighborhood of 0)
implies that F' is constant. Since F'(0) = 1, the proof is complete. O

Theorem 7.14 Let g be a continuous function on 098,. The unique solution of the
Dirichlet problem in %8, with boundary condition g is given by

u(x) = /3 HOKE) @) x € A
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Proof The very same arguments as in the beginning of the proof of Lemma 7.13
show that u is harmonic on 4. To verify the boundary condition, fix yy € 90.%,.
For every § > 0, the explicit form of the Poisson kernel shows that, if x € %, and
y € 04, are such that |[x — yo| < §/2 and |y — yo| > §, then

2
K(x) = (5 (1= P,
It follows from this bound that, for every § > 0,

lim K(x,y) o1(dy) = 0. (7.3)

FY0XEL S y—yol >8)

Then, given ¢ > 0, we can choose 6 > 0 sufficiently small so that the conditions

y € 0% and |y — yo| < & imply |g(y) — g(vo)| < e. It M = sup{|g(y)| : y € 0%},
it follows that

) = 800 = | [ K23 60~ g0n) o1 (@)
<2M / K(x,y)o1(dy) +&.
{ly—yol>8}

using Lemma 7.13 in the first equality, and then our choice of §. Thanks to (7.3), we
now get

limsup |u(x) — g(vo)| < e.

x—>y0 . XEH)

Since ¢ was arbitrary, this yields the desired boundary condition. O

The preceding theorem allows us to identify the harmonic measures of the
unit ball.

Corollary 7.15 Let T = inf{t > 0 : B, ¢ %,}. For every x € %, the distribution
of Br under P, has density K(x,y) with respect to o1 (dy).

This is immediate since, by combining Proposition 7.7 (i) with Theorem 7.14,
we get that, for any continuous function g on 0.9},

E/lg(Br)] = /a K@), VxE F.
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7.4 Transience and Recurrence of Brownian Motion

We consider again a d-dimensional Brownian motion (B;),>o that starts from x under
the probability measure P,. We again suppose that d > 2, since the corresponding
results for d = 1 have already been derived in the previous chapters.

For every a > 0, we introduce the stopping time

U, =inf{t > 0: |B,| = a}.

with the usual convention inf @ = oo.

Proposition 7.16 Suppose that x # 0, and let € and R be such that0 < ¢ < |x| < R.
Then,

logR —1
ogR—log ., _,
logR —loge
P (U, < Ug) = (7.4)
Rz—d _ I |2—d

x .
i 1dz3

Consequently, we have P(Uy < 00) = 0 and for every ¢ € (0, |x|),

1 ifd =2,

(i)H ifd > 3.

|x

P.(U; < 0) =

Proof Write D, y for the annulus {y € RY : ¢ < |y| < R}. Let u(x) be the function
defined for x € D,y that appears in the right-hand side of (7.4). By Lemma 7.12,
u is harmonic on D, g, and it is also clear that u solves the Dirichlet problem in
D, g with boundary condition g(y) = 0if [y = Rand g(y) = 1if |y| = e. If
T, r denotes the first exit time from D, g, Proposition 7.7 shows that we must have
u(x) = E,[g(Br,,)] for every x € D, . Formula (7.4) follows since E,[g(Br.,;)] =
P.(U; < Ug).

If R > |x| is fixed, the event {Uy < Ug} is (P, a.s.) contained in {U, < Ug}, for
every 0 < & < |x|. By passing to the limit &¢ — 0 in the right-hand side of (7.4),
we thus get that P,(Uy < Ug) = 0. Since Ug 1 oo as R 1 oo, it follows that
P.(Uy < 00) =0.

Finally, we have also P,(U, < oo) = lim P, (U, < Ug) as R — oo, and
by letting R — oo in the right-hand side of (7.4) we get the stated formula for
P.(U; < 0). O

Remark The reader will compare formula (7.4) with the exit distribution from an
interval for real Brownian motion that was derived in Chap.4 (example (a) after
Corollary 3.24). We could have proved (7.4) in a way similar to what we did for
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its one-dimensional analog, by applying the optional stopping theorem to the local
martingale log |B;| (if d = 2) or |B;|*™ (if d = 3). See Exercise 5.33.

Forevery y € RY, set 7, = inf{t > 0 : B, = y}, so that in particular ty = Uj. The
property P(79p < co) = 0 for x # 0 implies that P, (7, < co) = 0 whenever y # x,
by translation invariance. This means that the probability for Brownian motion to
visit a fixed point other than its starting point is zero: one says that points are polar
for d-dimensional Brownian motion with d > 2 (see Exercise 7.25 for more about
polar sets).

If m denotes Lebesgue measure on R4, it follows from Fubini’s theorem that

Blm((B.1 = 0 = [ [ 1] = [ vPi <0 =0

and therefore m({B;,t > 0}) = 0, P, a.s. One can nonetheless prove that the
Hausdorff dimension of the curve {B;,t > 0} is equal to 2 in any dimension d > 2
(see e.g. [62]). In some sense, this shows that the planar Brownian curve is “not so
far” from having positive Lebesgue measure.

Theorem 7.17

(1) In dimension d = 2, Brownian motion is recurrent, meaning that almost surely,
for every nonempty open subset O of R%, the set {t > 0 : B, € O} is unbounded.
(i) In dimension d > 3, Brownian motion is transient, meaning that

lim |B;| =00, a.s.
—>00

Proof

(1) Itis enough to prove that the statement holds when O is an open ball of rational
radius centered at a point with rational coordinates. So it suffices to consider
a fixed open ball Z and we may assume that Z is centered at O and that the
starting point of B is x # 0. By Proposition 7.16 we know that Brownian motion
will never hit O (so that inf{|B,| : 0 < r <t} > 0 for every t > 0, a.s.) but still
will hit any open ball centered at 0. It follows that B must visit Z at arbitrarily
large times, a.s.

(i) Again we can assume that the starting point of B is x # 0. Since the function
y +— |y|>= is harmonic on R?\{0}, and since we saw that B does not hit
0, we get that |B,|>~? is a local martingale and hence a supermartingale by
Proposition 4.7. By Theorem 3.19 (and the fact that a positive supermartingale
is automatically bounded in L'), we know that |B,|*>~¢ converges a.s. as t — 00.
The a.s. limit must be zero (otherwise the curve {B; : t > 0} would be bounded!)
and this says exactly that |B;| converges to oo as t — oo. O

Remark In dimension d = 2, one can (slightly) reinforce the recurrence property
by saying that a.s. for every nonempty open subset O of R?, the Lebesgue measure
of {t > 0 : B, € O} is infinite. This follows by a straightforward application of the
strong Markov property, and we omit the details.
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7.5 Planar Brownian Motion and Holomorphic Functions

In this section, we concentrate on the planar case d = 2, and we write B, = (X;, Y;)
for a two-dimensional Brownian motion. It will be convenient to identify R? with
the complex plane C, so that B, = X; + iY¥;, and we sometimes say that B is a
complex Brownian motion. As previously B starts from z under the probability P,
for every z € C.

If @ : C — C is a holomorphic function, the real and imaginary parts of @ are
harmonic functions, and thus we know that the real and imaginary parts of @(B,)
are continuous local martingales. In fact, much more is true.

Theorem 7.18 Let @ : C —> C be a nonconstant holomorphic function. For every
t>0, set

t
C = / 10/ (B, ds.
0

Let 7 € C. There exists a complex Brownian motion I' that starts from ®(z) under
P, such that

DBy =1I¢,, foreveryt>0, P,a.s.

In other words, the image of complex Brownian motion under a holomorphic
function is a time-changed complex Brownian motion. This is the conformal
invariance property of planar Brownian motion. It is possible (and useful for
many applications) to extend Theorem 7.18 to the case where @ is defined and
holomorphic in a domain D of C (such that z € D). A similar representation then
holds for @(B,) up to the first exit time of D (see e.g. [18]).

Proof Let g and / stand respectively for the real and imaginary parts of @. Since g
and & are harmonic, an application of Itd’s formula gives under P,

t a t a
¢(B) = 5() + /0 % By ax, + /0 Ewyar,

and similarly

" 9h " 9h
W(B.) = h(z) + /0 (B IX, + /0 5B Y.

So M, = g(B;) and N, = h(B,) are local martingales. Moreover, the Cauchy—
Riemann equations

dg _On dg ok

ax dy ady  ox
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give
(M,N); =0

and
t
(M, M), = (N,N), = / @' (By)[2ds = G,
0

The recurrence of planar Brownian motion implies that Co, = 00 a.s. (take a ball &
where |@’| is bounded below by a positive constant, and note that the total time spent
by B in the ball £ is a.s. infinite). We can then apply Proposition 5.15 to M; — g(2)
and N; — h(z) under P,, and we find two independent real Brownian motions 8 and
y started from O such that M; = g(z) + B¢, and N; = h(z) + yc,, forevery t > 0,
a.s. The desired result follows by setting I} = ®&(z) + B, + iy;. O

We will apply the conformal invariance property of planar Brownian motion
to its decomposition in polar coordinates, which is known as the skew-product
representation.

Theorem 7.19 Let z € C\{0} and write 7 = exp(r + i0) where r € R and 0 €
(—m, ). There exist two independent linear Brownian motions B and y that start
respectively from r and from 6 under P,, such that we have P, a.s. for every t > 0,

Bl‘ = exp(lBHt +int)’

" / " ds
o B
Proof The “natural” method for proving Theorem 7.19 would be to apply a
generalized version of Theorem 7.18 to a suitable determination of the complex
logarithm. This, however, leads to some technical difficulties, and for this reason we
will argue differently.

We may assume that z = 1 (and thus » = 6 = 0). The general case can be
reduced to that one using scaling and rotational invariance of Brownian motion. Let
rL,=r'+ i]"r2 be a complex Brownian motion started from 0. By Theorem 7.18,
we have a.s. for every t > 0,

where

exp(l7) = Zc,, (1.5)

where Z is a complex Brownian motion started from 1, and for every t > 0,

t
C = / exp(2 Fsl) ds.
0
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Let (Hy, s > 0) be the inverse function of (C;, r > 0), so that, by the formula for the
derivative of an inverse function,

H /‘Yexp( 2rtyd /‘Y du
s = - u= [ —3,
0 il o 1Z?

using the fact that exp(I}}u) = |Z,| in the last equality. By (7.5) with t = Hj, we
now get

Z, = exp([‘éy + i]'ﬁx).

This is the desired result (since I'! and I"? are independent linear Brownian motions
started from 0) except we did not get it for B but for the complex Brownian motion
Z introduced in the course of the argument.

To complete the proof, we argue as follows. Write arg B, for the continuous
determination of the argument of B, such that arg By = 0 (this makes sense since
we know that B does not visit 0, a.s.). The statement of Theorem 7.19 (with z = 1)
is equivalent to saying that, if we set

ﬂ[ = log |Bmf{320f(; ‘Bu‘izdu>t}|7

Vi = arg Binf{SZO:fg |Bu|2du>1}»

then 8 and y are two independent real Brownian motions started from 0. Note that
B and y are deterministic functions of B, and so their law must be the same if we
replace B by the complex Brownian motion Z. This gives the desired result. O

Let us briefly comment on the skew-product representation. By writing H, as the
inverse of its inverse, we get

H; =inf{s > 0: / exp(2B,) du > t}, (7.6)
0
and it follows that

log |B,| = ,Binf{xzo: fo exp(2Bu) du>1}>

showing that |B| is completely determined by the linear Brownian motion f. This is
related to the fact that |B,| is a Markov process, namely a two-dimensional Bessel
process (cf. Exercise 6.24, and Sect. 8.4.3 for a brief discussion of Bessel processes).

On the other hand, write 6, = argB; = yp,. Then 6, is not a Markov process:
At least intuitively, this can be understood by the fact that the past of 8 up to time
t gives information on the current value of |B;| (for instance if 6; oscillates very
rapidly just before 7 this indicates that |B;| should be small) and therefore on the
future evolution of the process 6.
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7.6 Asymptotic Laws of Planar Brownian Motion

In this section, we apply the skew-product decomposition to certain asymptotic
results for planar Brownian motion. We fix the starting point z € C\{0} (we will
often take z = 1) and for simplicity we write P instead of P,. We keep the notation
6, = argB, for a continuous determination of the argument of B,. Although the
process 6, is not a Markov process, the fact that it can be written as a linear Brownian
motion time-changed by an independent increasing process allows one to derive a
lot of information about its path properties. For instance, since H; —> oo ast — o0,
we immediately get from Proposition 2.14 that, a.s.,

lim sup 6, = +o0,
—>00

liminf 6, = —oo.
—> 00

One may then ask about the typical size of 6, when ¢ is large. This is the celebrated
Spitzer theorem on the winding number of planar Brownian motion.

Theorem 7.20 Let (6;,t > 0) be a continuous determination of the argument of the
complex Brownian motion B started from z € C\{0}. Then

2
logt?

t

converges in distribution as t — o0 to a standard symmetric Cauchy distribution.
In other words, for every x € R,

2 s d
lim P( 6, fx) - / 9
t—oo \logt 0o (1 4?)

Before proving the theorem, we will establish a key lemma. Without loss of
generality, we may assume that 7 = 1 and 6y = 0. We use the notation of
Theorem 7.19, so that 8 and y are two independent linear Brownian motions started
from 0.

Lemma 7.21 Forevery A > 0, consider the scaled Brownian motion ,3,()”) = % Bz
foreveryt > 0, and set Tfk) =inf{t > 0: ,B,W = 1}. Then

4 _pltoens) g
(log 1)? ! ! t—00

in probability.

Remark This shows in particular that 4(log#)~2H, converges in distribution to the
law of the hitting time of 1 by a linear Brownian motion started from 0.
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Proof For every a > 0,set T, = inf{t > 0 : §, = a} and, for every A > 0,
TV = inf{r > 0 : ,B,W = a}. For the sake of simplicity, we write A, = (logr)/2
throughout the proof and always assume that ¢ > 1. We first verify that, for every
>0,

P((kt)‘z H > T{i’i) — 0. (7.7)

To this end, recall formula (7.6), which shows that

-2 (A) Py,
()2H, >TH)y = { /0 exp(2B) du < t}

(A1)

1 2T,
- {— log / exp(2B.) du < 1}, (1.8)
0

since 24, = log . From the change of variables u = (1,)?v in the integral, we get

(Ar) T{/\t)

1 (T log A 1 Fe
— log/ exp(2B,) du = 0841 + — log/ exp(ZA,,Bff’)) dv.
0 At 2M 0

We then note that, for every fixed ¢ > 1, the quantity in the right-hand side has the
same distribution as

log A, 1

Tite
— 1 21:B,)d 7.9
St [ ep@ip)d (1.9

since for any A > 0 the scaled Brownian motion (,Bfl))tzo has the same distribution
as (B:)r>0. We then use the simple analytic fact stating that, for any continuous
functionf : Ry — R, for any s > 0,

1

o log/0 exp(2Af(v))dv A::o sup f(r).

0<r<s

We leave the proof as an exercise for the reader. It follows that

1 Ti4e
— log/ exp(2A8,) dv oo Sup Br=1+e,
0

21 70 0=r=Ti4

a.s., and so the quantity in (7.9) converges to 1 + ¢, a.s. as t — oo. Thus,

1 A>T
— log/ exp(2B,)du — 1+ ¢
0 —>00
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in probability. Hence the probability of the event in the right-hand side of (7.8)
tends to O, proving that (7.7) holds. The very same arguments show that, for every
e€ (0,1),

P(()&,)—2 H, < Tf*_'g) 0.

—>0o0

A < 1™ < 1) and that T —T(2)

The desired result now follows, noting that T e e
has the same distribution as 774, —T—., which tends to 0 in probability when ¢ — 0
(clearly, Ty—, 1 T; as ¢ — 0, and on the other hand 714, | T; a.s.ase — 0,as a

consequence of the strong Markov property at time 7 and Proposition 2.14 (i)). O

Proof of Theorem 7.20 We keep the notation introduced in the preceding proof
and also consider, for every A > 0, the scaled Brownian motion y,m = %ykz,.
Recalling our notation A, = (log#)/2 fort > 1, we have

2 1 h)
= —

At YH, = y(kz)izHr'

logt

It then follows from Lemma 7.21 (using also the fact that the linear Brownian
motions y™® all have the same distribution) that

in probability.

To complete the proof, we just have to notice that, for every fixed A > 0, y(l)

™
has the standard symmetric Cauchy distribution. Indeed, since (8%, y™) is a pair
of independent linear Brownian motions started from 0, this variable has the same
distribution as yr,, and its characteristic distribution is computed by conditioning
first with respect to 77, and then using the Laplace transform of 7', found in Example
(c) after Corollary 3.24,

Elexp(i§yr)] = E[eXp(—% £2T1)] = exp(—l€]).

which we recognize as the characteristic function of the Cauchy distribution. O

The skew-product decomposition and Lemma 7.21 can be used to derive other
asymptotic laws. We know that the planar Brownian motion B started from z #
0 does not hit 0 a.s., but on the other hand the recurrence property ensures that
min{|Bs| : 0 < s <t} tends to 0 as t — 0o. One may then ask about the typical size
of min{|B,| : 0 < s < t} when ¢ is large: In other words, at which speed does planar
Brownian motion approach a point different from its starting point?
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Proposition 7.22 Consider the planar Brownian motion B started from z # 0.
Then, for every a > 0,

1
lim P( min |B,| < t_“/z) = —.
t—oo  \0<s<t 1+a

For instance, the probability that Brownian motion started from a nonzero initial
value comes within distance 1/¢ from the origin before time 7 converges to 1/3 as
t — 00, a result which was not so easy to guess!

Proof Without loss of generality, we take z = 1. We keep the notation introduced
in the proofs of Lemma 7.21 and Theorem 7.20. We observe that

log (min |B,[) = min By, = min B

It follows that

1
—log(mm | Bs |) — min B, = min ,33@’).
<

10 /’\'t 0<s<H, 0555(/\,)72
By Lemma 7.21,
min ﬂi)") —  min (At) —50
0=<s<(A) 72 0<s<r*) =00

in probability. We conclude that we have the following convergence in distribution,

—log( min |B; |) —> min S,
log 0<s<t t—00 0<s<T

where f is a linear Brownian motion started from 0 and 7} = inf{s > 0 : 8, = 1}.
To complete the argument, note that

P( min B, < ) =P(T-, <T),

0<s<T)

ifT_, =inf{s >0: B, = —a}, and that P(T_, < T1) = (1 + a)~! (cf. Sect.3.4).
O

As alast application of the skew-product decomposition, we state the Kallianpur—
Robbins asymptotic law for the time spent by Brownian motion in a ball. Here the
initial value can be arbitrary.
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Theorem 7.23 Let z € C and R > 0. Then, under P,

2 t
— 1 d
logt Jo {1Bs|<r} A4S

converges in distribution as t — oo to an exponential distribution with mean R?.

We postpone our proof of Theorem 7.23 to the end of Chap. 9 since it relies in
part on the theory of local times developed in that chapter.

Exercises

In all exercises, (B;)i>0 is a d-dimensional Brownian motion starting from x under
the probability measure P.. Except in Exercise 7.28, we always assume that d > 2.

Exercise 7.24 Let %, be the open unit ball of R? (d > 2), and #F = %,\{0}. Let
g be the continuous function defined on %} by g(x) = 0if |x| = 1 and g(0) = 1.
Prove that the Dirichlet problem in %} with boundary condition g has no solution.

Exercise 7.25 (Polar sets) Throughout this exercise, we consider a nonempty
compact subset K of RY (d > 2). We set Tx = inf{t > 0 : B, € K}. We say
that K is polar if there exists an x € K¢ such that P,(Tx < oo) = 0.

1. Using the strong Markov property as in the proof of Proposition 7.7 (ii), prove
that the function x > P(Tx < o0) is harmonic on every connected component
of K°¢.

2. From now on until question 4., we assume that K is polar. Prove that K¢ is
connected, and that the property P,(Tx < oo) = 0 holds for every x € K.
(Hint: Observe that {x € K¢ : P,(Tx < 0o) = 0} is both open and closed).

3. Let D be a bounded domain containing K, and D' = D\K. Prove that any
bounded harmonic function 4 on D’ can be extended to a harmonic function on
D. Does this remain true if the word “bounded” is replaced by “positive”?

4. Set g(x) = 0if x € dD and g(x) = 1 if x € 9dD'\dD. Prove that the
Dirichlet problem in D’ with boundary condition g has no solution. (Note that
this generalizes the result of Exercise 7.24.)

5. If o € (0,d], we say that the compact set K has zero o-dimensional Hausdorff
measure if, for every ¢ > 0, we can find an integer N; > 1 and N, open balls
By, - .., Bw,) with respective radii r(y), . . . r(v,), such that K is contained in the
union %1y U --- U B,), and

Ne
D () <e.
=1

Prove that if d > 3 and K has zero d — 2-dimensional Hausdorff measure then K
is polar.
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Exercise 7.26 In this exercise, d > 3. Let K be a compact subset of the open unit
ball of R?, and Tk := inf{t > 0 : B, € K}. We assume that D := R?\K is connected.
We also consider a function g defined and continuous on K. The goal of the exercise
is to determine all functions « : D — R that satisfy:

(P) u is bounded and continuous on D, harmonic on D, and u(y) = g(y) if y € aD.

(This is the Dirichlet problem in D, but in contrast with Sect.7.3 above, D is
unbounded here.) We fix an increasing sequence (R,),>1 of reals, with Ry > 1
and R, 1 oo as n — oo. Foreveryn > 1, we set T(,, := inf{t > 0 : |B;| > R,}.

1. Suppose that u satisfies (P). Prove that, for every n > 1 and every x € D such
that |x| < R,

u(x) = E[g(Bry) 1{TK5T(,,)}] + EX[M(BT(,,)) I{T(n)sTK}]'

2. Show that, by replacing the sequence (R,),>1 with a subsequence if necessary,
we may assume that there exists a constant « € R such that, for every x € D,

lim Eyfu(Br,)] = a.
n—oo
and that we then have

lim u(x) = a.
|x|—>00

3. Show that, for every x € D,
M(X) = Ex[g(BTK) 1{TK<oo}] + an(TK = OO)

4. Assume that D satisfies the exterior cone condition at every y € dD (this is
defined in the same way as when D is bounded). Show that, for any choice of
a € R, the formula of question 3. gives a solution of the problem (P).

Exercise 7.27 Letf : C — C be a nonconstant holomorphic function. Use planar
Brownian motion to prove that the set {f(z) : z € C} is dense in C. (Much more is
true, since Picard’s little theorem asserts that the complement of {f(z) : z € C} in C
contains at most one point: This can also be proved using Brownian motion, but the
argument is more involved, see [12].)

Exercise 7.28 (Feynman—Kac formula for Brownian motion) This is a continua-
tion of Exercise 6.26 in Chap. 6. With the notation of this exercise, we assume that
E=R%and X, = B,.Let v be a nonnegative function in Cy (Rd), and assume that
v is continuously differentiable with bounded first derivatives. As in Exercise 6.26,
set, for every ¢ € B(RY),

0700 = E:fox) exp (- [ () as)]
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1. Using the formula derived in question 2. of Exercise 6.26, prove that, for
every t > 0, and every ¢ € Co(RY), the function QF¢ is twice continuously
differentiable on RY, and that Q* ¢ and its partial derivatives up to order 2 belong
to Co(R?). Conclude that QF¢ € D(L).

2. Let ¢ € Co(R?) and set u,(x) = QFp(x) for every t > 0 and x € RY. Using
question 3. of Exercise 6.26, prove that, for every x € R4, the function 7 — u;(x)
is continuously differentiable on (0, 0o0), and

du 1

B_tt = EAM, — v U

Exercise 7.29 In this exercise d = 2 and R? is identified with the complex plane
C. Leta € (0, ), and consider the open cone

Gy =1{re? 1 r>0,0 € (—a, ).

Set T :=inf{t > 0: B, ¢ Gy}.

1. Show that the law of log |Br| under P is the law of Biyt>0:|y,|=a}> Where 8 and
y are two independent linear Brownian motions started from 0.
2. Verify that, for every A € R,

1

E iA log |BT| — .
ile cosh(aA)

Notes and Comments

Connections between Brownian motion and partial differential equations have been
known for a long time and motivated the study of this random process. A survey of
the partial differential equations that can be solved in terms of Brownian motion can
be found in the book of Durrett [18, Chapter 8]. The representation of Theorem 7.1
(written in terms of the Gaussian density) goes back to the ninetieth century and the
work of Fourier and Laplace — see the references in [49]. The beautiful relations
between Brownian motion and harmonic functions were discovered and studied
by Kakutani [45, 46], and Hunt [33, 34] later studied the connections between
potential theory and transient Markov processes (see the Blumenthal-Getoor book
[5] for more on this topic). Nice accounts of the links between Brownian motion
and classical potential theory can be found in the books by Port and Stone [69]
and Doob [16] (see also Itd and McKean [42], Chung [9], and Chapters 3 and 8 of
[62]). The conformal invariance of planar Brownian motion was stated by Lévy [54]
with a very sketchy proof. Davis’ paper [12] is a nice survey of relations between
planar Brownian motion and analytic functions, see also Durrett’s book [18], and the
paper [28] by Getoor and Sharpe for a notion of conformal martingale that plays in
martingale theory a role similar to that of analytic functions. Spitzer’s theorem was
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obtained in the classical paper [75], and the Kallianpur—Robbins law was derived in
[48]. A number of remarkable properties of planar Brownian motion had already
been observed by Lévy [53] in 1940. We refer to Pitman and Yor [68] for a
systematic study of asymptotic laws of planar Brownian motion. Our presentation
closely follows [52], where other applications of the skew-product decomposition
can be found.



Chapter 8
Stochastic Differential Equations

This chapter is devoted to stochastic differential equations, which motivated It6’s
construction of stochastic integrals. After giving the general definitions, we provide
a detailed treatment of the Lipschitz case, where strong existence and uniqueness
statements hold. Still in the Lipschitz case, we show that the solution of a stochastic
differential equation is a Markov process with a Feller semigroup, whose generator
is a second-order differential operator. By results of Chap.6, the Feller property
immediately gives the strong Markov property of solutions of stochastic differential
equations. The last section presents a few important examples. This chapter can be
read independently of Chap. 7.

8.1 Motivation and General Definitions

The goal of stochastic differential equations is to provide a model for a differential
equation perturbed by a random noise. Consider an ordinary differential equation of
the form

Y () = b(y(1).

or, in differential form,

dy; = b(y,) dr.

Such an equation is used to model the evolution of a physical system. If we take
random perturbations of the system into account, we add a noise term, which is
typically of the form o dB;, where B denotes a Brownian motion, and o is a constant
corresponding to the intensity of the noise. Note that the use of Brownian motion
here is justified by its property of independence of increments, corresponding to the

© Springer International Publishing Switzerland 2016 209
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fact that the random perturbations affecting disjoint time intervals are assumed to
be independent.
In this way, we arrive at a stochastic differential equation of the form

dy; = b(y;)dr + o dB;,

or in integral form, the only one with a rigorous mathematical meaning,

t
yi = Yo + / b(ys)ds + o B,.
0

We generalize the preceding equation by allowing o to depend on the state of the
system at time 7 :

dyt = b()’t) dr + U(Yt) dBt,

or, in integral form,

t t
Y = yo + / b(y))ds + / o (y,) dB;.
0 0

Because of the integral in dBj, the preceding equation only makes sense thanks to
the theory of stochastic integrals developed in Chap. 5. We can still generalize the
preceding equation by allowing o and b to depend on the time parameter 7. This
leads to the following definition.

Definition 8.1 Let d and m be positive integers, and let o and b be locally bounded
measurable functions defined on R4 x R? and taking values in Myx,,(R) and in R?
respectively, where M,x,,(R) is the set of all d x m matrices with real coefficients.
We write 0 = (0jj)1<i<d,1<j<m and b = (b;)1<i<q-

A solution of the stochastic differential equation

E(U, b) dX[ == O-(t, Xr) dBr + b(l, Xr) dt

consists of:

* afiltered probability space (2, #, (%1)icp,00], P) (Where the filtration is always
assumed to be complete);

¢ an m-dimensional (%;)-Brownian motion B = (B',...,B™) started from O;

 an (%)-adapted process X = (X',...,X¢) with values in R, with continuous
sample paths, such that

t t
X, =Xp +/ U(S,Xy) st+/ b(s, X;) ds,
0 0
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meaning that, for every i € {1,...,d},
. . m t . t
Xi=Xg+) / 0yi(s. X;) dB] + / bi(s, X;) ds.
= o 0

If additionally Xy = x € R, we say that X is a solution of E, (o, b).

Note that, when we speak about a solution of E(o, b), we do not fix a priori the
filtered probability space and the Brownian motion B. When we fix these objects,
we will say so explicitly.

There are several notions of existence and uniqueness for stochastic differential
equations.

Definition 8.2 For the equation E(o, b) we say that there is

* weak existence if, for every x € R?, there exists a solution of E,(c, b);

* weak existence and weak uniqueness if in addition, for every x € R, all solutions
of E, (o, b) have the same law;

* pathwise uniqueness if, whenever the filtered probability space (£2, %, (%), P)
and the (%;)-Brownian motion B are fixed, two solutions X and X’ such that
Xo = X{ a.s. are indistinguishable.

Furthermore, we say that a solution X of E,(0, b) is a strong solution if X is adapted
with respect to the completed canonical filtration of B.

Remark It may happen that weak existence and weak uniqueness hold but pathwise

uniqueness fails. For a simple example, consider a real Brownian motion § started
from By = y, and set

B, = /0 sen (B,) B,

where sgn (x) = 1 if x > 0 and sgn (x) = —1 if x < 0. Then, one immediately gets
from the “associativity” of stochastic integrals that

Bi=y+ /0 sen (B.) dB,.

Moreover, B is a continuous martingale with quadratic variation (B, B); = t, and
Theorem 5.12 shows that B is a Brownian motion started from 0. We thus see that 8
solves the stochastic differential equation

dX; = sgn(X;) dB;, Xo =y,

and it follows that weak existence holds for this equation. Theorem 5.12 again shows
that any other solution of this equation must be a Brownian motion, which gives
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weak uniqueness. On the other hand, pathwise uniqueness fails. In fact, takingy = 0
in the construction, one easily sees that both f and —f solve the preceding stochastic
differential equation with the same Brownian motion B and initial value 0 (note that
Jo 1¢g,=0y ds = 0, which implies [; 15,—o; dB, = 0). One can also show that f is
not a strong solution: One verifies that the canonical filtration of B coincides with
the canonical filtration of | 8|, which is strictly smaller than that of 8 (we omit the
proof, which is a simple application of formula (9.18) in Chap. 9).

The next theorem links the different notions of existence and uniqueness.

Theorem (Yamada—Watanabe) If both weak existence and pathwise uniqueness
hold, then weak uniqueness also holds. Moreover, for any choice of the filtered
probability space (2, F, (%), P) and of the (#,)-Brownian motion B, there exists
for every x € R? a (unique) strong solution of E(c, b).

We omit the proof (see Yamada and Watanabe [83]) because we will not need
this result. In the Lipschitz case that we will consider, we will establish directly the
properties given by the Yamada—Watanabe theorem.

8.2 The Lipschitz Case

In this section, we work under the following assumptions.

Assumptions The functions o are b are continuous on R x R and Lipschitz in
the variable x: There exists a constant K such that, forevery r > 0, x,y € R4,

lo(t,x) —o(t,y)| < Klx—yl,
|b(t, x) — b(t,y)| < K|x—y|

Theorem 8.3 Under the preceding assumptions, pathwise uniqueness holds for
E(0, b), and, for every choice of the filtered probability space ($2, #, (%), P) and
of the (.%,)-Brownian motion B, for every x € R, there exists a (unique) strong
solution of E, (0, b).

The theorem implies in particular that weak existence holds for E(o, b). Weak
uniqueness will follow from the next theorem (it can also be deduced from pathwise
uniqueness using the Yamada—Watanabe theorem).

Remark One can “localize” the Lipschitz assumption on o and b, meaning that
the constant K may depend on the compact set on which the parameters ¢ and x, y
are considered. In that case, it is, however, necessary to keep a condition of linear
growth of the form

lo@x)] < KA +[x]). |6 x| < K1+ |x]).
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This kind of condition, which avoids the blow-up of solutions, already appears in
ordinary differential equations.

Proof For the sake of simplicity, we consider only the case d = m = 1. The reader
will be able to check that the general case follows from exactly the same arguments,
at the cost of a heavier notation. Let us start by proving pathwise uniqueness. We
consider (on the same filtered probability space, with the same Brownian motion B)
two solutions X and X’ such that X, = X{. Fix M > 0 and set

T =inf{r>0:|X,| > M or |X]| > M}.

Then, for every ¢t > 0,

INT

INT
Xone = Xo + / o (5, X,) dB, + / b(s, X,) ds
0 0

and an analogous equation holds for X/, .. Fix a constant 7 > 0. By considering
the difference between the two equations and using the bound (5.14), we get, for
t€[0,T],

E[(Xine — X))

< 2E[< /0 " C6.X) — o5, X)) de)z] + 2E[< /O
<2 (E[/I/\I(U(s, X,) —o(s, X;))zds] + TE[/Mr
0 0

<2K%(1 + T)E[/IM(XJ —x;)zds]
0

INT

(b(s. X,) — b(s. X)) ds)z]

(b(s, X;) — b(s, x;))zds])

t
<2K%(1 + T)E[/ (Xone —X;N)zds].
0
Hence the function h(f) = E[(Xin: — X],,)?] satisfies
t
h(t) < C/ h(s)ds
0
for every ¢ € [0, T], with C = 2K*(1 + T).
Lemma 8.4 (Gronwall’s lemma) Ler T > 0 and let g be a nonnegative bounded

measurable function on [0, T]. Assume that there exist two constants a > 0 and
b > 0 such that, for every t € [0,T],

gy <a+ b/o g(s)ds.
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Then, we also have, for every t € [0, T],

g(1) < a exp(bt).

Proof of the lemma By iterating the condition on g, we get,

g(t) < a+ a(br) + b? /Ids /Sdrg(r)
0 0

bt 2 bt)" t S1 Sn
= a—l—a(bt)—l—a(z) +"'+a(n—|) +b”+l/ dsl/ dSZ'"/ dsn4+18(sn+1),
: 0 0 0

for every n > 1. If A is a constant such that 0 < g < A, the last term in the right-
hand side is bounded above by A(br)"*!/(n + 1)!, hence tends to 0 as n — oo. The
desired result now follows. |

Let us return to the proof of the theorem. The function /4 is bounded above by
4AM? and the assumption of the lemma holds witha = 0, b = C. We thus get h = 0,
so that X,». = X],,. By letting M tend to oo, we get X, = X/, which completes the
proof of pathwise uniqueness.

For the second assertion, we construct a solution using Picard’s approximation
method. We define by induction

0
X, =x,

t t
th =x+ / o(s,x)dB; + / b(s, x) ds,
0 0
t t
X" =x+/ o(s,x’;—l)dBXJr/ b(s, X" ") ds.
0 0

The stochastic integrals are well defined since one verifies by induction that, for
every n, the process X" is adapted and has continuous sample paths.

It is enough to show that, for every 7' > 0, there is a strong solution of E, (o, b)
on the time interval [0, 7]. Indeed, the uniqueness part of the argument will then
allow us to get a (unique) strong solution on R that will coincide with the solution
on [0, T] up to time 7.

We fix T > 0 and, for every n > 1 and every t € [0, T], we set

e = E[ sup x2—x:7'12]

0<s<t

We will bound the functions g, by induction on n (at present, it is not yet clear
that these functions are finite). The fact that the functions o (-, x) and b(-,x) are
continuous, hence bounded, over [0, 7] implies that there exists a constant C’T such
that g1 (1) < C}. for every 1 € [0, T] (use Doob’s inequality in L? for the stochastic
integral term).
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Then we observe that
t t
X=X = [ 0X) — ol X B+ [ (666, X0) b X ds
0 0
Hence, using the case p = 2 of the Burkholder—Davis—Gundy inequalities in the
second bound (and writing C(,) for the constant in this inequality),
2

E[ sup |xX"+! —X;?|2] < ZE[ sup

0<s<t 0<s<t

/ (0.X") — o(u. X)) dB,
0

+ sup

0<s<t

]

/ (B X") — b X)) du
0

<2(co [ /0 (00X — ol X))
! n n—1y\2
+TE[/O (b(u, X") — b(u, X)) du])
<2(Cay + T)KZE[/Ot X" —x;—1|2du]
t
= o] [ =

where Cr = 2(C(o) + T)KZ. We have thus obtained that, for every n > 1,

t
0 = Cr [ g du 8.1)
0
Recalling that g,(r) < C%, an induction argument using (8.1) shows that, for every
n>1landt€[0,7],
—1

(n—1""

gn(t) < Cr(Cp)"™!

In particular, Y o2 | g,(T)/? < oo, which implies that

o

sup | X" — X' < 00, as.
‘o O<I=T

Hence the sequence (X', 0 < ¢ < T) converges uniformly on [0, 7], a.s., to a limiting
process (X;, 0 < ¢t < T), which has continuous sample paths. By induction, one also
verifies that, for every n, X" is adapted with respect to the (completed) canonical
filtration of B, and the same holds for X.
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Finally, from the fact that ¢ and b are Lipschitz in the variable x, we also get that,
forevery t € [0, T],

t t
lim (/ o (s, X;) dB; —/ o(s, Xy) dBJ) =0,
0 0

n—>o00

t t
lim ( / b(s, X,) ds — / b(s, X") ds) — 0,
n—>oo 0 0

in probability (to deal with the stochastic integrals, we may use Proposition 5.8,
noting that |X? — X;| is dominated by >"72 supy,, |X**! — X}|). By passing to
the limit in the induction equation defining X", we get that X solves E,(c,b) on

[0, T]. This completes the proof of the theorem. O

In the following statement, W(dw) stands for the Wiener measure on the
canonical space C(R4,R™) of all continuous functions from R into R” (W(dw)
is the law of (B;, ¢t > 0) if B is an m-dimensional Brownian motion started from 0).

Theorem 8.5 Under the assumptions of the preceding theorem, there exists, for
everyx € R, amapping F, : C(Ry,R™) — C(R4,RY), which is measurable when
C(R4,R™) is equipped with the Borel o-field completed by the W-negligible sets,
and C(R, RY) is equipped with the Borel o-field, such that the following properties
hold:

(i) for every t > 0, Fy(w); coincides W(dw) a.s. with a measurable function of
w(r),0 <r =<1y,

(i) for everyw € C(R4,R™), the mapping x — F(W) is continuous;

(iii) for every x € RY, for every choice of the (complete) filtered probability
space (82, F, (%), P) and of the m-dimensional (%;)-Brownian motion B
with By = 0, the process X, defined X, = Fy(B), is the unique solution of
E\(0,b); furthermore, if U is an Fy-measurable real random variable, the
process Fy(B), is the unique solution with Xy = U.

Remark Assertion (iii) implies in particular that weak uniqueness holds for
E(o,b): any solution of E.(o,b) must be of the form F,(B) and its law is thus
uniquely determined as the image of W(dw) under F.

Proof Again we consider only the case d = m = 1. Let .4 be the class of all
W-negligible sets in C(R4, R), and, for every ¢ € [0, o0], set

Y =0(w(s),0<s<r1p)v.r.

For every x € R, we write X* for the solution of E,(o,b) corresponding to the
filtered probability space (C(R4,R), %, (%), W) and the (canonical) Brownian
motion B;(w) = w(?). This solution exists and is unique (up to indistinguishability)
by Theorem 8.3, noting that the filtration (¥}) is complete by construction.
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Let x,y € R and let 7, be the stopping time defined by
T, =inf{r > 0: |X}| > nor |X}| > n}.

Let p > 2 and T > 1. Using the Burkholder-Davis—Gundy inequalities (Theo-
rem 5.16) and then the Holder inequality, we get, for ¢ € [0, 77,

E[ sup |X§/\T,, - XZYAT,, |p]
s<t

< Gyl =yl + E[ sup ]

s<t

/ M X — 0 X)) dB,
0

/OT (b(r. X)) —bir. X)) ar| ])

+E[ sup

s<t

= Cp(lx -y + C;,E[( /0 o (0(r, X*) — o (r, X)))? dr)r'/z]

INT, p
+E[( / Ib(r. X5) — b(r. X)) dr) ])
0
P ! ;
< c,,(|x T c,’,ﬁ—lE[/o |0:(r A Ty, Xirg) — 0. A Tn,XﬁATn)V’dr]
r 5
! E[/ b0 A T Xig,) = bl A T Xy, )1Pdr])
0

t
<ot 417 [ B, =X, 11 0)

where the constants C,, C;, C;’ < 0o depend on p (and on the constant K appearing
in our assumption on ¢ and ») but noton n oron x,y and 7.

As the function ¢ — E [ Sup,<, |Xinz, — Xonr, |1’] is bounded, Lemma 8.4 implies
that, for ¢ € [0, T,

E[ sup [Xing, = Xiag,I”] = Clx =317 exp(Cy T,
s<t
hence, letting n tend to oo,

E[sup X5 — X;‘|”] < Clx—yI” exp(C,T"1).

s<t

The topology on the space C(R4, R) is defined by the distance

d(w,w) = Z(xk<sull:() [w(s) —w'(s)| A 1),

k=1
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where the sequence of positive reals o can be chosen in an arbitrary way, provided
that the series ) oy converges. We may choose the coefficients o so that

o
Zak exp(CZkP“) < oo.
k=1

For every x € R, we consider X* as a random variable with values in C(R4, R). The
preceding estimates and Jensen’s inequality then show that

o0 o0
p—1 _
EAe Y] < (D) D[ suplx; = X3¢ < G v =y,
k=1 =1 s<k

with a constant Cp independent of x and y. By Kolmogorov’s lemma (Theorem 2.9),
applied to the process (X*, x € R) with values in the space E = C(R4+, R) equipped
with the distance d, we get that (X*,x € R) has a modification with continuous
sample paths, which we denote by (X*,x € R). We set Fo(w) = X*(w) =
(Xf(w)),zo. Property (ii) is then obvious.

The mapping w +— F,(w) is measurable from C(R4, R) equipped with the o-
field ¥ into C(R4+,R) equipped with the Borel o-field € = o(w(s),s > 0).

Moreover, for every t > 0, F(w), = Xf(w) = X} (w) is ¥,-measurable hence

coincides W(dw) a.s. with a measurable function of (w(s),0 < s < ¢). Thus
property (i) holds.

Let us now prove the first part of assertion (iii). To this end, we fix the filtered
probability space (£2,.%, (%), P) and the (.%;)-Brownian motion B. We need to
verify that the process (Fy(B);):>o then solves E,(o, b). This process (trivially) has
continuous sample paths, and is also adapted since F,(B), coincides a.s. with a
measurable function of (B,,0 < r < f), by (i), and since the filtration (%) is
complete. On the other hand, by the construction of F, (and because X' =X* a.s.),
we have, for every t > 0, W(dw) a.s.

t

F.(w), =x+ /Ora(s, F.(w)s)dw(s) + /0 b(s, Fy(w)y)ds,

where the stochastic integral fot o (s, Fy(w);)dw(s) can be defined by

2k —1

[ o moane) = tim 3 o Az () —wi).
i=0

2 2
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W(dw) a.s. Here (nx)r>1 is a suitable subsequence, and we used Proposition 5.9. We
can now replace w by B (whose distribution is W(dw)!) and get a.s.

2k —1

. it d
F.(B); = x+ kl_l)lgo Z U(ﬁ, F(B)itjo2w) (B(it1yry2 — Bigjom) + /0 b(s, Fy(B),)ds

=x+ /(;tO'(S, F(B)s)dB; + /Otb(sv F(B)s)ds,

again thanks to Proposition 5.9. We thus obtain that F,(B) is the desired solution.

We still have to prove the second part of assertion (iii). We again fix the filtered
probability space (£2, %, (%), P) and the (.%#,)-Brownian motion B. Let U be an
Fp-measurable random variable. If in the stochastic integral equation satisfied by
F.(B) we formally substitute U for x, we obtain that Fy(B) solves E(o, b) with
initial value U. However, this formal substitution is not so easy to justify, and we
will argue with some care.

We first observe that the mapping (x, @) + F,(B), is continuous with respect to
the variable x (if w is fixed) and .%,-measurable with respect to w (if x is fixed). It
easily follows that this mapping is measurable for the o-field Z(R) ® .%;. Since U
is %p-measurable, we get that Fy(B), is #;-measurable. Hence the process Fy(B)
is adapted. For x € R and w € C(R,R), we define G(x,w) € C(R4,R) by the
formula

G(x, W),:/O b(s, Fy(w),) ds.

We also set H(x,w) = Fy(w) —x — G(x, w). We have already seen that, for every
x € R, we have W(dw) a.s.,

H(-x7 W)t = /(;to(sv FX(W)Y) dW(S)

Hence, if
= it i+ 1) it
Hy(, W)y = D 0 FeW)iy) (W) = w()),
i=0

Proposition 5.9 shows that

H(x,w), = nl_i)rgoHn(x, W)y,

in probability under W(dw), for every x € R. Using the fact that U and B are
independent (because U is .%p-measurable), we infer from the latter convergence
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that

H(Us B)I‘ = hm Hn(Uv B)t
n—>oo

in probability. Thanks again to Proposition 5.9, the limit must be the stochastic
integral

/f o(s, Fy(B)s) dB;.
0

We have thus proved that

/ (5. Fu(B),) dB, = H(U, B), = Fy(B),— U — / b5, Fu(B),) ds
0 0

which shows that F;(B) solves E(o, b) with initial value U. O

A consequence of Theorem 8.5, especially of property (ii) in this theorem, is the
continuity of solutions with respect to the initial value. Given the filtered probability
space (£2, .7, (%), P) and the (%,)-Brownian motion B, one can construct, for
every x € R?, the solution X* of E,(c, b) in such a way that, for every w € 2, the
mapping x — X*(w) is continuous. More precisely, the arguments of the previous
proof give, for every ¢ € (0, 1) and for every choice of the constants A > 0 and
T > 0, a (random) constant C, 4 r(w) such that, if |x|, |y| <A,

sup X} (@) — X} (@)| < Cear(@) x—y['™*
=

(in fact the version of Kolmogorov’s lemma in Theorem 2.9 gives this only for
d = 1, but there is an analogous version of Kolmogorov’s lemma for processes
indexed by a multidimensional parameter, see [70, Theorem 1.2.1]).

8.3 Solutions of Stochastic Differential Equations as Markov
Processes

In this section, we consider the homogeneous case where o(f,y) = o(y) and
b(t,y) = b(y). As in the previous section, we assume that ¢ and b are Lipschitz:
There exists a constant K such that, for every x,y € R4,

lo(x) —o()| = Klx—y|. [b(x) —b(y)| = Klx—yl.

Let x € R? and let X* be a solution of E, (o, b). Since weak uniqueness holds, for
every t > 0, the law of X7 does not depend on the choice of the solution. In fact, this
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law is the image of Wiener measure on C(R, RY) under the mapping w > F,.(W);,
where the mappings F, were introduced in Theorem 8.5. The latter theorem also
shows that the law of X} depends continuously on the pair (x, 7).

Theorem 8.6 Assume that (X;);>0 is a solution of E(o,b) on a (complete) filtered
probability space (2, F,(F;), P). Then (X;)>0 is a Markov process with respect
to the filtration (%), with semigroup (Q,);>o defined by

Qf () = E[f(XD].

where X* is an arbitrary solution of E, (o, b).

Remark With the notation of Theorem 8.5, we have also
0f) = [ FF () Wiaw). (8.2)

Proof We first verify that, for any bounded measurable function f on R?, and for
every s,t > 0, we have

E[f(XH-r) | ys] = Qtf(Xs)s

where Q,f is defined by (8.2). To this end, we fix s > 0 and we write, for every
t>0,

s+t s+t
Xopr = X, + / o(X,) dB, + / b(X,) dr (8.3)

where B is an (.%;)-Brownian motion starting from 0. We then set, for every ¢ > 0,
Xr/ = Xs+t s «g}/ = ys-}-t s B; = Bs+t — B;.

We observe that the filtration (%)) is complete (of course #., = ), that the
process X' is adapted to (.%/), and that B’ is an m-dimensional (%/)-Brownian
motion. Furthermore, using the approximation results for the stochastic integral
of adapted processes with continuous sample paths (Proposition 5.9), one easily

verifies that, a.s. for every t > 0,

s+t t
/ o(X,)dB, = / o(X))dB,
K 0

where the stochastic integral in the right-hand side is computed in the filtration (%]).
It follows from (8.3) that

t t
X =X, + / (X' dB. + / b(X) du.
0 0
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Hence X’ solves E(o,b), on the space (£2,.%,(%/),P) and with the Brownian
motion B’, with initial value X, = X; (note that X; is .%-measurable). By the last
assertion of Theorem 8.5, we must have X’ = Fy (B'), a.s.

Consequently, for every ¢ > 0,

Elf(Xs+)|.75] = E[f(X)|.75] = Elf (Fx,(B"))|.7] = /f(Fxs (w),) W(dw)
= Qlf(XS)v

by the definition of Q,f. In the third equality, we used the fact that B’ is independent
of .%,, and distributed according to W(dw), whereas X is .%;-measurable.

We still have to verify that (Q;).>¢ is a transition semigroup. Properties (i) and
(iii) of the definition are immediate (for (iii), we use the fact that the law of X7
depends continuously on the pair (x, #)). For the Chapman—Kolmogorov relation,
we observe that, by applying the preceding considerations to X*, we have, for every
s,t>0,

011/ (@) = EIf (X%, )] = E[EF (X, )L F] = EIOF(X)] = / 0.(x.4) O ().

This completes the proof. O

We write C2(R?) for the space of all twice continuously differentiable functions
with compact support on R

Theorem 8.7 The semigroup (Qr)s>o is Feller. Furthermore, its generator L is such
that

CX(RY) C D(L)

and, for every f € C*(R?),

f of

Lf(x) = Z(oo i) 5 —=— (x>+Zb<x)—(x>

IJ 1
where 0* denotes the transpose of the matrix o.

Proof For the sake of simplicity, we give the proof only in the case when ¢ and
b are bounded. We fix f € Co(R?) and we first verify that Q,f € Co(RY). Since
the mappings x — Fy(w) are continuous, formula (8.2) and dominated convergence
show that Q,f is continuous. Then, since

t t
X =x+ / o(X?)dB; + / b(X3) ds,
0 0
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and o and b are assumed to be bounded, we get the existence of a constant C, which
does not depend on ¢, x, such that

E[XF —x)?’] < C(t+ ). (8.4)
Using Markov’s inequality, we have thus, for every ¢ > 0,

sup P(|X; —x| > A) — 0.
xeRd A—o00

Writing
10 )| = [EF XD < [EF (X)) Lixi—a<a]| + IFI| POXF = x[ > A),
we get, using our assumption f € Co(R9),

limsup |Qf (x)| < If]l sup P(IX; — x| > A).

X—>00 xeR4

and thus, since A was arbitrary,
lim Qf(x) = 0,
X—>00

which completes the proof of the property Q,f € Co(R?).
Let us show similarly that Q,f —> f when t — 0. For every ¢ > 0,

sup [E[f(XD] —f@)| = sup  [f(x) =fO)] + 2f[| sup P(IX] — x| > ¢).

X€ERC x.yERY [x—y|<e X€ERC
However, using (8.4) and Markov’s inequality again, we get

sup P(|X; —x| > &) — 0,

Y€ER t—0

hence

timsup | O Il = limsup ( sup [EF(X)] = f(l) < swp /@) =fO)

t—0  xeRd x.y€R4 [x—y|<e

which can be made arbitrarily close to 0 by taking & small.

Let us prove the second assertion of the theorem. Let f € C>(R?). We apply
1t6’s formula to f(XY), recalling that, if X* = (X;"',....X"%), we have, for every
ie{l,...,d},

m t t
X =x+ Y / 0yj(X}) dB] + / bi(X5) ds.
=170 ’



224 8 Stochastic Differential Equations

We get

X d ! X af X azf X Xl Xl
SO =100+ M+ 3 [ o oas+ 3 Z / (X, X,

0x; 0x;yr
where M is a continuous local martingale. Moreover, if i,/ € {1,...,d},
d(xs, x5y, Zo,,(Xx)o,,(Xx) ds = (60 (X¥) ds.
j=1

We thus see that, if g is the function defined by

f

1 - of
g(x) = Z (00" (1) 5= —(x) + 3 bi(x) = (),
ii’=1 Xi i=1 !

the process

M, = f(X) —f(x) — /0 ¢(X7) ds

is a continuous local martingale. Since f and g are bounded, Proposition 4.7 (ii)
shows that M is a martingale. It now follows from Theorem 6.14 that f € D(L) and

Lf =g. O

Corollary 8.8 Suppose that (X;)>0 solves E(a, b) on a filtered probability space
(2, F,(F:),P). Then (X;)i>0 satisfies the strong Markov property: If T is a
stopping time and if @ is a Borel measurable function from C(R, R?) into Ry,

E[I{T<oo}qj(XT+ta t> O) | JGZT] = 1{T<oo} EX]'[é]a

where, for every x € RY, P, denotes the law on C(Ry,R?) of an arbitrary solution
of Ex(o, b).

Proof It suffices to apply Theorem 6.17. Alternatively, we could also argue in a
similar manner as in the proof of Theorem 8.6, letting the stopping time 7 play the
same role as the deterministic time s in the latter proof, and using the strong Markov
property of Brownian motion. O

Markov processes with continuous sample paths that are obtained as solutions
of stochastic differential equations are sometimes called diffusion processes (certain
authors call a diffusion process any strong Markov process with continuous sample
paths in R? or on a manifold). Note that, even in the Lipschitz setting considered
here, Theorem 8.7 does not completely identify the generator L, but only its action
on a subset of the domain D(L): As we already mentioned in Chap. 6, it is often very
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difficult to give a complete description of the domain. However, in many instances,
one can show that a partial knowledge of the generator, such as the one given by
Theorem 8.7, suffices to characterize the law of the process. This observation is at
the core of the powerful theory of martingale problems, which is developed in the
classical book [77] by Stroock and Varadhan.

At least when restricted to C?(R?), the generator L is a second order differential
operator. The stochastic differential equation E(o, b) allows one to give a proba-
bilistic approach (as well as an interpretation) to many analytic results concerning
this differential operator, in the spirit of the connections between Brownian motion
and the Laplace operator described in the previous chapter. We refer to Durrett
[18, Chapter 9] and Friedman [26, 27] for more about links between stochastic
differential equations and partial differential equations. These connections between
probability and analysis were an important motivation for the definition and study
of stochastic differential equations.

8.4 A Few Examples of Stochastic Differential Equations

In this section, we briefly discuss three important examples, all in dimension one.
In the first two examples, one can obtain an explicit formula for the solution, which
is of course not the case in general.

8.4.1 The Ornstein—-Uhlenbeck Process

Let A > 0. The (one-dimensional) Ornstein—Uhlenbeck process is the solution of
the stochastic differential equation

dXt = dBt - /’\'Xl‘ dt.

This equation is solved by applying Itd’s formula to e*'X,, and we get
t
X, = Xoe ™M + / e M7 dB,.
0

Note that the stochastic integral is a Wiener integral (the integrand is deterministic),
which thus belongs to the Gaussian space generated by B.
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First consider the case where Xy = x € R. By the previous remark, X is a (non-
centered) Gaussian process, whose mean function is m(f) = E[X,] = xe™, and
whose covariance function is also easy to compute:

—Alt—s| _ e—l(r-l-s)

21

€

K(s, 1) = cov(X,, X;) =

It is also interesting to consider the case when X is distributed according to
A0, %). In that case, X is a centered Gaussian process with covariance function

1 —Alt—s|
1 € .

Notice that this is a stationary covariance function. In that case, the Ornstein—
Uhlenbeck process X is both a stationary Gaussian process (indexed by Ry ) and
a Markov process.

8.4.2 Geometric Brownian Motion

Let 0 > 0 and r € R. The geometric Brownian motion with parameters o and r is
the solution of the stochastic differential equation

er == UX[ dB[ + VX[ dt.

One solves this equation by applying It6’s formula to log X; (say in the case where
Xo > 0), and it follows that:

2
o
X, = Xo exp (UB, + (r— 7)t)

Note in particular that, if the initial value Xy is (strictly) positive, the solution
remains so at every time ¢ > 0. Geometric Brownian motion is used in the celebrated
Black—Scholes model of financial mathematics. The reason for the use of this
process comes from an economic assumption of independence of the successive
ratios

th —th Xt3 —th Xl‘ -
Xrl ) sz ) )

corresponding to disjoint time intervals: From the explicit formula for X,, we see
that this is nothing but the property of independence of increments of Brownian
motion.
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8.4.3 Bessel Processes

Let m > 0 be a real number. The m-dimensional squared Bessel process is the real
process taking nonnegative values that solves the stochastic differential equation

dX, = 2/X,dB, + mdr . (8.5)

Notice that this equation does not fit into the Lipschitz setting studied in this chapter,
because the function o (x) = 2./x is not Lipschitz over Ry (one might also observe
that this function is only defined on R and not on R, but this is a minor point
because one can replace 2./x by 2 \/m and check a posteriori that a solution starting
from a nonnegative value stays nonnegative). However, there exist (especially in
dimension one) criteria weaker than our Lipschitz continuity assumptions, which
apply to (8.5) and give the existence and pathwise uniqueness of solutions of (8.5).
See in particular Exercise 8.14 for a criterion of pathwise uniqueness that applies
to (8.5).

One of the main reasons for studying Bessel processes comes from the following
observation. If ¢ > 1 is an integer and 8 = (B'.....,B%) is a d-dimensional
Brownian motion, an application of Itd’s formula shows that the process

B2 = (B))? + -+ + (BY)?

is a d-dimensional squared Bessel process: See Exercise 5.33. Furthermore, one can
also check that, when m = 0, the process (%Xt)tzo has the same distribution as
Feller’s branching diffusion discussed at the end of Chap. 6 (see Exercise 8.11).

Suppose from now on that m > 0 and Xo = x > 0. For every r > 0, set
T, :=inf{t > 0: X, = r}. If r > x, we have P(T, < co) = 1. To get this, use (8.5)
to see that X,n7, = x + m(t A T,) + Yia7,, Where E[(Yt,\Tr)Z] < 4rt. By Markov’s
inequality, P(Yia7, > t3/4) —> 0 as t — o0, and if we assume that P(T, = oc0) > 0
the preceding expression for X;a7, gives a contradiction.

Set, for every ¢ € [0, Tp),

_ [ X)"TYifm#£2,
"7 | log(Xy) ifm = 2.
It follows from Itd’s formula that, for every ¢ € (0,x), M;or, is a continuous
local martingale. This continuous local martingale is bounded over the time interval
[0, Te A Tal, for every A > x, and an application of the optional stopping theorem
(using the fact that Ty < oo a.s.) gives, if m # 2,

AlTE 173

A-E 5

P(T, <Ty) =
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and if m = 2,

logA —logx
PTe < Th) = logA —loge’

When m = d is an integer, we recover the formulas of Proposition 7.16.

Let us finally concentrate on the case m > 2. Letting € go to O in the preceding
formulas, we obtain that P(Ty < oco) = 0. If we let A tend to oo, we also get that
P(T; < c0) = 1if m = 2 (as we already noticed in Chap.7) and P(T, < o0) =
(e/x)"2D=Vifm > 2.

It then follows from the property P(Ty < oo) = O that the process M, is well-
defined for every ¢+ > 0 and is a continuous local martingale. When m > 2, M,
takes nonnegative values and is thus a supermartingale (Proposition 4.7 (i)), which
converges a.s. as t — oo (Proposition 3.19). The limit must be 0, since we already
noticed that P(T4 < oo) = 1 for every A > x, and we conclude that X, converges
a.s.to oo as t — oo when m > 2. One can show that the continuous local martingale
M, is not a (true) martingale (cf. Question 8. in Exercise 5.33 in the case m = 3).

Exercise 5.31 in Chap.5 gives a number of important calculations related to
squared Bessel processes. We refer to Chapter XI in [70] for a thorough study of
this class of processes.

Remark The m-dimensional Bessel process is (of course) obtained by taking
Y; = X;, and, whenm = dis a positive integer, it corresponds to the norm of d-
dimensional Brownian motion. When m > 1, the process Y also satisfies a stochastic
differential equation, which is however less tractable than (8.5): See Exercise 8.13
below.

Exercises

Exercise 8.9 (Time change method) We consider the stochastic differential equa-
tion

E(0,0) dX;, = o(X;) dB;

where the function 0 : R —> R is continuous and there exist constants £ > 0 and
M suchthate <o <M.

1. In this question and the next one, we assume that X solves E(o, 0) with Xy = x.
We set, for every ¢ > 0,

t
A = / 0(X)?ds ., 1 =inf{s >0:A, >t}
0
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Justify the equalities

/t dr 4 infits > 0 /S dr i
T = _—, = inf{s > 0 : — >t}
' 0 U(Xtr)z ' o 0 er)z

2. Show that there exists a real Brownian motion 8 = (B;),;>0 started from x such
that, a.s. for every r > 0,

X = IBinf{sZO: Jo o(Br)~2dr>1}

3. Show that weak existence and weak uniqueness hold for E(o,0). (Hint: For
the existence part, observe that, if X is defined from a Brownian motion 8 by
the formula of question 2., X is (in an appropriate filtration) a continuous local
martingale with quadratic variation (X, X), = fot o(X,)%ds.)

Exercise 8.10 We consider the stochastic differential equation

E(o,b) dX; = o(X;) dB; + b(X;) dt

where the functions 0,b : R — R are bounded and continuous, and such that
fR |b(x)|dx < oo and o > ¢ for some constant & > 0.

1. Let X be a solution of E(o,b). Show that there exists a monotone increasing
function F : R — R, which is also twice continuously differentiable, such that
F(X;) is a martingale. Give an explicit formula for F in terms of o and b.

2. Show that the process Y; = F(X;) solves a stochastic differential equation of the
form dY; = o’ (Y;) dB;, with a function ¢’ to be determined.

3. Using the result of the preceding exercise, show that weak existence and weak
uniqueness hold for E(o, b). Show that pathwise uniqueness also holds if o is
Lipschitz.

Exercise 8.11 We suppose that, for every x € R, one can construct on the same
filtered probability space (£2,.%, (%), P) a process X* taking nonnegative values,
which solves the stochastic differential equation

er = A/ 2Xr dB[
X() =X

and that the processes X* are Markov processes with values in R4, with the same
semigroup (Q;):>0, with respect to the filtration (.%;). (This is, of course, close to
Theorem 8.6, which however cannot be applied directly because the function +/2x
is not Lipschitz.)
1. We fix x € Ry, and areal T > 0. We set, for every ¢ € [0, T
Y ( AXY )
=exp| ———— ).
TP T T AT o)

Show that the process (M;7);>0 is @ martingale.
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2. Show that (Q;):>o is the semigroup of Feller’s branching diffusion (see the end
of Chap. 6).

Exercise 8.12 We consider two sequences (0,,),>1 and (b,),>1 of real functions
defined on R. We assume that:

(i) There exists a constant C > 0 such that |0, (x)| < C and |b,(x)| < C for every
n>1andx € R.
(i) There exists a constant K > 0 such that, for everyn > 1 and x,y € R,

lon(x) =0, < Klx—y[ , [ba(x) = ba(y)| < K|x =yl

Let B be an (.%;)-Brownian motion and, for every n > 1, let X" be the unique
adapted process satisfying

t t
X" = / on(X") dB, + / bu(X") ds.
0 0

1. Let T > 0. Show that there exists a constant A > 0 such that, for every real
M > 0 and foreveryn > 1,

A
P(su X" >M)<—.
tfgl AzM) =5

2. We assume that the sequences (0,) and (b,) converge uniformly on every
compact subset of R to limiting functions denoted by o and b respectively. Justify
the existence of an adapted process X = (X;);>¢ with continuous sample paths,
such that

t t
X, = / o(X;)dBs + / b(Xy) ds,
0 0

then show that there exists a constant A” such that, for every real M > 0, for every
tef0,T]andn > 1,

/

t
A
£ supx; ~ X)) < 44 + DK / E[(X" — X)) ds +
s<t 0 M2

+4T(4 sup (02(x) — 0 ()% + T sup (bu(x) — b(x))z).
[x|<M [x|<M

3. Infer from the preceding question that

lim E[sup(xg — Xs)z] —0.
n—>0o0

s<T
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Exercise 8.13 Let § = (B;):>0 be an (:#;)-Brownian motion started from 0. We fix
two real parameters « and r, with @ > 1/2 and r > 0. For every integer n > 1 and
every x € R, we set

fn(x):iAn.

Il

1. Let n > 1. Justify the existence of the unique semimartingale Z" that solves the
equation

t
z = r+ﬁt+a/ f20) ds.
0
2. We set S, = inf{tr > 0 : Z}' < 1/n}. After observing that, for# < S, A S,41,

Z”'H—Z"—a/t( ! —i)ds
t t o \Zntl T zn ’

show that Z"! = Z" forevery t € [0, S, A S,41], a.s. Infer that S, > S,.
3. Let g be a twice continuously differentiable function on R. Show that the process

o2 =)= [ (g @A + 3@ s

is a continuous local martingale.

4. We set h(x) = x'72* for every x > 0. Show that, for every integer n > 1,
h(Z}, Sn) is a bounded martingale. Infer that, for every t > 0, P(S,, < t) tends to O
as n — oo, and consequently S, — oo a.s. as n — oo.

5. Infer from questions 2. and 4. that there exists a unique positive semimartingale
Z such that, for every r > 0,

Zi=r+p + /tds
=r o | —.
' ' OZS

6. Let d > 3 and let B be a d-dimensional Brownian motion started from y €
R4\ {0}. Show that ¥, = |B,| satisfies the stochastic equation in question 5. (with
an appropriate choice of g) with r = |y| and @ = (d — 1)/2. One may use the
results of Exercise 5.33.

Exercise 8.14 (Yamada—Watanabe uniqueness criterion) The goal of the exercise
is to get pathwise uniqueness for the one-dimensional stochastic differential equa-
tion
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when the functions o and b satisfy the conditions

lo(x) —oW| =K Vix=y[. [b(x)—=bO)]=Kx—yl,

for every x,y € R, with a constant K < oo.

1.

Preliminary question. Let Z be a semimartingale such that (Z,Z), = fot h ds,
where 0 < hy < C|Zj|, with a constant C < co. Show that, for every ¢ > 0,

'
lim nE[/ Lo<iz<1/m} d(Z,Z)S:I = 0.
0

n—>oo

(Hint: Observe that, for everyn > 1,

t
E[/ IZV|_11{0<\ZXI§1}d<Z7Z)S:| <Ct<o00.)
0

. For every integer n > 1, let ¢, be the function defined on R by

0 if |x| > 1/n,
@n(x) = ¢ 2n(1 —nx) if0 < x < 1/n,
2n(1 +nx) if —1/n<x<0.

Also write F, for the unique twice continuously differentiable function on R
such that F,,(0) = F/,(0) = 0 and F// = ¢,. Note that, for every x € R, one has
F,(x) — |x| and F,(x) —> sgn(x) := 10y — 1{y<oy whenn — oo.

Let X and X’ be two solutions of E(o, b) on the same filtered probability space
and with the same Brownian motion B. Infer from question 1. that

t
lim E[/ (p,,(XJ—X;)d(X—X’,X—X’)J] —0.
n—>oo 0

. Let T be a stopping time such that the semimartingale X, — X/, ; is bounded.

By applying It6’s formula to F,,(X;n7 — X] 1), show that

INT
ElXir = Xiurl) = EX0 = X501+ E] [ (%) = b0 sen(x, = X) ds].

. Using Gronwall’s lemma, show that, if X, = X, one has X; = X] forevery ¢ > 0,

a.s.
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Notes and Comments

As already mentioned, the treatment of stochastic differential equations motivated
Itd’s invention of stochastic differential equations. For further reading on this
topic, the reader may consult the classical books of Ikeda and Watanabe [43] and
Stroock and Varadhan [77], the latter studying stochastic differential equations
in connection with martingale problems. @ksendal’s book [66] emphasizes the
applications of stochastic differential equations in other fields. The books [26, 27]
of Friedman focus on connections with partial differential equations. We have
chosen to concentrate on the Lipschitz case, where the main results of existence
and uniqueness were already obtained by It6 [37, 38]. In dimension one, the criteria
ensuring pathwise uniqueness can be weakened significantly (see in particular
Yamada and Watanabe [83], which inspired Exercise 8.14) but this is no longer the
case in higher dimensions. Chapter XI of [70] contains a lot of information about
Bessel processes.



Chapter 9
Local Times

In this chapter, we apply stochastic calculus to the theory of local times of
continuous semimartingales. Roughly speaking, the local time at level a of a
semimartingale X is an increasing process that measures the “number of visits” of
X at level a. We use the classical Tanaka formulas to construct local times and then
to study their regularity properties with respect to the space variable. We show how
local times can be used to obtain a generalized version of 1t6’s formula, and we
establish the so-called density of occupation time formula. We also give several
approximations of local times. We then focus on the case of Brownian motion,
where we state the classical Trotter theorem as a corollary of our results for general
semimartingales, and we derive the famous Lévy theorem identifying the law of the
Brownian local time process at level 0. In the last section, we use Brownian local
times to prove the Kallianpur—Robbins law that was stated at the end of Chap.7.
This chapter can be read independently of Chaps.6, 7 and 8, except for the last
section that relies on Chap. 7.

9.1 Tanaka’s Formula and the Definition of Local Times

Throughout this chapter, we argue on a filtered probability space (£2, #, (%:):>0, P),
and the filtration (.%;);>0 is assumed to be complete. Let X be a continuous
semimartingale. If f is a twice continuously differentiable function defined on
R, 1t6’s formula asserts that f(X,) is still a continuous semimartingale, and

t 1 t
FXD) = F(Xo) + /0 F0%) X, + 5 /0 F(X,) d{X. X)..

The next proposition shows that this formula can be extended to the case when f is
a convex function.
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Proposition 9.1 Let f be a convex function on R. Then f(X;) is a semimartingale,
and, more precisely, there exists an increasing process A’ such that, for every t > 0,

FX) = £(Xo) + /0 (%) dX, + AL,

where f’ (x) denotes the left-derivative of f at x.
More generally, f(X;) is a semimartingale if f is a difference of convex functions.

Proof Let & be a nonnegative continuous function on R such that #(x) = 0 if x ¢
[0, 1] and fol h(x)dx = 1. For every integer n > 1, set h,(x) = nh(nx). Define a
function ¢, : R — R by

0a) = hy % f(2) = /R () f(x— ) dy.

Then it is elementary to verify that ¢, is twice continuously differentiable on R,
@) = hy xf, and @,(x) — f(x), ¢/ (x) — f_(x) as n — oo, for every x € R.
Furthermore, the functions ¢, are also convex, so that qo,/l’ > 0.

Let X = M + V be the canonical decomposition of the semimartingale X, and
consider an integer K > 1. Introduce the stopping time

t
Tk :=inf{t > 0: |X;| + (M, M), +/ |dVi| > K}.
0

From It6’s formula, we have

INTk INTk
On(Xiaty) = @n(Xo) + / ¢, (X) dX + 5/ on (Xs) d(M, M),. 9.1
0 0

From the definition of Tk, we have (M, M), < K. Noting that the functions qo,/l are
uniformly bounded over any compact interval, we get, by a simple application of
Proposition 5.8,

INTk ATk
/ P, — [ ) ., 9.2)
0 n—o0 0

in probability. For every ¢ > 0, set

INTk

A = fXonre) — f(Xo) — i 1 (X,) dX,. 9.3)
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Since ¢, (Xo) — f(Xo) and ¢, (X;a1) = f(Xin1) as B — 00, we deduce from (9.2)
and (9.1) that

INTk
! / ¢! (X,) d(M. M), —> ALK, 9.4)
2 0 n—00
in probability. By (9.3), the process (A{’K),Zo has continuous sample paths, and
A{)’K = 0. Since ¢, > 0, it follows from the convergence (9.4) that the sample paths
of (A{’K),ZO are also nondecreasing. Hence AX is an increasing process. Finally,
one gets from (9.4) that A{’K = AKX ifk < K. It follows that there exists an

INTk
increasing process A’ such that A{’K = A{ a1y forevery r > 0 and K > 1. We then
get the formula of the proposition by letting K — oo in (9.3). O

Remark Write ', for the right-derivative of f. An argument similar to the preceding
proof shows that there exists an increasing process A’ such that

f@»=ﬂ&»+£ﬁﬂ&m&+ii

If f is twice continuously differentiable, A{ = Af; = % fot S (Xy) d{X, X);. In general,
however, we may have A{ #* Af .
The previous proposition leads to an easy definition of the local times of a

semimartingale. For every x € R, we set sgn(x) := 1.0y — l{x<oy (the fact that
we define sgn(0) = —1 here plays a significant role).

Proposition 9.2 Let X be a continuous semimartingale and a € R. There exists an
increasing process (L (X));=o such that the following three identities hold:

t
m—m=%—m+/gm&ﬂmm+wax 9.5)
0
t
1
X, — a)+ = (Xo— a)+ + /0 1{X5>a} dX; + EL?(X), 9.6)
! 1
K= = o= = [ ey dX, + 3 LX) ©.7)

The increasing process (L!(X))o is called the local time of X at level a.
Furthermore, for every stopping time T, we have LY(XT) = L% . (X).
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We will refer to any of the identities (9.5), (9.6), (9.7) as Tanaka’s formula.

Proof We apply Proposition 9.1 to the convex function f(x) = |x — al, noting that
fL(x) = sgn(x — a). It follows from Proposition 9.1 that the process (L¢(X));>0
defined by

t
LX) == |X; —a| — |Xo — 4| —/ sgn(X; — a) dX;
0

is an increasing process. We then need to verify that (9.6) and (9.7) also hold. To
this end, we apply Proposition 9.1 to the convex functions f(x) = (x —a)* and
f(x) = (x — a)~. It follows that there exist two increasing processes A%(*) and
A% such that

t
(x—m+=c%—m++/lwwmx+A%“
0
and
t —
(Xt - Cl)_ = (XO - Cl)_ - / l{Xsfa} dXx + A?( )'
0

By considering the difference between the last two displays, we immediately
get that A“(Y) = A% On the other hand, if we add these two displays and
compare with (9.5), we get A" + A% = [4(X). Hence AP = 400 =
1LA(X)
20 A

The last assertion immediately follows from (9.5) since fOMT sgn(X; —a)dX; =
[y sgn(X! — a) dXT by properties of the stochastic integral. O

Let us state the key property of local times. We use the notation d,L{(X) for
the random measure associated with the increasing function s +— L¢(X) (i.e.

Jog GLEX) = L{(X)).

Proposition 9.3 Let X be a continuous semimartingale and let a € R. Then a.s. the
random measure d;L{ (X) is supported on {s > 0 : X; = a}.

Proof Set W, = |X; — a| and note that (9.5) gives (W, W), = (X,X), since
|sgn(x)| = 1 for every x € R. By applying Ito’s formula to (W;)?, we get

t t
(X,—a)2 = Wr2 = (Xo—a)2+2/ Xy —a) dXX—G-Z/ | Xy —a| d,LS(X) + (X, X)),
0 0
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Comparing with the result of a direct application of Itd’s formula to (X; — a)?, we
get

t
/ X, — al dL4(X) = 0,
0

which gives the desired result. O

Proposition 9.3 shows that the function ¢+ — L¢(X) may only increase when
X, = a. So in some sense, L{(X) measures the “number of visits” of the process X
at level a before time 7 (the results of Sect. 9.3 give rigorous versions of this intuitive
statement). This also justifies the name “local time”.

9.2 Continuity of Local Times and the Generalized
It6 Formula

We consider a continuous semimartingale X and write X = M + V for its canonical
decomposition. Our first goal is to study the continuity of the local times of X with
respect to the space variable a.

It is convenient to write L*(X) for the random continuous function (L{(X))>0,
which we view as a random variable with values in the space C(R4, R ). As usual,
the latter space is equipped with the topology of uniform convergence on every
compact set.

Theorem 9.4 The process (L*(X), a € R) with values in C(Ry,Ry) has a cadlag
modification, which we consider from now on and for which we keep the same
notation (L*(X),a € R). Furthermore, if L°"(X) = (LY (X))w=0 denotes the left
limit of b — L”(X) at a, we have for every t > 0,

t
LYX) — L (X) =2 / Liy.—q Vi 9.8)
0

In particular, if X is a continuous local martingale, the process (L (X))aer >0 has
Jjointly continuous sample paths.

The proof of the theorem relies on Tanaka’s formula and the following technical
lemma.

Lemma 9.5 Let p > 1. There exists a constant Cp, which only depends on p, such
that for every a,b € R with a < b, we have

E[(/Ot 1{a<xjsb}d(M,M)S>p] <C,(b— a)P<E[(<M’M)t)p/2] n E[(/Ot |dvs|)p])‘
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For every a € R, write Y* = (Y{")»0 for the random variable with values in
C(R4+, R) defined by

t
Yta =/ 1{X3>a}de-
0

The process (Y, a € R) has a continuous modification.

Proof Let us start with the first assertion. It is enough to prove that the stated bound
holds when @ = —u and b = u for some u > 0 (then take u = (b —a)/2 and replace
X by X — (b + a)/2). Let f be the unique twice continuously differentiable function
such that

71 =y

and f(0) = f(0) = 0. Note that we then have |f’(x)| < 2u for every x € R. Since
f”>0andf”(x) > 1if —u < x < u, we have

/ 1{—u<XS§u}d(M7M>Sf/f//(Xs)d(MsM>x- (99)
0 0

However, by Itd’s formula,

[ 7 _ ! /
; /0 FUEAM, M), = FX) —F(Xo) — /0 /(%) dX,. 9.10)

Recalling that |f’| < 2u, we have
E[lf (X)) —f(Xo)|"] < Qu)’ E[|X; — Xo|"]

< ur £ (1, — ol + | avaY']

= Gty (10 + [ [ av)')).

using the Burkholder—Davis—Gundy inequalities (Theorem 5.16). Here and below,
C, stands for a constant that depends only on p, which may vary from line to line.
Then,

/otf ) X = /Otf (X0 dM, + /0 P,
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We have

"] = curE[( /0 r avil)']

and, using the Burkholder—Davis—Gundy inequalities once again,

= cpE[(/O’f/(xozd(M, m.)"]

< C,2uy’ E[((M.M),)"?].

| [ recav

£| /O %),

The first assertion of the lemma follows by combining the previous bounds,
using (9.9) and (9.10).

Let us turn to the second assertion. We fix p > 2. By the Burkholder—Davis—
Gundy inequalities, we have for every a < b and every ¢ > 0,

E[sup Y? — ye |p] <G, E[(/Ot 1iex,<pd (M, M)S)p/z], 9.11)

s<t

and the right-hand side can be estimated from the first assertion of the lemma. More
precisely, for every integer n > 1, introduce the stopping time

t
T, :=inf{t > 0: (M, M), +/ |dVi| = n}.
0

From the first assertion of the lemma with X replaced by the stopped process X7,
we have, for every > 0,

INT p/2
E[(/ 1{a<X5§h}d(M’ M)v) ] = Cp(np/4 + np/2) (b - a)p/Z'
0
Using (9.11), again with X replaced by X", and letting t — 0o, we obtain
E[ sup |YfAT” R |”] < C,("* 4 n1?) (b — a)y’?,
s>0

Since p > 2, we see that we can apply Kolmogorov’s lemma (Theorem 2.9) to
get the existence of a continuous modification of the process a — (¥{, 1, )s>0, With
values in C(R., R). Write (Y" ““)s>0 for this continuous modification.

Then, if 1 < n < m, for every fixed a, we have yWe = Y &")T: for every s > 0,
a.s. By a continuity argument, the latter equality holds simultaneously for every

a € R and every s > 0, outside a single set of probability zero. It follows that we
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can define a process (Y, a € R) with values in C(R,, R), with continuous sample
paths, such that, for every n > 1, yWe — f/;‘ATn for every a € R and every s > 0,
a.s. The process (f/“, a € R) is the desired continuous modification. O

Remark By applying the bound of Lemma 9.5 to X7 (with T, as in the previous
proof) and letting a tend to b, we get that, for every b € R,

t
/ Lix,—py d(M, M), =0
0

for every t > 0, a.s. Consequently, using Proposition 4.12, we also have

‘
/ 1x,—pydM; = 0, 9.12)
0

forevery t > 0, a.s.

Proof of Theorem 9.4 With a slight abuse of notation, we still write (Y%, a € R)
for the continuous modification obtained in the second assertion of Lemma 9.5. We
also let (Z%, a € R) be the process with values in C(R4+, R) defined by

t
Zf :/ I{Xx>a} dVvs.
0

By Tanaka’s formula, we have for every fixed a € R,
L = 2((X, —a)t —Xo—a)t — Yy — Zt"), forevery r > 0, a.s.

The right-hand side of the last display provides the desired cadlag modification.
Indeed, the process

ar (X —aF = Ko —a)t - ¥7)
=0

has continuous sample paths, and on the other hand the process a > Z* has cadlag

sample paths: For every ag € R, the dominated convergence theorem shows that

t

t
/ 1{X5>a} dVY — 1{X5>a0} d‘/X’
0 0

“i’“()

t t
/ 1{X.;>a} dV_S — I{X.rZﬂO} de’
0

atag.a<ap Jo
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uniformly on every compact time interval. The previous display also shows that the
jump Z% — Z%~ is given by

t
Zfo - Zrao_ = _/ I{Xs=¢lo} dvs,
0

and this completes the proof of the theorem. O

From now on, we only deal with the cadlag modification of local times obtained
in Theorem 9.4.

Remark To illustrate Theorem 9.4, set W, = |X,|, which is also a semimartingale
by Tanaka’s formula (9.5). By (9.6) applied to W;, we have

t
1
0

t

t
1
= |Xo| +/ sgn(X,)dX; +/ 1x,—oydX + EL?(W)’
0 0

noting that fot 1{|X3|>0}dL?(X) = 0 by the support property of local time (Proposi-
tion 9.3). Comparing the resulting formula with (9.5) written with a = 0, we get

t
LO(W) =2L°(X) -2 / 1y, —oydX, = L)(X) + LY (X),
0

using (9.8). The formula L2(W) = L%(X) + LY~ (X) is a special case of the more
general formula LY (W) = LY(X) + Li_”) ~(X), for every a > 0, which is easily
deduced from Corollary 9.7 below. We note that the support property of local time
implies L¢(W) = 0 for every a < 0, and in particular L~ (W) = 0. We leave it as
an exercise for the reader to verify that formula (9.8) applied to LY (W) — L™ (W)
gives a result which is consistent with the preceding expression for L?(W).

We will now give an extension of [td’s formula (in the case where it is applied
to a function of a single semimartingale). If f is a convex function on R, the left
derivative /7 is a left-continuous monotone nondecreasing function, and there exists
a unique Radon measure f”(dy) on Ry such that /' ([a, b)) = f'(b) — f (a), for
every a < b. One can also interpret f” as the second derivative of f in the sense of
distributions. Note that /"' (da) = f”(a)da if f is twice continuously differentiable. If
f is now a difference of convex functions, that is, f = f; —f, where both f; and f, are
convex, we can still make sense of [ f”(dy) ¢(y) = [ f'(dy) ¢(y) — [ f5(dy) ¢(y)
for any bounded measurable function ¢ supported on a compact interval of R.

The next theorem identifies the increasing process A; that appeared in Proposi-
tion 9.1.
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Theorem 9.6 (Generalized Ito formula) Let f be a difference of convex functions
on R. Then, for everyt > 0,

700 =0 + [ 7 ooax+ 5 [ o @

Remark By Proposition 9.2 and a continuity argument, we have
L{(X) = Oforeverya ¢ [ min X, max XY], a.s.
0<s<t 0<s<t
and furthermore the function a — L{(X) is bounded. Together with the observations

preceding the statement of the theorem, this shows that the integral [, L?(X) " (da)
makes sense.

Proof By linearity, it suffices to treat the case when f is convex. Furthermore, by
simple “localization” arguments, we can assume that f” is a finite measure supported
on the interval [—K, K] for some K > 0. By adding an affine function to f, we can
also assume that f = 0 on (—oo, —K]. Then, it is elementary to verify that, for every
x e R,

10 = [ -t
R
and
70 = [ tae "0, .13
Tanaka’s formula gives, for every a € R,
1
X—a) = Xo—a)" + ¥ + 7] + LX),

where we use the notation of the proof of Theorem 9.4 (and we recall that (Y4, a €
R) stands for the continuous modification obtained in Lemma 9.5). We can integrate
the latter equality with respect to the finite measure f”(da) and we get

106) =100 + [ 727 @a + [ 2257 @a + 5 [ Loos @a).

By Fubini’s theorem,

[zr@a= [ ( /0 o dV ) a) = /0 K [ 10 @a)av.

-/ 7 av.,
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So the proof will be complete if we can also verify that

/ Y f"(da) = /0 fL(Xy) dM;. (9.14)

This identity should be viewed as a kind of Fubini theorem involving a stochastic
integral. To provide a rigorous justification, it is convenient to introduce the stopping
times T, := inf{s > 0 : (M, M), > n}, for every n > 1. Recalling (9.13), we see
that our claim (9.14) will follow if we can verify that, for every n > 1, we have a.s.

/ ( /0 . L, dM, )f"(da) = /0 . ( / Lo/ (@))dM,,  ©O.15)

where in the left-hand side we agree that we consider the continuous modification
ofat— fOMT” 1¢x,~.dM; provided by Lemma 9.5. It is straightforward to verify that

the left-hand side of (9.15) defines a martingale M,f in H2, and furthermore, for any
other martingale N in H?,

E[(M . N)oo] = E[M/_Noo] = E / ( /0 " 1{X3>a}d(M,N)S)f”(da)]

~ /OT" ( / Lg-af" () Jd(M. N), |

= £( /0 " ( / Lix-ayf" (da) )AM, JNog |

By a duality argument in H?, this suffices to verify that M,f coincides with the
martingale of H? in the right-hand side of (9.15). This completes the proof. O

The following corollary is even more important than the preceding theorem.

Corollary 9.7 (Density of occupation time formula) We have almost surely, for
every t > 0 and every nonnegative measurable function ¢ on R,

/@(Xs)d(X’Xh:/(p(a)Lf(X)da.
0 R

More generally, we have a.s. for any nonnegative measurable function F on Ry xR,

/0 ~ P X)) d(X. X), = /R da /0 ™ Pls. @) duLAX).

Proof Fix t > 0 and consider a nonnegative continuous function ¢ on R with
compact support. Let f be a twice continuously differentiable function on R such
that f/” = ¢. Note that f is convex since ¢ > 0. By comparing Itd’s formula applied
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to f(X;) and the formula of Theorem 9.6, we immediately get that a.s.

/@(Xs)d(X’Xh:/(p(a)Lf(X)da.
0 R

This formula holds simultaneously (outside a set of probability zero) for every ¢t > 0
(by a continuity argument) and for every function ¢ belonging to a countable dense
subset of the set of all nonnegative continuous functions on R with compact support.
This suffices to conclude that a.s. for every ¢ > 0, the random measure

A /IIA(XS)d(X,X)‘Y
0

has density (L{(X)).er With respect to Lebesgue measure on R. This gives the first
assertion of the corollary. It follows that the formula in the second assertion holds
when F is of the type

F(S, a) = l[u,v] (S) IA(a)
where 0 < u < v and A is a Borel subset of R. Hence, a.s. the o-finite measures
o0
B— / 15(s, X,) (X, X),
0
and
o0
B— / da/ 15(s, a) d,L(X)
R 0

take the same value for B of the form B = [u, v] x A, and this implies that the two
measures coincide. O

If X = M + V is a continuous semimartingale, then an immediate application of
the density of occupation time formula gives, for every b € R,

t
/ Lix,=pyd(M. M), = / 1y3(a) LY (X) da = 0.
0 R

This property has already been derived after the proof of Lemma 9.5. On the other
hand, there may exist values of b such that

t
/ 1ix,—pdVi # 0,
0

and these values of b correspond to discontinuities of the local time with respect to
the space variable, as shown by Theorem 9.4.
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Corollary 9.8 If X is of the form X; = Xo+ V;, where V is a finite variation process,
then L (X) = 0 foralla €e Randt > 0.

Proof From the density of occupation time formula and the fact that (X, X) = 0,
we get fR ¢(a) L{(X)da = 0 for any nonnegative measurable function ¢, and the
desired result follows. O

Remark We could have derived the last corollary directly from Tanaka’s formula.

9.3 Approximations of Local Times

Our first approximation result is an easy consequence of the density of occupation
time formula.

Proposition 9.9 Let X be a continuous semimartingale. Then a.s. for every a € R
andt > 0,

L
L?(X) = 111’1(1) g / l{aSX5§a+£} d(X, X)g
£—> 0

Proof By the density of occupation time formula,

1

! 1 a+te
" / La<x,<atey A(X, X)) = — / Lf(X) db,
& Jo e J,

and the result follows from the right-continuity of b — Lf (X) at a (Theorem 9.4).
O

Remark The same argument gives

oy 1
lim — 1, . ast,st—LaX L (X)).
8%26/0 famesrizater AUX XD = 5 (L0 + LX)

The quantity Z,?(X) = %(L?(X) + LY (X)) is sometimes called the symmetric
local time of the semimartingale X. Note that the density of occupation time
formula remains true if L{(X) is replaced by I:;‘(X) (indeed, Z,?(X) and L¢(X)
may differ in at most countably many values of a). The generalized 1t6 formula
(Theorem 9.6) also remains true if L (X) is replaced by Z,?(X), provided the left-
derivative f” is replaced by %(f; + f7). Similar observations apply to Tanaka’s
formulas.

As a consequence of the preceding proposition and Lemma 9.5, we derive a
useful bound on moments of local times.
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Corollary 9.10 Let p > 1. There exists a constant C, such that, for any continuous
semimartingale X with canonical decomposition X = M + V, we have for every
ac€Randt >0,

1w 00y] = 6 (i) + e[ ([ 1avi)']).

Proof This readily follows from the bound of Lemma 9.5, using the approximation
of L¢(X) in Proposition 9.9 and Fatou’s lemma. O

We next turn to the upcrossing approximation of local time. We first need to
introduce some notation. We let X be a continuous semimartingale, and ¢ > 0.
We then introduce two sequences (6};),>1 and (7%),>1 of stopping times, which are
defined inductively by

o =inf{r>0:X, =0}, tf:=inf{t>o0]:X, =¢},
and, for every n > 1,
Opp i=inf{t>1 1 X, =0}, 1, :=inf{t >0, : X, =¢}.
We then define the upcrossing number of X along [0, ] before time ¢ by
NX(t) = Card{n > 1 : ¢ < 1}.

This notion has already been introduced in Sect.3.3 with a slightly different
presentation.

Proposition 9.11 We have, for every t > 0,
X 1
eN; (1) _6 EL’ X)

in probability.
Proof To simplify notation, we write L? instead of L?(X) in this proof. We first use
Tanaka’s formula to get, for every n > 1,

EA

n

t
1
(Xr,fAr)+ - (Xo,fm)+ = / 1{Xx>0}dXs + E(L(r)g/\t - Lg,f/\t)'

o Nt
We sum the last identity over all n > 1 to get

) ;oo oo
1
(Xen) ™ = Koga) ™) = /0 (Z Log.zz) (S))l{xs>o}dXs+§ D Lo )
n=1 n=1
(9.16)

n=1
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Note that there are only finitely many values of n such that 7/ < ¢, and that the
interversion of the series and the stochastic integral is justified by approximating
the series with finite sums and using Proposition 5.8 (the required domination is
obvious since the integrands are bounded by 1).

Consider the different terms in (9.16). Since the local time L° does not increase
on intervals of the type [z, 0, ) (nor on [0, 07)), we have

o0 o0

0 0 _ 0 0 70
E :(Lr,f/\t - La;m) - E :(L(I’f+l/\t - La;m) - Lt'
n=1 n=1

Then, noting that (X« A,)+ — (Xoe A,)+ =¢if 7, <t, we have

((Xrg/\t)+ - (Xa,ﬁ/\t)+) = SNf(t) +u(e),

n=1

where 0 < u(e) <e.
From (9.16) and the last two displays, the result of the proposition will follow if
we can verify that

;00
/ (Z l(aﬁsfﬁ](s)) Lix>opdX; — 0
0 £—>

n=1

in probability. This is again a consequence of Proposition 5.8, since

o0
0< (Z I(Ug,r,f](s))l{Xx>0} < Ljo<x,<e}
n=1

and 1yp<x, <,y — Oase — 0. O

9.4 The Local Time of Linear Brownian Motion

Throughout this section, (B,);>¢ is a real Brownian motion started from 0 and (.%;)
is the (completed) canonical filtration of B.

The following theorem, which is known as Trotter’s theorem, is essentially
a restatement of the results of the previous sections in the special case of real
Brownian motion. Still the importance of the result justifies this repetition. We write
supp(p) for the topological support of a finite measure (1 on R .

Theorem 9.12 (Trotter) There exists a (unique) process (L{(B))ser >0, Whose
sample paths are continuous functions of the pair (a, t), such that, for every fixed
a € R, (L{(B)):=0 is an increasing process, and, a.s. for every t > 0, for every
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nonnegative measurable function ¢ on R,

t
[ owoas = [ vz aa
0 R
Furthermore, a.s. for every a € R,
supp(d,L{(B)) C {s > 0: B; = aj}, 9.17)

and this inclusion is an equality with probability one if a is fixed.

Proof The first assertion follows by applying Theorem 9.4 and Corollary 9.7 to
X = B, noting that (B,B); = t. We have already seen that the inclusion (9.17)
holds with probability one if a is fixed, hence simultaneously for all rationals, a.s. A
continuity argument allows us to get that (9.17) holds simultaneously for all a € R
outside a single set of probability zero. Indeed, suppose that for some a € R and
0 < s < t we have L{(B) > L!(B) and B, # a for every r € [s, f]. Then we can find
arational b € R sufficiently close to a such that the same properties hold when a is
replaced by b, giving a contradiction.

Finally, let us verify that (9.17) is an a.s. equality if a € R is fixed. So let us fix
a € R, and for every rational g > 0, set

H,:=inf{t > q : B, = a}.

Our claim will follow if we can verify that a.s. for every & > 0, L?{q 1:(B) > L?{q (B).

Using the strong Markov property at time H,, it suffices to prove that, if B’ is a real
Brownian motion started from a, we have L} (B') > 0, for every ¢ > 0, a.s. Clearly
we can take a = 0. We then observe that we have

L2B) 2 VeL)(B).

by an easy scaling argument (use for instance the approximations of the previous
section). Also P(LY(B) > 0) > 0 since E[LY(B)] = E[|B;|] by Tanaka’s formula. An
application of Blumenthal’s zero-one law (Theorem 2.13) to the event

A= (L. (B) > 0} = ’}i& A {L3-.(B) > 0}

n=1

completes the proof. O

Remark Theorem 9.12 remains true with a similar proof for an arbitrary (possibly
random) initial value By.

We now turn to distributional properties of local times of Brownian motion.
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Proposition 9.13 (i) Let a € R\{0} and T, := inf{r > 0 : B, = a}. Then LY, (B)
has an exponential distribution with mean 2|al.

(ii) Leta > 0 and U, := inf{t > 0 : |B;| = a}. Then L%a (B) has an exponential
distribution with mean a.

Proof

(i) By simple scaling and symmetry arguments, it is enough to take a = 1. We then
observe that L2 (B) = oo a.s. Indeed, the scaling argument of the preceding
proof shows that LI_(B) has the same distribution as AL%_(B), for any A > 0,
and we have also seen that L (B) > 0 a.s. Fix s > 0 and set

T :=inf{t > 0: LY(B) > s},

so that 7 is a stopping time of the filtration (.%;). Furthermore, B, = 0 by the
support property of local time. By the strong Markov property,

B; = B'L'+t

is a Brownian motion started from 0, which is also independent of .Z..
Proposition 9.9 gives, for every ¢ > 0,

L)(B) =LY, ,(B)—s.
On the event {L(}1 (B) = s} = {t < T1}, we thus have
Ly, (B) —s =Ly, _.(B) = Ly, (B).

where T} := inf{r > 0 : B, = 1}. Since the event {t < T} is .#,-measurable
and B’ is independent of .%,, we get that the conditional distribution of L(}l (B)—
s knowing that L(}l (B) > s is the same as the unconditional distribution of
LY, (B). This implies that the distribution of L, (B) is exponential.

Finally, Tanaka’s formula (9.6) shows that %E[L?ATI] = E[(Biar,)T]. Ast —
oo, E [L?ATI] converges to E [L(}l] by monotone convergence and E[(Biaz,) ]
converges to E[(Br,)"] by dominated convergence, since 0 < (Biar,)T < 1.
This shows that E [L?ATI] = 2, as desired.

(i1)) The argument is exactly similar. We now use Tanaka’s formula (9.5) to verify

that E[L}, (B)] = a. O

Remark One can give an alternative proof of the proposition using stochastic
calculus. To get (ii), for instance, use Itd’s formula to verify that, for every A > 0,

(1+ A[Bi]) exp(=AL/(B))

is a continuous local martingale, which is bounded on [0, U,]. An application of
the optional stopping theorem then shows that E[exp(—ALY, (B))] = (1 + Aa)~".
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The previous proof has the advantage of explaining the appearance of the exponen-
tial distribution.

For every t > 0, we set

S;:= sup By, [I,:= inf B;.

0<s<t 0<s<t

Theorem 9.14 (Lévy) The two processes (S, S; — B:)>0 and (L?(B), |Bi|)i>0 have
the same distribution.

Remark By an obvious symmetry argument, the pair (—I;, B; — I;);>¢ also has the
same distribution as (S, Sy — B;)r>0.

Proof By Tanaka’s formula, for every ¢ > 0,
|B,| = —B: + L)(B). (9.18)

where
t
b= [ sens ap.
0

Since (B, B); = t, Theorem 5.12 ensures that § is a real Brownian motion started
from 0. We then claim that, for every ¢t > O,

L)(B) = sup{f s < 1}.

The fact that LY(B) > sup{f, : s < t} is immediate since (9.18) shows that L?(B) >
LY(B) > B, for every s € [0,1]. To get the reverse inequality, write y, for the last
zero of B before time ¢. By the support property of local time, L(B) = L?/, (B), and

using (9.18), L?,t(B) =B, < sup{B:s <t}
We have thus proved a.s.

(L?(B), [B:)i=0 = (sup{Bs : s < t},sup{Bs : s < t} — B1)i=o0,

and since (B;)s>0 and (Bs),>0 have the same distribution, the pair in the right-hand
side has the same distribution as (S;, S; — B;)s>0- O

Theorem 9.14 has several interesting consequences. For every ¢ > 0, S; has the
same law as |B;| (Theorem 2.21), and thus the same holds for L?(B). From the
explicit formula (2.2) for the density of (S;, B;), we also get the density of the pair
(LO(B). B,).

For every s > 0, set

T, i=inf{r > 0 : L"(B) > s}.
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The process (t;)s>0 is called the inverse local time (at 0) of the Brownian motion
B. By construction, (75)s>0 has cadlag increasing sample paths. From Lévy’s
Theorem 9.14, one gets that

d 5
(Tx)xzo = (Tv)san

where, for every s > 0, T = inf{t > 0 : B, > s} (it is easy to verify that, for every
s >0, Ts = Ty a.s., but (TY)XZQ has cadlag sample paths, which is not the case for
(Tv)s20)~

The same application of the strong Markov property as in the proof of Proposi-
tion 9.13 shows that (z;)s>0 has stationary independent increments — compare with
Exercise 2.26. Furthermore, using the invariance of Brownian motion under scaling,
we have for every A > 0,

(d)
(Tls)szo = (AZCS)SZO-

The preceding properties can be summarized by saying that (z);>0 is a stable
subordinator with index 1/2 (a subordinator is a Lévy process with nondecreasing
sample paths).

The interest of considering the process (t;)s>0 comes in part from the following
proposition.

Proposition 9.15 We have a.s.
{t=0:B, =0} ={1,:5s >0} U{r,— :5 € D}

where D is the countable set of jump times of (Ts)s>0.

Proof We know from (9.17) that a.s.
supp(d,LY(B)) C {t > 0: B, = 0}.

It follows that any time ¢ of the form t = t; or t = 7, must belong to the zero set
of B. Conversely, recalling that (9.17) is an a.s. equality for a = 0, we also get that,
a.s. for every ¢ such that B, = 0, we have either L L (B) > LY(B) for every & > 0,
or, if t > 0, L%(B) > L?_,(B) for every ¢ > 0 with & < ¢ (or both simultaneously),
which implies that we have 1 = 7,05 Or t = 7705,_. O

As a consequence of Proposition 9.15, the connected components of the comple-
ment of the zero set { > 0 : B, = 0} are exactly the intervals (z,—, 7,) for s € D.
These connected components are called the excursion intervals (away from 0). For
every s € D, the associated excursion is defined by

es(t) == B,_+nng, » t=0.
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The goal of excursion theory is to describe the distribution of the excursion process,
that is, of the collection (e;);ep. This study, however, goes beyond the scope of the
present book, see in particular [4, 70, 72].

9.5 The Kallianpur-Robbins Law

In this section, we use local times to give a short proof of the Kallianpur—Robbins
law for planar Brownian motion, which was stated at the end of Chap.7 as
Theorem 7.23. Let us recall the notation we need. We let B stand for a complex
Brownian motion, and for simplicity we assume that By = 1 (the general case will
then follow, for instance by applying the strong Markov property at the first hitting
time of the unit circle). According to Theorem 7.19, we can write |B;| = exp(By,),
where § is a real Brownian motion started from 0, and

t d s
H, = / = —inf{s > 0: / exp(2B) du > 1.
o |Bsl 0

For every A > 0, we also consider the scaled Brownian motion ,3,(1) = % B2, and
for ¢ > 1 we use the notation A, = (logr)/2.
We aim at proving that, for every R > 0,

2 t

—_— 1 d
logt Jo {IBs|<r} A4S

converges in distribution as t — oo to an exponential distribution with mean R?. To
this end, we write, for every fixed ¢ > 1,
2 t

1 t
= |1 ds = — [ Lig, toerr d
logt Jo {IBs|<r} AS /\r/o {Bu; <logR} A5

I

= T Lig,<10gr) €Xp(2B,) du
tJo

(M) T2H, )
= /\,/0 l{ﬂff’)<()t,)*llogR} exp(24; B,/") du

(A1) 'logR
=A / exp(2A,a) LY |y, (B™)) da
—00

R
_ A" ogr a(d,)
_/0 L(M)_ZH: BY) rdr.
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In the second last equality, we applied the density of occupation time formula
(Corollary 9.7) to the Brownian motion 87, and in the last one we used the change
of variables r = e*?. Ast — o0, (A,)_llogr —> 0, for every r > 0, and
Lemma 7.21 also tells us that (,)"2H; — Tl(l’) converges in probability to 0, with
the notation Tlm = inf{s > 0 : ,39) = 1}. From the joint continuity of Brownian
local times (Theorem 9.12), we then get that, for every ¢ € (0, R),

()~ logr  p(A) 0 () ’ R
L 1 — L 1
silng ‘ (l’)—th (IB ) T{At) (IB ) =00 Ov

in probability. By combining this with the previous display, we obtain that

2 [ R o o
)@/01{|BS<R}(1S_7LT{M)(IB ))H—go 0.

in probability. To complete the proof, we just note that the law of L(;m (BM) does
1

not depend on A > 0, and is exponential with mean 2, by Proposition 9.13.

Remark The preceding proof shows that the limiting exponential variable in
Theorem 7.23 does not depend on the choice of R, in the sense that we can obtain a
joint convergence by taking several values of R, with the same exponential variable
in the limit, up to multiplicative constants. This can also be deduced from the
Chacon—Ornstein ergodic theorem, which implies that the same limit in distribution
holds more generally for the occupation time of an arbitrary compact subset K of
C, the constant R? then being replaced by 7! times the Lebesgue measure of K.
Our method of proof also shows that the convergence in the Kallianpur—Robbins
theorem holds jointly with that of windings in Spitzer’s theorem (Theorem 7.20)
and the limiting joint distribution is the law of (RTZL(}l (B), yr,), where B and y are
independent real Brownian motions started from 0, and 7; = inf{r > 0 : §, = 1}.

Exercises

Exercise 9.16 Letf : R — R be a monotone increasing function, and assume that
f is a difference of convex functions. Let X be a semimartingale and consider the
semimartingale Y; = f(X;). Prove that, for every a € R,

L{(Y) = fi(a) LX), L (Y) = fL(a) LI™ (X).

In particular, if X is a Brownian motion, the local times of f(X) are continuous in
the space variable if and only if f is continuously differentiable.
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Exercise 9.17 Let M be a continuous local martingale such that (M, M) = o0
a.s., and let B be the Brownian motion associated with M via the Dambis—Dubins—
Schwarz theorem (Theorem 5.13). Prove that, a.s. for everya > O and t > 0,

Li(M) = L‘(‘M,M%(B).
Exercise 9.18 Let X be a continuous semimartingale, and assume that X can be
written in the form

t

t
X,=X0+/ cr(a),s)dBS+/ b(w,s)ds,
0 0

where B is a Brownian motion and o and b are progressive and locally bounded.
Assume that o(w,s) # 0 for Lebesgue a.e. s > 0, a.s. Show that the local times
L?(X) are jointly continuous in the pair (a, t).

Exercise 9.19 Let X be a continuous semimartingale. Show that the property
supp(d;L{(X)) C {s = 0: X; = a}

holds simultaneously for all a € R, outside a single set of probability zero.

Exercise 9.20 Let B be a Brownian motion started from 0. Show that a.s. there
exists an a € R such that the inclusion supp(d;L{(B)) C {s > 0 : B; = a} is not an
equality. (Hint: Consider the maximal value of B over [0, 1].)

Exercise 9.21 Let B be a Brownian motion started from 0. Note that

[e%e)
/ 1{33>0}ds =00
0

a.s. and set, for every t > 0,

t
A = / 1 -qds, o, =inf{s > 0: Ay > ¢}.
0

1. Verify that the process

Ot
Ve = / 1{BX>0}de
0

is a Brownian motion in an appropriate filtration.

2. Show that the process A, = Lg, (B) has nondecreasing and continuous sample
paths, and that the support of the measure d; A; is contained in {s : B;, = 0}.

3. Show that the process (By,);>0 has the same distribution as (|B;|);>o.
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Exercise 9.22 (Skew Brownian motion) Let o, 8 > 0 and consider the function
g(x) = algs0 — Blix<oy. Let X be a continuous semimartingale such that

X,:/ 8(X;) dBs, (9.19)
0

where B is a Brownian motion.

1. Set p(x) = éxl{xzo} — %xl{Ko}, and Y; = ¢(X,). Prove that Y; = ¢(X;) solves
the equation

o

0
ﬂ)Lt )

1
Y[:B[+§(1_

(use the result of Exercise 9.16).
. Compute L2(Y) — L9~ (Y) in terms of L%(Y), in two different ways.
3. Starting from a Brownian motion 8 with §y = 0, set

[

A /r ds inf{s > 0: A, > 1}
= ——, o, =inf{s > 0: A, )
ey

Verify that the process X, = f,, satisfies the equation (9.19) in an appropriate
filtration and with an appropriate Brownian motion B.

Exercise 9.23 Let ¢ : R — R be a real integrable function ([ |g(x)|dx < 00).
Let B be a Brownian motion started from 0, and set

t
A= / 4(By) ds.
0

1. Justify the fact that the integral defining A, makes sense, and verify that, for every
¢ > 0 and every u > 0, A2, has the same distribution as

cz/ g(c By) ds.
0

2. Prove that

1 ()
= RGO
where N is 4(0, 1).

Exercise 9.24 Let o and b be two locally bounded measurable functions on R xR,
and consider the stochastic differential equation

E(U, b) dX[ == O-(t, Xr) dB[ + b(l, Xr) dt.
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Let X and X’ be two solutions of E(o, b), on the same filtered probability space and
with the same Brownian motion B.

1. Suppose that L)(X — X’) = 0 for every ¢ > 0. Show that both X, v X/ and X; A X/
are also solutions of E(o, b). (Hint: Write X; V X, = X, + (X — X;)T, and use
Tanaka’s formula.)

2. Suppose that o (t,x) = 1 for every t, x. Show that the assumption in question 1.
holds automatically. Suppose in addition that weak uniqueness holds for E(o, b).
Show that, if Xo = X{; = x € R, the two processes X and X’ are indistinguishable.

Exercise 9.25 (Another look at the Yamada—Watanabe criterion) Let p be a nonde-
creasing function from [0, co) into [0, co) such that, for every ¢ > 0,

/08 pi; -

Consider then the one-dimensional stochastic differential equation

E(o,b) dX; = o(X;)dB,; + b(X,)dt
where one assumes that the functions o and b satisfy the conditions

@@ —om)? =plk—yD . [6()—bO)| =Klx—yl,

for every x,y € R, with a constant K < oo. Our goal is use local times to give
a short proof of pathwise uniqueness for E(o, b) (this is slightly stronger than the
result of Exercise 8.14).

1. Let Y be a continuous semimartingale such that, for every 7 > 0,

/ (Y, Y)s
< o0, as.
o (Y]
Prove that L?(Y) = 0 forevery r > 0, a.s.
2. Let X and X’ be two solutions of E(o, b) on the same filtered probability space

and with the same Brownian motion B. By applying question 1.to ¥ = X — X/,
prove that L? (X — X') = 0 forevery r > 0, a.s., and therefore,

t
X=X = o = Xj| + [ (0(X) ~ o) senx, ~ X) @b,
0

N / (b(X,) = b(X)) sgn(X, — X)) ds.
0

3. Using Gromwall’s lemma, prove that if Xy = X(/) then X, = X] for every t > 0,
a.s.
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Notes and Comments

The local time of Brownian motion was first discussed by Lévy [54] under the
name “mesure du voisinage”. In 1958, Trotter [80] established the joint continuity
of Brownian local times viewed as densities of the occupation measure. Tanaka [79]
obtained the formulas of Proposition 9.2 in the Brownian case. The local time of
semimartingales was discussed by Meyer [61], who derived Theorem 9.6 in this
general setting (after the earlier work of Tanaka [79] in the Brownian setting).
Yor [84] then developed the powerful approach that leads to Theorem 9.4. The
upcrossing approximation of local time (Proposition 9.11) is due to It and McKean
[42, Chapter 2] for Brownian motion, and was extended to semimartingales by El
Karoui [22]. Other approximation results for the Brownian local time were obtained
by Lévy [54] (see [42] and [70]). Theorem 9.14 is essentially due to Lévy [54], but
our proof is based on an argument from Skorokhod [74] (see [23] for a related study
of the so-called “reflection problem” in the semimartingale setting). For further
properties of local times, the reader may consult Chapter V of [70] or Chapter 6
of [49], as well as the classical book [42] of It6 and McKean. Local times are
also a key ingredient of excursion theory, which is treated in the general setting of
Markov processes in Blumenthal’s book [4]. Exercise 9.22 deals with the singular
stochastic equation first studied by Harrison and Shepp [31], whose solution is the
so-called skew Brownian motion. Exercise 9.23 gives the one-dimensional version
of the Kallianpur—Robbins law, which can also be found in [48]. Exercise 9.25 is
from [51].
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Appendix A1
The Monotone Class Lemma

The monotone class lemma is a tool of measure theory which is very useful in
several arguments of probability theory. We give here the version of this lemma that
is used in several places in this volume.

Let E be an arbitrary set, and let & (E) denote the set of all subsets of E. If
€ C P(E), 0(€) stands for the smallest o-field on E containing & (it is also the
intersection of all o-fields containing %).

Definition A subset .#Z of Z(E) is called a monotone class if the following
properties hold:

G) Ee .« .
(i) IfA,Be .# andA C B,then B\A € .# .
(iii) If (A,)n>o0 is an increasing sequence of subsets of E such that A, € .# for
every n > 0, then UA” e M.

n>0

A o-field is a monotone class. As in the case of o-fields, one immediately
checks that the intersection of an arbitrary collection of monotone classes is again a
monotone class. If € is an arbitrary subset of & (E), the monotone class generated
by €, which is denoted by .# (%), is defined by setting

M(E) = N M.

./ monotone class, € C.A

Monotone class lemma If € C Z(E) is stable under finite intersections, then
M(E) = o (F).

Proof Since any o-field is a monotone class, it is clear that .#Z(%¢) C o(%). To
prove the reverse inclusion, it is enough to verify that .# (%) is a o-field. However,
a monotone class is a o-field if and only if it is stable under finite intersections
(indeed, considering the complementary sets shows that it is then stable under finite
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unions, and via an increasing passage to the limit one gets that it is also stable under
countable unions). Let us show that .# (%) is stable under finite intersections.
For every A € Z(E), set

My={Be ME):ANBec M (E)).

Fix A € €. Since % is stable under finite intersections, we have ¢ C .#,. Let us
verify that .#, is a monotone class:

o E € .#,is trivial.

e If BB € M, and B C B, wehave AN (B'\B) = (ANB)\(ANB) € #(¥)
and thus B'\B € .#,.

o If B, € ., for every n > 0 and the sequence (B,),>0 is increasing, we have
AN (UB,) = UANB,) € # (%) and therefore UB, € .#j.

Since .#, is a monotone class that contains &, .#, also contains . (¢). We have
thus obtained that

VAe €, VBe #(¢), ANBe #(%).

This is not yet the desired result, but we can use the same idea another time.
Precisely, we now fix A € .# (¢). According to the first part of the proof, € C .#,.
By exactly the same arguments as in the first part of the proof, we get that .# is
a monotone class. It follows that .# (¢’) C .#4, which shows that .Z (%) is stable
under finite intersections, and completes the proof. O

Here are a few consequences of the monotone class lemma that are used above.

1. Let o7 be a o-field on E, and let u and v be two probability measures on
(E, o). Assume that there exists a class ¥ C 7, which is stable under finite
intersections, such that (%) = & and u(A) = v(A) for every A € ¥. Then
W =v. (Use the fact that 4 = {A € & : u(A) = v(A)} is a monotone class.)

2. Let (X;);e; be an arbitrary collection of random variables, and let ¢ be a o-field
on the same probability space. In order to show that the o-fields o (X;,i € I) and
¢ are independent, it is enough to verify that (X;,, . .. ,X,-p) is independent of ¢,
for any choice of the finite set {ij,...,i,} C I. (Observe that the class of all
events that depend on a finite number of the variables X;,i € I, is stable under
finite intersections and generates o (X;,i € I).)

3. Let (X;);es be an arbitrary collection of random variables, and let Z be a bounded
real variable. Let iy € I. In order to verify that E[Z | X;,i € I| = E[Z]X,], it
is enough to show that E[Z | X;,, X;,, ..., X;,] = E[Z]X;,] for any choice of the
finite collection {iy, ..., i,} C 1. (Observe that the class of all events A such that
E[14Z) = E[14 E|Z| Y;,]] is a monotone class.)

This last consequence of the monotone class lemma is useful in the theory of
Markov processes.



Appendix A2
Discrete Martingales

In this appendix, we recall without proof the results about discrete time martingales
and supermartingales that are used in Chap.3. The proof of the subsequent
statements can be found in Neveu’s book [65], and in many other books dealing
with discrete time martingales (see in particular Williams [82] and Chapter XII in
Grimmett and Stirzaker [30]).

We use the notation N = {0,1,2,...}. Let us start by recalling the basing
definitions. We consider a probability space (§2,.%,P), and we fix a discrete
filtration, that is, an increasing sequence (%,),en of sub-o-fields of .%. We also let

be the smallest o-field that contains all the o-fields ¥,.

Definition A sequence (Y,),en of integrable random variables, such that Y, is
¢,-measurable for every n € N, is called

e amartingale if, whenever 0 < m < n, E[Y,, | 9] = Yu;
e asupermartingale if, whenever 0 < m < n, E[Y,, | 9] < Yu;
e asubmartingale if, whenever 0 < m < n, E[Y,, | 9,,] = Y.

All these notions obviously depend on the choice of the filtration (¥,),,en, which
is fixed in what follows.

Maximal inequality If (Y,).en is a supermartingale, then, for every A > 0 and
everyk € N,

AP(sup 1Y, > 2) < E[|Yol] + 2E[ Vi)

n<k
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Doob’s inequality in P [f (Y,)qen is a martingale, then, for every k € N and every
p>1,

p
E[ swp ] < (-2) B
0<n<k p—1

Remark This inequality is interesting only if E[|Y;|’] < oo, since otherwise both
sides are infinite.

If y = (yu)nen i8 a sequence of real numbers, and a < b, the upcrossing number
of this sequence along [a, b] before time n, denoted by M., (n), is the largest integer
k such that there exists a strictly increasing finite sequence

mp <ng <mp<ny<-:--<mp<ng

of nonnegative integers smaller than or equal to n with the properties y,,, < a and
vy, = b, forevery i € {1,...,k}. In what follows we consider a sequence ¥ =
(Y,)nen of real random variables, and the associated upcrossing number M(fh (n) is
then an integer-valued random variable.

Doob’s upcrossing inequality If (Y,),en is a supermartingale, then, for every n €
N and every a < b,

EMY, 0] < - EI(%, —a)"].

This inequality is a crucial tool for proving the convergence theorems for
discrete-time martingales and supermartingales. Let us recall two important
instances of these theorems.

Convergence theorem for discrete-time supermartingales If (Y,),en is a super-
martingale, and if the sequence (Y,))nen is boundedin L', then there exists a random
variable Yoo € L' such that

a.s.
Y, — Yoo
n—>oo
Convergence theorem for uniformly integrable discrete-time martingales Let
(Y)nen be a martingale. The following are equivalent:

(i) The martingale (Y,)nen is closed, in the sense that there exists a random
variable Z € L' (82, .7, P) such that Y, = E[Z | 9,] for every n € N.
(ii) The sequence (Y;)neN converges a.s. and in L.
(iii) The sequence (Y,),en is uniformly integrable.

If these properties hold, the a.s. limit of the sequence (Yn)nen i Yoo = E[Z | 9s0)-
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We now recall two versions of the optional stopping theorem in discrete time.
A (discrete) stopping time is a random variable 7" with values in N U {oo}, such
that {T = n} € ¥, for every n € N. The o-field of the past before T is then
Yr ={A €Y : AN{T =n} €9, foreveryn € N}.

Optional stopping theorem for uniformly integrable discrete-time martingales
Let (Y,)nen be a uniformly integrable martingale, and let Yoo be the a.s. limit of Y,
when n — oo. Then, for every choice of the stopping times S and T such that S < T,
we have Yr € L' and

Ys = E[Yr | 9]

with the convention that Yy = Y on the event {T = oo}, and similarly for Y.

Optional stopping theorem for discrete-time supermartingales (bounded case)
If (Yn)nen is a supermartingale, then, for every choice of the bounded stopping times
S and T such that S < T, we have

Ys > E[Yr | 9].

We conclude with a variant of the convergence theorem for supermartingales in
the backward case. We consider a backward filtration, that is, an increasing sequence
of filtrations (.77, ),e—n indexed by negative integers (in such a way that the o-field
4, is “smaller and smaller” when n — —o0). A sequence (Y,),e—n of integrable
random variables indexed by negative integers is called a backward supermartingale
if, for every n € —N, Y, is J%-measurable and, for every m < n < 0,
E[Y, | ] < Y.

Convergence theorem forbackward discrete-time supermartingales If (Y,),e—n
is a backward supermartingale, and if the sequence (Y,)ne—n is bounded in L', then
the sequence (Y,)ne—n converges a.s. and in L' when n — —oo.

It is crucial for the applications developed in Chap. 3 that the convergence also
holds in L' in the backward case (compare with the analogous result in the “forward”
case).
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